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Cost function

2

Cost function for different values of K and Vy
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Problem 2 (Handout #6) part (b)

MATLAB code:
5% 5% %5555 5555555555555 8%5%%%
function TwoParticles ()

clogse all
clear
QL

% Put parameters in struct p

P.la = 17
p.ml = £;
p.m2 = 1;
D.a = 12

o]

n = 100000; % number of steps 1n integration
tarray = linspace(0,3.63,n+l); % time span

0

¥ Initial conditions
XU, =) 0L 2

Y20 = (L Q] 2

vli0 = [0,-1/8grt(3)];
v20 =" [0,2/8qrt(3)];
z0 (210, 220,v10,v201:

s

s Command to solve the ODEs

zarray = euler (@ODEs, tarray, z0,p);

x1l = zarray(:,1);
Ve zarray(::2) ;
x2 = garrayi(:,3};
V2 zarray(:,4) ;

I

% Plot trajectory
plotiexl, vl, %2, v2)

axis('equal’');

title('Paths of the Particles')
xlabel('x (m)"')

ylabel('y (m) ')

legend('Particle 1', 'Particle 2

C T 000 B 00 0P Do s s%%%%%%%
function zdot ODEs (t, z,p)
t The ODEs for quadratic drag

Q

¢ Unpack the list of numbers into
1 = 0 2)
r2 = z(3:4)
vl = z(5: 6)
Ve = mi7a8)

I

s Unpack constants in struct p
& = D.G;
ml = p.ml:

position and vel



m2 = p.m2;
d = p.d;

% Differential equations
iAot = "vl:
r2aet = wv2:
vlidot = G*m2/4d"2* (r2-xl) ;
v2dot = G*ml/d™2* (r1-r2) ;

s pack the ODEs back into the list of numbers z

zdot = [rldot,r2dot,vldot,v2dot];
end

A AR A A A A R A R R R R R R R R e R R Y l

T 0P 000 PO o T E s TSS9 5%%%
function zarray = euler(rhs,tarray, z0,p)
t General ODE solver using Euler's method

&)

s Solution will be in zarray. One row for each instant in time.

nrows = length (tarray) ;

ncols = length(z0) ;

zarray = zeros(nrows,ncols); % initialize the solution matrix
zarray(1l,:) = z0; % first row is the initial condition

for 1 = l:nrows-1

h = tarray(i+l) - tarray(i); % time step
zdot = feval(rhs,tarray(i),zarray(i,:),p); % ODEs (zarray (i) )

. zarray(i+l,:) = zarrav(i,:) «+ zdot*h; %Euler's method
en

end
T s s Y595595%%5%%%2



Paths of the particles traveling one full period (tmax =T = 3.63):

Paths of the Particles for One Full Period (T = 3.63)

1 i o ' o g
- Particle 1
0.8+ Particle 2 |

0.6+ A5 4
0.4 f_ -

i _
0.2

B el ;
-
02} :
x_—h.-—J""'J
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-0.6 et b H
-0.8 "
_1 | | N _l ¥ (A, ) | ST
-0.5 0 0.9 1 1.9
x (M)

- Paths of the particles traveling slightly less than one full period (tmax = 3.5):

Paths of the Particles When Traveling Sl|ghtly Less than One Full Period

1 —_— | — r

R Partlclé1
0.8¢ Particle 2 |

0.4+ - /
0.2+ .

y (m)
-




1
[|

The analytically calculated period is 3.63. When plotting with 3.63 as the end time, the comple

circular path is observed. If a slightly smaller end time is used, say 3.5, then the plot will not
complete the circular path, leaving just a little gap. This fact is clear evidence that the

analytically calculated period 1s correct.
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Problem 2 (Handout #6) part (d)

MATLAB code:
T 0000 Db e b oo s %%2%%%22%%%
function ThreeParticles ()

close all

clear

cle

s Put parameters in struct p
P.G = 1;

p.m = 1;

p.D = sqrt(3)/2;

n = 100000; % number of steps in integration
tarray = linspace(0,0.975,n+l1); % time span

2 Initial conditions

r10 = [sqrt(3)/4,-1/4];

r20 .= [0,1/2]:;

r30 = [-sqrt(3)/4,-1/4];

omega = 2.149;

r = 1/2;

vV = r*omega;

v1i0 = [v*cosd(60),v*s8ind(60)];
V2l = ["Vr 0] ’

v30 = [v*cosd(300),v*sind(300)];
z 0 (210 ,r20,x30,v10,v20, w301 :

% Command to solve the ODEs
zarray = euler (@0DEs, tarray, z0,p) ;

X1l = zZarray(:,1);
vl = zarray(:,2);
xa =, zarrav(:,3);

v2 = zarrav(:,4);
zarray(:,5) ;
zarray(:,6) ;

X
W
n

¥ Plot trajectory

plot(xl,yl,x2,¥2,%3,Vv3)
axis([-0.6,0.6,-0.6,0.6]1)

axis ('equal'’')

title('Paths of the Particles for 1/3 Period')
xlabel('x (m)"')

ylabel('y (m)"')

legend('Particle 1', 'Particle 2', 'Particle 3')

T 00000000 v s s s %Y%%%%

T 000000 b bbb s ss%%%%%%
function zdot QDEs (t, z, p)

o

s The ODEs for quadratic drag

s Unpack the list of numbers into position and vel
L m B 2)



P2 = 2(3e4) ;

3 ='eg{5:6) ;

vl = z(7:8) ;

v2 = 2(9:10) ;

V3 = 'Z(1F:12) 3

% Unpack constants in struct p
G = D.G;

m = p.m;

D= D.D;

% Differential equations

riaoc = vl
r24dot = wv2;
rigdot = vi;
vlidot = sqrt(3)*G*m/D"2* (-rl1l/norm(rl)) ;
v2dot = sqrt(3)*G*m/D"2* (-r2/norm(r2)) ;
v3dot = sqrt(3)*G*m/D"2* (-r3/norm(r3)) ;

s pack the ODEs back into the list of numbers z

zdot = [rldot, r2dot, r3dot, vlidot, v2dot, v3dot] ;
end
Attt R i R R R R R R R R R R R A R e L

A2 3R E R L R R RS R R R R R AR R AR
function zarray = euler(rhs,tarray,z0,p)

% General ODE solver using Euler's method
% Solution will be i1n zarray. One row for each instant in time.

nrows = length(tarray) ;
ncols = length(z0) ;
zarray = zeros(nrows,ncols); % initialize the solution matrix

Q

zarray(l,:) = 20; % first row is the initial condition

for 1 = l:nrows-1
h = tarray(i+l) - tarray(i); % time step
zdot = feval (rhs,tarray(i),zarray(i,:),p); % ODEs(zarray(i))

zarray(i+1l,:) = zarray(i,:) + zdot*h; %Euler's method
end

end
i it it R e R Ittt Lt
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Paths of the particles traveling for 1/3 period:
Paths of the Particles for 1/3 Period
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The paths of the particles are a perfect circle. This indicates that the angular speed calculated in
part (¢) 18 correct.



Problem 3 (#7 from Fall 2012PDF)

Evaluate the particle trajectories for the three particles experiencing gravitational force from
the other two particles

A) Evaluate the motion of the particles for 2.1 time units
Solution:

FBD

ml=silm2=72 m3=2 G=l,

~ 1—0.97000436 % l—rolx] L |
et [ 0.24308753 I’ 0% = —Toly 104 [0]
—Vo3x -V 3y
Vol = _‘vo3y] i [‘”033/] oy 0.93240737
" Wil 2 9%~ 10.86473146
LMB

F 1 SE— —*+ 1 — —_— -

S i el B L

F, LA > + D g 3

B T — e =% T = sepmame ) (. —
i I Gk A



b 1 M
|73 — 73| 51
The
Y - T T iR ! ' = : J
08F Particle 1
Particle 2
0.6F Particle 3
0.4} A e 1
0.27
R
0.2+
0.4+
0.6F -
0.8} -
EES TS— ] SESHRRIESL | SEEET It | | )
] 08 06 D4 HL2 0 02 04 08 0B 1

All three particles move along the same figure 8 orbit

B) Evaluate the motion of the particles for 10 time units

Solution:
OIB [ ! | I I | T | ——— .-—l e— T y
Particle 1
Particle 2
i Particle 3
04Fr
0.2+
| 1
-02 -
e VR
0.4}
06k
-0.8 Y | WL S M GCHED ey WSO R L Ly !
-1 -0, 06 -04 -0.2 0 0.2 0.4 06 0.8 1

The three trajectories have overlapped.



C) Make small changes to the initial conditions and evaluate the motion of the particles and
evaluate for 2.1 time units.

Solution:

The initial x position of particle 3 is perturbed to 0.1

b [0.1]
0
1 =g T T T T ~ ™ _— . = e | m———
Particle 1
0.8F Particle 2 |
Particle 3
0.6 F
0.4 F

_ 02 :
7

0.2 ’\

S s

-0.6

betes el o i wR
-1 08 06 -04 -0.2 0 bZ 0.4 08" 08 1

X

The particles are no longer moving along the figure 8 trajectories.



D) Make small changes to the initial conditions and evaluate the motion of the particles and
evaluate for 10 time units.

Solution:

1 | ' ) ' e ]
NN Particle 1

0.8} Particle 2 |
Particle 3

0.6F R

0.4+ |

0.2+ / _

The particles have deviated far from the stable figure 8 trajectories in parts A and B.
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3HW 4 - p3 (#7 From PDF)

clear
clc
close all

.ml
« ITN

P
P
p.m
P.G

-
L
1

.
r

N w N
= N N

.
r

% A

s$Initial Conditions
r01=[-0.97000436,0.24308753]"';
r02=[-r01(1),-r01(2)]"';
r03=(0,0]";

v03=[0.93240737,0.864731406] ';

v01l=-v03/2;
v02=-v03/2;

20={r0l;r02;r03sv01;v02;v03];

$Inital and Final Times

t0=0;

tf=2.1;
options=odeset ('RelTol',l1le-10, 'AbsTol"',1le-10);

tSolve The Three Particle Gravity Equations
[t z] = oded5(@threeParticleGravity, [t0 tf],z0,options,p);

$Plot Trajectory
figure(1l)
pleot(zVe/ Ly, z(4,2))
hold on
platiz(y, 3
plot(Z(:,9
xlabel ('x'
ylabel ('y'

axis equal
legend('Particle 1°',

Je2(3pdd, '2Y)

) r 243 6); )

)

)
'Particle 2', 'Particle 3')

¥% B



$Initial Conditions

r01=[-0.97000436,0.24308753] ";
r02=[=-r01(1),-xr01(2)]";
rO03=[0,0] ';

v03=[0.93240737,0.86473146] ';
v0l=-v03/2;
v02=-v03/2;

z0=mlr@ler02: c03eWOL D2 2 xvv03] 2

2Inital and Final Times

t0=0;

tf=10;

options=odeset ('RelTol', 1le-10, 'AbsTol"',1le-10);

tSolve The Three Particle Gravity Equations

[t 2] = odedb (@threeParticleGravity, [t0 t£f],z0,options,p):

sPlot Trajectory
figure (2)
plotii=ds. L) 228
hold on
Dlosttzey, 3
plot (Z( 45
xlabel ('x'
ylabel ('y'
axls equal
legend('Particle 1', 'Particle 2', 'Particle 3')

5% C

$Initial Conditions
r01=[-0.97000436,0.24308753]';
r02=[-r01(1),-x01(2)]"';
xQ3=F.1,01";

v03=[0.93240737,0.86473146] ';

v0l=-v03/2;
v02=-v03/2;

2z0=[r01;r02;r03;v01;v02;v03];

sTnital and Final Times
t0=0;

tim2.1;

Options=odeset('RelTol',1e—10,'AbsTol',le—lO);



$Solve The Three Particle Gravity Equations
[t z] = ode45(@threeParticleGravity, [t0 tf],z0,options,p):

$Plot Trajectory
figure(3)
plot(z(:,1),2z({:p2))
hold on

o 24 syt =

plot(zi:,3)
)or Zha G G
)
)

3
plot(z(:,5
xlabel ('x'
vliabel ('y'

axis equal
legend('Particle 1', 'Particle 27 tRartiche 3" )

$% D
$Initial Conditions
r0l=[-0.97000436,0.24308753] ";
r02=[-r01(1),-xr01(2)]";

r03=[.1,0};

v03=[0.93240737,0.86473146]'

v01l=-v03/2;
v02==-v03/2;

ZO=[rOl;rOZ;rOB;vOl;vOZ;vOB];

eTnital and Final Times

£0=0;

t£=10; ' .
options= odeset('RelTol',le-lO,'AbsTol ,1e=-10);

230lve The Three Particle Gravity Equations
(] = ode45(@threePartlcleGraV1ty,[tO tf],z0,options,p);

sPlot Trajectory

figure (4)
plot(z(:,l),z(:,Z))
hold on
plot(z(:,B),z(:,4),'
plot(z(:,S),z(:,
xlabel ('x')
ylabel ('y")

axis equal | '
legend('Particle 1','Particle 2' 'Particle : i)

i
g')

(@)



function zdot = threeParticleGravity(t,z,p)

rdotl = vl:
rdot2 = v2;
rdot3 = v3;

Fl = +p.G*p.ml*plm2/norm(r2-rl)“3*(r2—r1)+p.G*p.ml*p.mB/norm(rB—rl)*3*(rB—rl);
Fl/p.ml;
vdotl = al;

o
=
1

F2 = +p.G*p. ml*p.mZ/normirl-r2) 3% (rl-r2)+p.G*p.m3*p M/ noxrmir2=e2}*3* (r3-r2):;
a2 = F2/p.m2;
vdotZ = aZ2;

F3 = +p.G*p.ml*p.m3/norm(rl-r3)"3* (r1-r3)+p.G*p.m3*p.m2/norm(r2-r3) ~3* (r2-r3) ;
a3 = F3/p.m3;
vdot3 = a3;

zdot = [rdotl:rdot2;rdotB;detl;vdotZ;vdotB];
end
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