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1 Nomenclature. The vector cross

product is sometimes just called `the

vector product'. In this book we usu-

ally call it `the cross product' because

of the times symbol (�), a cross, we use

for it. The name `cross' might also be

because the component formula uses

`cross' terms.

The angle between the vectors is typi-

cally represented with � (pronounced

`thay-tuh', thay rhymes with hay) or 	

(pronounced `sigh').
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Figure 1.39: Di�erent interpreta-

tions of the 2D cross product. The

cross product of
Ç

A and
Ç

B, both in the

xy plane, is ðÇAððÇBð sin	 �k. Group-

ing the sin	 with ðÇAð or with ðÇBð
gives two di�erent geometric interpre-

tations of the 2D cross product. First,

you can think of the magnitude of the

cross product as being the magnitude

of
Ç

A times the projection of
Ç

B perpen-

dicular to
Ç

A. That's ðÇAð �ðÇBð sin	�
.

Or, you can think of it as the magni-

tude of
Ç

B times the distance ðÇAð sin	.
This is marked in the tip-to-tail con-

struction in the third picture above.�ðÇAð sin	� ðÇBð.

1.3 Vector cross product

The vector cross product 1 is a secondway ofmultiplying vectors together

(the �rst was the dot product).

The cross product of vectors
Ç

A and
Ç

B is written
Ç

A �
Ç

B

and is read `A cross B' (and is not read as `A times B'). The cross product of

two vectors is a third vector. It is geometrically de�ned to be that vector

which has magnitudeAB sin.�AB/, where �AB is the angle between
Ç

A and
Ç

B, and which is perpendicular to
Ç

A and
Ç

B in the direction given by the

`right hand rule' (to be explained below).

The cross product also has a component representation, which is ad-

mittedly confusing looking at �rst:

[
Ç

A �
Ç

B] =

bffd
AyBz * AzBy

AzBx * AxBz
AxBy * AyBx

cgge
:

All of the above is a mouthful which you can't understand at a �rst read-

ing. It is just put here up top for completeness and conciseness. The ideas

are introduced more gradually below.

Uses of the cross product

The vector cross product is used to de�ne (and calculate)moment, to solve

geometry problems and to calculate various quantities associated with ro-

tations in dynamics. Most uses of the cross product used in this book are

listed in box 1.5 on page 2.

In this Mechanics Toolset book we treat the cross product as a mathe-

matical calculation and as a geometrical calculation. Deeper understand-

ing will come when you study statics and think about the cross product

of
Ç

r and
Ç

F as a moment vector
Ç

M. Comfort with the cross product is

a tremendous aid for solving three-dimensional statics problems and for

doing all of dynamics. You will probably need to refer back to this section

from time to time.

The 2D cross product

Although the cross product is fundamentally a three-dimensional idea,

we start with the two-dimensional version. The 2D cross product is de-

�ned as :
Ç

A �
Ç

B
«¯¬

`A cross B'

def
= ðÇAð ðÇBð sin � �k: (1.10)

where � is the amount that
Ç

A would need to be rotated counterclockwise

to point in the same direction as
Ç

B. An equivalent alternative approach is

to de�ne the cross product as

Ç

A �
Ç

B
def
= ðÇAð ðÇBð sin � �n: (1.11)
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1.5 Uses of the cross product
Here are the key uses of the cross product in this book. A �rst
time reader is not supposed to understand all of these at the start.
They are here for reference and inspiration.

Geometry

1. 3D Normal to a plane. Find the normal
Ç

N to a plane
containing points A,B and C as

Ç

N = ÇrB_A �ÇrC_A:

2. 3DUnit normal to a plane. Use
Ç

N above to �nd the unit
normal to a plane containing points A,B and C as

�n =

Ç

N

ðÇNð =

ÇrB_A �ÇrC_AóóóóóÇrB_A �ÇrC_A
óóóóó

3. 3DDistance between a point and a plane. Use �n above
to �nd the distance between a point D and the plane con-
taining points A,B and C as

d = ÇrD_A � �n = ÇrD_A �

ÇrB_A �ÇrC_AóóóóóÇrB_A �ÇrC_A
óóóóó

ReplacingÇrD_A withÇrD_B orÇrD_C works too.

4. 3D Distance between two lines. Find the distance be-
tween the line containing the points A and B and the line
containing the points C and D as

d =
óóóóó
�
ÇrB_A �ÇrD_C

�
�

ÇrC_A
óóóóó _ óóóóóÇrB_A �ÇrD_C

óóóóó :
ReplacingÇrC_A withÇrD_A,

ÇrC_B orÇrD_B works too.

5. 2D Perpendicular in the xy plane. Find the in-plane
normalÇr� to a vectorÇr = r

x
�{ + r

y
�| in the xy plane as

Çr� = �k �Çr:

(The vector Çr� is also rotation of Çr counterclockwise by
90ý.)

6. 2D unit perpendicular in xy plane. Use Çr� to �nd a
unit vector perpendicular toÇr as

�n� =
Çr�

ðÇr�ð =
�k �Çróóóó �k �Çr

óóóó :
7. 3D distance between point C and a line going

through A and B can with cross product or dot product:

d =

óóóóóóóóóóó
ÇrC_A �

ÇrB_AóóóóóÇrB_Aóóóóó
óóóóóóóóóóó
=

óóóóóóóóóóó
ÇrC_A * r̀p

ÇrC_A �

ÇrB_AóóóóóÇrB_Aóóóóó
asq
ÇrB_AóóóóóÇrB_Aóóóóó

óóóóóóóóóóó
:

8. 2D Distance between a point C and line AB in the
plane. Use �n to �nd this distance as

d =
óóóóó �n �

ÇrC_A
óóóóó =

óóóóóóóóóóó

�
�k �ÇrB_A

�
�

ÇrC_A

ð �k �ÇrB_Að
óóóóóóóóóóó
:

ReplacingÇrC_A withÇrC_B works too.

9. 3D Volume V of a parallelepipedwith sides
Ç

A,
Ç

B and
Ç

C

is

V =
�
Ç

A �
Ç

B
�

�

Ç

C:

Statics

10. Moment of a force. Calculate moment
Ç

M of a force
Ç

F at
positionÇr as

Ç

M = Çr �
Ç

F

.

11. Moment about an axis. Calculate momentM of a force
Ç

F at position Çr relative to a point on the axis in the direc-
tion of a unit vector �� as

M =
�
Çr �

Ç

F
�

�

��:

12. Moment about an axis. Use the result above to calculate
themoment of a force

Ç

F at position C about a line through
A and B as

M =
�
ÇrC_A �

Ç

F
�

�

ÇrB_AóóóóóÇrB_Aóóóóó
=

�
ÇrC_B �

Ç

F
�

�

ÇrB_AóóóóóÇrB_Aóóóóó
:

Kinematics and Dynamics

13. Relative velocity of two points on a rigid object. The
velocity of point B relative to point A, where both points
are on the same rigid object with angular velocity Ç! is

ÇvB_A = Ç! �ÇrB_A:

14. Angularmomentumof a particlewith velocityÇv, mass
m and at positionÇr is

Ç

H = mÇr � Çv:

15. Centripetal acceleration of point B relative to point A
on the same rigid object with angular velocity Ç! is

Centripetal part of Ça
B_A

= Ç! �
�
Ç! �ÇrB_A

�
:

16. Relative acceleration due to angular acceleration.
The relative acceleration of points A and B on the same
rigid object with angular acceleration Ç� is

Contribution of angular acceleration to Ça
B_A

= Ç� �ÇrB_A:

17. Coriolis acceleration of a particlemoving at velocityÇvrel
relative to a rotating rigid object is

Ça
Coriolis

= 2Ç! � Çvrel:

n. Variants and extensions of the kinematics and dynamics
formulas are given in the tables at the back of the Dynam-
ics book.
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with � de�ned to be less than 180
ý

and �n de�ned as the unit vector point-

ing in the direction of the thumb when the �ngers are curled from the

direction of
Ç

A towards the direction of
Ç

B.

Study of �g. 1.39 should convince you that the 2D de�nition of cross

product in eqn.1.10 obeys these standard algebra rules (for any 3 2D vec-

tors
Ç

A,
Ç

B, and
Ç

C and any scalar d):

d.
Ç

A �
Ç

B/ = .d
Ç

A/ �
Ç

B =
Ç

A � .d
Ç

B/
Ç

A � .
Ç

B +
Ç

C/ =
Ç

A �
Ç

B +
Ç

A �
Ç

C:

Adi�erence between the algebra rules for scalarmultiplication and vector

cross product multiplication is that for scalar multiplication AB = BA

whereas for the cross product
Ç

A �
Ç

B �
Ç

B �
Ç

A (because the de�nition of �

in eqn. 1.10 and �n in 1.11 depends on order). In particular
Ç

A�
Ç

B = *
Ç

B�
Ç

A.

Because the magnitude of the cross product of
Ç

A and
Ç

B is the mag-

nitude of
Ç

A times the magnitude of the projection of
Ç

B in the direction

perpendicular to
Ç

A (as shown in the top two illustrations of �g. 1.54) you

can think of the cross product as a measure of how much two vectors are

perpendicular to each other. In particular,

if
Ç

A is perpendicular to
Ç

B Ù ðÇA �
Ç

Bð = ðÇAð ðÇBð; and
if
Ç

A is parallel to
Ç

B Ù ðÇA �
Ç

Bð = 0:

For example, �{ � �| = �k; �| � �{ = * �k; �{ � �{ =
Ç

0, and �| � �| =
Ç

0.

Component form for the 2D cross product

Just like the dot product, the cross product can be expressed using com-

ponents. As can be veri�ed by writing
Ç

A = Ax �{+Ay �|, and
Ç

B = Bx �{+By �|

and using the distributive rules:

Ç

A �
Ç

B = .AxBy * BxAy/
�k: (1.12)

Determinant mnemonic. Some people remember this formula by

putting the components of
Ç

A and
Ç

B into a matrix and calculating the de-

terminant
Ax Ay

Bx By
: If you number the components of

Ç

A and
Ç

B (e.g.,

[
Ç

A]x1x2
= [A1; A2]), the cross product is

Ç

A �
Ç

B = .A1B2 * A2B1/ �e3,

or ��rst times second minus second times �rst.�

Example: Given that

Ç

A = 1�{ + 2 �|

and
Ç

B = 10�{ + 20 �|

then
Ç

A �
Ç

B = .1 � 20 * 2 � 10/ �k = 0 �k =
Ç

0:

For vectors with just a few components it is often most convenient to use

the distributive rule directly.
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Figure 1.40: The cross product of
Ç

A

and
Ç

B is perpendicular to
Ç

A and
Ç

B in

the direction given by the right hand

rule. The magnitude of
Ç

A �
Ç

B is

AB sin �AB.

⇀

A

⇀
B

⇀

C

Figure 1.41: The right hand rule for

determining the direction of the cross

product of two vectors.
Ç

C =
Ç

A �
Ç

B.

Figure 1.42: Another way to use your

right hand for the `right hand' rule.

Set thumb, pointer and middle �n-

ger mutually orthogonal to each other.

Pointer cross middle �nger is thumb.

Or, shoot the gun, that is, lower your

thumb and the direction of `thumb

cross pointer' is the middle �nger.

Example: Given that

Ç

A = 7�{

and
Ç

B = 37:6�{ + 10 �|

then
Ç

A �
Ç

B = .7�{/ � .37:6�{ + 10 �|/ = .7�{/ � .37:6�{/ + .7�{/ � .10 �|/

=
Ç

0 + 70 �k = 70 �k:

There are many ways of calculating a 2D cross product

You have several options for calculating the 2D cross product. Which you

choose depends on taste and convenience. You can use

� the geometric de�nition directly,

� the �rst times the perpendicular part of the second (distance times

perpendicular component of force),

� the second times the perpendicular part of the �rst (lever arm times

the force),

� components, or

� break each of the vectors into a sum of vectors and use the distribu-

tive rule.

The 3D vector cross product

In contrast to the dot product, which gives a scalar and measures how

much two vectors are parallel, the cross product is a vector and measures

how much they are perpendicular.

The cross product is de�ned by:

Ç

A �
Ç

B
def
= ðÇAððÇBð sin �AB �n (1.13)

where ð �nð = 1,

�n �
Ç

A,

�n �
Ç

B,

0 f �AB f �, and

�n is in the direction given by the right

hand rule, that is, in the direction of

the right thumb when the �ngers of the

right hand are pointed in the direction

of
Ç

A and then wrapped towards the di-

rection of
Ç

B.

If
Ç

A and
Ç

B are perpendicular then �AB is �_2, sin �AB = 1, and the

magnitude of the cross product is AB. If
Ç

A and
Ç

B are parallel then �AB is

0, sin �AB = 0 and the cross product is
Ç

0 (the zero vector). This is why we

say the cross product is a measure of the degree of orthogonality of two

vectors.
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Figure 1.43: Mnemonic device to re-

member the cross product of the stan-

dard base unit vectors.

Using the de�nition above you should be able to verify to your own

satisfaction that
Ç

A�
Ç

B = *
Ç

B�
Ç

A. Applying the de�nition to the standard

base unit vectors you can see that �{ � �| = �k, �| � �k = �{, and �k � �{ = �|

(�g. 1.43).

The geometric de�nition above and the geometric (tip to tail) de�ni-

tion of vector addition imply that the cross product follows the distributive

rule, as explained in box 1.7 on page 9.

Ç

A �
�
Ç

B +
Ç

C
�
=

Ç

A �
Ç

B +
Ç

A �
Ç

C:

Applying the distributive rule to the cross products of
Ç

A = Ax �{+Ay �|+Az
�k

and
Ç

B = Bx �{+By �|+Bz
�k leads to the algebraic formula for the Cartesian

components of the cross product.

Ç

A �
Ç

B = [AyBz * AzBy]�{ (1.14)

+[AzBx * AxBz] �| (1.15)

+[AxBy * AyBx]
�k (1.16)

(1.17)

How the distributive rule is used to derive the component formula for

cross product is also described in box 1.7 on page 9.

Memory aids for the component formula for cross product. There

are various mnemonics for remembering the component formula for

cross products. The most common is to calculate a `determinant' of the

3�3matrix with one row given by �{; �|; �k and the other two rows the com-

ponents of
Ç

A and
Ç

B.

Ç

A �
Ç

B = det

óóóóóóóóóóóó
�{ �| �k

Ax Ay Az

Bx By Bz

óóóóóóóóóóóó
Some key facts about cross products. The following identities and

special cases of cross products are worth knowing well:

� .a
Ç

A/ �
Ç

B =
Ç

A � .a
Ç

B/ = a.
Ç

A �
Ç

B/ (a distributive law)

�

Ç

A �
Ç

B = *
Ç

B �
Ç

A (the cross product is not commutative!)

�

Ç

A �
Ç

B =
Ç

0 if
Ç

A ß
Ç

B (parallel vectors have zero cross product)

� ðÇA �
Ç

Bð = AB if
Ç

A �
Ç

B

� �{� �| = �k; �|� �k = �{; �k� �{ = �| (assuming the x; y; z coordinate

system is right handed� if you use your right hand and point your

�ngers along the positive x axis, then curl them towards the positive

y axis, your thumb will point in the same direction as the positive z

axis. )
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⇀ 

A × ⇀ 
B

⇀ 

A

⇀ 

C ⇀ 
B

θ

Figure 1.44: One interpretation of the

mixed triple product of
Ç

A �
Ç

B �

Ç

C

is as the volume (a scalar) of a par-

allelepiped with
Ç

A,
Ç

B, and
Ç

C as the

three edges emanating from one cor-

ner. This interpretation only works if
Ç

A,
Ç

B, and
Ç

C are taken in the appropri-

ate order, otherwise
Ç

A�
Ç

B �

Ç

C is minus

the volume which is calculated.

� �{¨ � �|¨ = �k¨; �|¨ � �k¨ = �{¨; �k¨ � �{¨ = �|¨

(assuming the x¨y¨z¨ coordinate system is right handed.)

� �{ � �{ = �| � �| = �k � �k =
Ç

0, �{¨ � �{¨ = �|¨ � �|¨ = �k¨ � �k¨ =
Ç

0

The mixed triple product

The `mixed triple product' of
Ç

A,
Ç

B, and
Ç

C is so called because it mixes

both the dot product and cross product in a single expression. The mixed

triple product is also sometimes called the scalar triple product because

its value is a scalar. The mixed triple product of
Ç

A,
Ç

B, and
Ç

C is de�ned by

and written as

Ç

A �

�
Ç

B �
Ç

C
�

and pronounced `A dot B cross C.' The parentheses ./ are sometimes omit-

ted, i.e.,
Ç

A �

Ç

B �
Ç

C;

because the wrong grouping .
Ç

A �

Ç

B/ �
Ç

C is nonsense (you can't take the

cross product of a scalar with a vector) . It is apparent that one way of

calculating the mixed triple product is to calculate the cross product of
Ç

B

and
Ç

C and then to take the dot product of that result with
Ç

A. Some people

use the notation
�
Ç

A;
Ç

B;
Ç

C
�
for themixed triple product but it will not occur

again in this book.

The mixed triple product has the same value if one takes the cross

product of
Ç

A and
Ç

B and then the dot product of the result with
Ç

C. That is
Ç

A � .
Ç

B�
Ç

C/ = .
Ç

A�
Ç

B/ �
Ç

C. This identity can be veri�ed using the geometric

description below, or by looking at the (complicated) expression for the

mixed triple product of three general vectors
Ç

A,
Ç

B, and
Ç

C in terms of their

components as calculated the two di�erent ways. One thus obtains the

string of results

Ç

A �

Ç

B �
Ç

C =
Ç

A �
Ç

B �

Ç

C = *
Ç

B �
Ç

A �

Ç

C = *
Ç

B �

Ç

A �
Ç

C = §

The minus signs in the above expressions follow from the cross product

identity that
Ç

A �
Ç

B = *
Ç

B �
Ç

A.

Themixed triple product has various geometric interpretations, one of

them is that
Ç

A �

Ç

B�
Ç

C is (plus or minus) the volume of the parallelepiped,

the crooked shoe box, edged by
Ç

A,
Ç

B and
Ç

C as shown in �g. 1.44.

Another way of calculating the value of the mixed triple product is

with the determinant of a matrix whose rows are the components of the

vectors.
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2 In the language of linear algebra,

the mixed triple product of three vec-

tors is zero if the vectors are linearly

dependent.

Ç

A � .
Ç

B �
Ç

C/ =

Ax Ay Az

Bx By Bz
Cx Cy Cz

=

Ax.ByCZ * BzCy/

+Ay.BzCx * BxCz/

+Az.BxCy * ByCx/

The mixed triple product of three vectors is zero if 2

� any two of them are parallel, or

� all three of the vectors have one common plane.

Uses of themixed triple product. Themixed triple product (or scalar

triple product) is useful for calculating the moment of a force about an

axis and for related dynamics quantities.

Vector triple product

A di�erent triple product, sometimes called the `vector triple product',
Ç

A � .
Ç

B �
Ç

C/, is discussed later (in the Dynamics book).

Cross products and computers

The components of the cross product can be calculated with computer

code that may look something like this.

A = [ 1 2 5 ]
B = [ -2 4 19 ]
C = [ ( A(2)*B(3) - A(3)*B(2) ) ...

( A(3)*B(1) - A(1)*B(3) ) ...
( A(1)*B(2) - A(2)*B(1) ) ]

giving the result C=[18 -29 8]. Many computer languages have a

shorter way to write the cross product like cross(A,B). The mixed triple

productmight be calculated by assembling a 3�3matrix of rows and then

taking a determinant like this:

A = [ 1 2 5 ]
B = [ -2 4 19 ]
C = [ 32 4 5 ]

matrix = [A ; % Each row under the one above
B ;
C ]

mixedprod = det(matrix)

giving the result mixedprod = 500. A versatile computer language

might allow a command like dot( A, cross(B,C) ) to calculate the

mixed triple product.
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1.6 The cross product of vectors as matrix multiplication

For hand calculations in statics, this box is probably not useful.
This box is for the theoretically inclined, and for people interested
in doing complex dynamics calculations on a computer. We as-
sume here that you know some linear algebra.

The cross product between two vectors Ça and
Ç

b gives a new
vector

Çc = Ça �
Ç

b

All three of these vectors have components:

[Ça]
xy

=

bffd
a
x

a
y

a
z

cgge
; [

Ç

b]
xy

=

bffd
b
x

b
y

b
z

cgge
and

[Çc]
xy

=

bffd
c
x

c
y

c
z

cgge
:

The components ofÇc can be calculated from those ofÇa and
Ç

b using
the component rules from this section as

bffd
c
x

c
y

c
z

cgge
=

bffd
a
y
b
z
* a

z
b
y

a
z
b
x
* a

x
b
z

a
x
b
y
* a

y
b
x

cgge
:

Because the cross product Ça�
Ç

b is linear in
Ç

b (meaning Ça� .
Ç

b1 +
Ç

b2/ =
Ça�

Ç

b1 +
Ça�

Ç

b2, etc.) we can represent the cross product as

some matrix times
Ç

b.

We now de�ne a matrix [A], that does the job. We associate
the the vector Ça with the matrix [A] as follows:

[A] �

bffd
0 *a

z
a
y

a
z

0 *a
x

*a
y

a
x

0

cgge
: (1.18)

[A] is an anti-symmetricmatrix (also called a skew symmetricma-
trix), with

[A]¨ = *[A] (A transpose is minus A):

The terms of [A] on the diagonal are zero and those o� the diag-
onal are negative of their corresponding (transposed) terms. The
conversion rule (Equation 1.18) that takes a vector and puts its
components in a matrix in the right place we can call [S] thus

[A] = [S.Ça/]:

[A] is the anti-symmetric matrix de�ned in terms of the compo-
nents of Ça by [S.Ça/].

Just multiplying out the terms we see that

S.Ça/ �
Ç

b =

bffd
0 *a

z
a
y

a
z

0 *a
x

*a
y

a
x

0

cgge
«­­­­­­­¯­­­­­­­¬

[S.Ça/]

bffd
b
x

b
y

b
z

cgge
(1.19)

=

bffd
a
y
b
z
* a

z
b
y

a
z
b
x
* a

x
b
z

a
x
b
y
* a

y
b
x

cgge
: (1.20)

So we get our main result:

[Ça �
Ç

b]
xyz

= [S.Ça/][
Ç

b]
xyz

= [A][
Ç

b]
xyz

:

That is, the components of the cross product of Ça and
Ç

b can be
found by multiplying the matrix [A] by the components of

Ç

b.
Writing the cross product as a matrix multiplication is some-

times useful for dynamicswhen the �rst vectorÇa is Ç! (see box 16.5
on page 773). The advantage of thematrix representation over the
cross product is thatmatrixmultiplication satis�es the associative
rule

[A].[B][C]/ = .[A][B]/[C]

whereas the vector cross product does not:

Ça � .
Ç

b �Çc/ � .Ça �
Ç

b/ �Çc:

Computer calculation
One could write a short program (computer function) that does
the conversion fromvectorÇa tomatrix [A] = S.Ça/ and call it skew.
That is, skew would calculate eqn. (1.18). Using skew we could
carry out a cross product like this (see box 3.1 on page 222)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
a = [1 2 3]’
b = [4 5 6]’
A = skew(a)
c = A*b

De�ne vector Ça with
components
De�ne vector

Ç

b with
components
Use the function skew' to �nd A
Calculate the cross product
Çc = Ça �

Ç

b using ordinary matrix
multiplication.

For just one cross product this would be silly. But for a long
calculation involving various vectors and matrices it often makes
things simpler.
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1.7 The cross product: from geometry to components
Why is the 3D vector given by the component formula for
the cross product ((1.14) on page 5)

[
Ç

A �
Ç

B]
xyz

=

bffd
.A

y
B
z
* A

z
B
y
/

.A
z
B
x
* A

x
B
z
/

.A
x
B
y
* A

y
B
x
/

cgge
(1.21)

the same vector as that given by the geometric de�nition
((1.13) on page 4),

Ç

A �
Ç

V � ðÇAððÇVð sin �
AV

�n
�AV

?

⇀

A
⇀
V

⇀

A× ⇀
V

θ

That these di�erent-looking formulas should give the same
answer is not obvious. Here we show why. Although the result is
often used, the reasoning is not. But for logical completeness, and
to entertain the curious, we present it here. We assume we know
the geometric de�nition and want to �nd the component formula
(1.21).

The reasoning has two big steps:

� First we will show that the geometric de�nitions of the
vector cross product `distributes' over vector addition.

� Then we apply the distributive rule to get our component
formula.

A new de�nition of cross product

Start with
Ç

A and
Ç

V:

⇀

A ⇀
V

Now we will show that the geometric formula

Ç

A �
Ç

V � ðÇAððÇVð sin �
AV

�n
�AV

is equivalent to a sequence of three operations: Project, rotate and
stretch.

1. Project
Ç

V on to the plane P (normal to
Ç

A). The projec-
tion of

Ç

V onto the plane orthogonal to
Ç

A is
Ç

V
¨.

⇀
V '

⇀

A
⇀
Vθ

The magnitude of
Ç

V
¨ is

ðÇV¨ð = ðÇVð sin �
AV

:

Ç

V
¨ is in the plane de�ned by

Ç

A and
Ç

V and also in the plane
orthogonal to

Ç

A.

2. Then rotate that projection by 90
ý

about
Ç

A.

⇀
V ''

⇀
V '

⇀

A ⇀
V

Call the result of this rotation
Ç

V
¨¨. The magnitude is un-

changed by rotation so we still have

ðÇV¨¨ð = ðÇVð sin �
AV

:

Note that
Ç

V
¨¨ is in the �n direction that is perpendicular to

both
Ç

A (it's in the plane � to
Ç

A) and to
Ç

V (it's rotated 90ý

from
Ç

V
¨. So

Ç

V
¨¨ is in the direction of

Ç

A �
Ç

V.

3. Finally, stretch
Ç

V
¨¨ by ðÇAð.

⇀
V ''

⇀
V '

⇀

A ⇀
V

⇀

A× ⇀
V

This result has magnitude ðÇAððÇVð sin �
AV

which is the

magnitude of
Ç

A �
Ç

V. This vector is in the direction nor-
mal to both

Ç

A and
Ç

V given by the right-hand rule, that's
the direction of

Ç

A �
Ç

V. Having the same magnitude and
direction as

Ç

A �
Ç

V, it is
Ç

A �
Ç

V. As infamously reasoned
by Joseph McCarthy, �If it looks like a duck, walks like a
duck and quacks like a duck,it's a duck.�

Apply the new de�nition to
Ç

B +
Ç

C

Consider
Ç

D =
Ç

B+
Ç

C. We are interested in all three cross products:
Ç

A �
Ç

D,
Ç

A �
Ç

B, and
Ç

A �
Ç

C.

⇀

A

⇀
B

⇀

C

⇀
D

First we will check that each of the operations above (project, ro-
tate, stretch) is distributive.

1. Project. The projection of a sum is the sum of the projec-

tions (
Ç

D
¨ =

Ç

B
¨ +

Ç

C
¨
);

(continued...)
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1.7 The cross product: from geometry to components
(continued)

⇀
B '

⇀

C'
⇀
D'

⇀

A
⇀
B

⇀

C
⇀
D

2. Rotate. The sum of two 90
ý

rotated vectors is the rotation
of the sum (

Ç

D
¨¨ =

Ç

B
¨¨ +

Ç

C
¨¨
);

⇀
B ''

⇀

C''
⇀
D''

⇀
B '

⇀

C'
⇀
D'

⇀

A
⇀
B

⇀

C
⇀
D

3. Stretch. (stretched
Ç

D
¨¨) = (stretched

Ç

B
¨¨) + (stretched

Ç

C
¨¨
), scalar multiplication is distributive.

⇀

A× ⇀
B

⇀
A× ⇀

C⇀A× ⇀D ⇀
B ''

⇀

C''
⇀
D''

⇀
B '

⇀

C'
⇀
D'

⇀

A
⇀
B

⇀

C
⇀
D

Thus the act of taking the cross product of
Ç

A with
Ç

B and adding
that to the cross product of

Ç

A with
Ç

C gives the same result as tak-
ing the cross product of

Ç

Awith
Ç

D �
Ç

B+
Ç

C. That's the distributive
law for vector cross products over vector addition:

Ç

A �
�
Ç

B +
Ç

C
�

=
Ç

A �
Ç

B +
Ç

A �
Ç

C:

The distributive rule also works for a sum of 3 or more vectors
(all of the reasoning above would be the same). And that the
distributive rule works when the sum is on the left (i.e., that
.
Ç

B +
Ç

C/ �
Ç

A =
Ç

B �
Ç

A +
Ç

C �
Ç

A/ also follows by very similar
reasoning, so we skip those details. In sum, we know now that
.
Ç

A+
Ç

B+
Ç

C/ � .
Ç

D+
Ç

E +
Ç

F/ =
Ç

A �
Ç

D+
Ç

A �
Ç

E +§ (9 terms in all).

Applying the distributive rule to the
vectors' components

A vector is a sum of component parts. First note that
Ç

A = A
x
�{ + A

y
�| + A

z
�k and

Ç

B = B
x
�{ + B

y
�| + B

z
�k

From the distributive rule (demonstrated with the 8 pictures
above) we know that

Ç

A �
Ç

B = [A
x
�{ + A

y
�| + A

z
�k] � [B

x
�{ + B

y
�| + B

z
�k]:

Nowwe just apply the distributive law, usingwhatwe know about
the cross products of �{; �| and �kwith each other (e.g., that �{� �{ =

Ç

0

and that �{ � �| = �k).
First in 2D, to better show the patterns in the algebra:
Ç

A �
Ç

B = [A
x
�{ + A

y
�|] � [B

x
�{ + B

y
�|]

= [A
x
�{ + A

y
�|] � B

x
�{ + [A

x
�{ + A

y
�|] � B

y
�|

= A
x
B
x
�{ � �{ + A

x
B
y
�{ � �|

+A
y
B
x
�| � �{ + A

y
B
y
�| � �|

= A
x
B
x

Ç

0 + A
x
B
y
�k * A

y
B
x
�k + A

y
B
y

Ç

0

So
Ç

A �
Ç

B = [A
x
B
y
* A

y
B
x
] �k (2D)

Now in 3D, applying the distributive rule multiple times,
Ç

A �
Ç

B = [A
x
�{ + A

y
�| + A

z
�k] � [B

x
�{ + B

y
�| + B

z
�k]

= A
x
B
x
�{ � �{ + A

x
B
y
�{ � �| + A

x
B
z
�{ � �k

+A
y
B
x
�| � �{ + A

y
B
y
�| � �| + A

y
B
z
�| � �k

+A
z
B
x
�k � �{ + A

z
B
y
�k � �| + A

z
B
z
�k � �k

= A
x
B
x

Ç

0 + A
x
B
y
�k * A

x
B
z
�|

*A
y
B
x
�k + A

y
B
y

Ç

0 + A
y
B
z
�{

+A
z
B
x
�| * A

z
B
y
�{ + A

z
B
z

Ç

0

So
Ç

A �
Ç

B = [A
y
B
z
* A

z
B
y
]�{ (1.22)

+[A
z
B
x
* A

x
B
z
] �| (1.23)

+[A
x
B
y
* A

y
B
x
] �k (1.24)

from which you can pick out the familiar xyz components of the
cross product. As hoped, we have derived the component formula
for the cross product from its geometric de�nition.

[The other way around. On the other hand, if we are given

the component formula we can (almost) verify that it corresponds
to the geometric de�nition: Use the component formulas for the
magnitude, dot product and cross product (1.1,1.3& 1.21) and te-
diously evaluate ðÇA �

Ç

Bð2 and note that it is equal to ðÇAð2ðÇBð2 *ðÇA �

Ç

Bð2:. Because we already know that ðÇA �

Ç

Bð = ðÇAððÇBð cos � and
that sin

2
� = 1*cos2 � this gives ðÇA�

Ç

Bð = ðÇAððÇBðð sin �ð. To show
that

Ç

A �
Ç

B is orthogonal to
Ç

A and
Ç

B use the component formulas
to show that .

Ç

A �
Ç

B/ �

Ç

A = 0 and .
Ç

A �
Ç

B/ �

Ç

B = 0. A �nal tricky
point, which we skip here, is that the component formula obeys
the right hand, as opposed to the left hand, rule.]

(continued...)
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1.7 The cross product: from geometry to components
(continued)
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