Chapter 1.

SAMPLE 1.12 Calculating dot products: Find the dot product of the
two vectors @ = 2i + 3j — 2k and ¥ = 5mi — 2mj.

Solution The dot product of the two vectors is

-7 = (Qi+3j—2k) - (5mi—2mj)
= (2-5m)i-i —(2-2m)i-j
N—_—— ——

1
+3-5m) j-i—(3-2m) j-j
N N——

0 1

o

-2-5mk-i4+2-2m)k-j
N——r —_——
0 0
= 10m—-—6m=4m.

a-r=4m

Comments: Note that with just a little bit of foresight, we could totally ignore the k
component of a since 7 has no k component, i.e., k - ¥ = 0. Also, if we keep in mind that
i-j=j-i=0,wecould compute the above dot product in one line:

a-r=0Qi+3j))-5mi-2mj)=Q2-5m) i-i —(3-2m) j-j =4m.
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SAMPLE 1.13 Component of a vector in a given direction: A force
acting at some point is given as F =5Ni+3Nj+2Nk.

1. Find the y-component of F.

2. Find the component of F along the vector ¥ = 3mi — 4mj.

Solution
1. Component along the y-direction: The y-component of F is the scalar quantity mul-
tiplying the unit vector j, that is, 3N. Although the y-component of F is obvious
here (and hence the problem is trivial), we can find it in a formal way using the dot
product between F and j.

F, = F - (a unit vector along y-axis)
(5Ni+3Nj+2Nk)-j
5Ni-j+3N j-j+2Nk-j=3N.

N——r N——r N——r
0 1 0

F,=F-j=3N.
2. Component along the F-direction: The component of F along 7 is obtained from the
dot product of F with a unit vector along 7. Therefore, we first need to find a unit
vector 4, along 7 and then dot it with F.

2 r 3mi—4mj

A= L2t o608
7l 324 4m

F, = F-4

(5Ni +3Nj + 2Nk) - (0.6i — 0.8)
3.0N—-24N=06N.

F,=F-1,=06N
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SAMPLE 1.14 Finding angle between two vectors using dot prod-
uct: Find the angle between the vectors 7, = 2i + 3jand 7, = 2i — j.

Solution From the definition of dot product between two vectors

¥,-F, = |[F]|[F,|cosb
T, T
or cosf = 2
[7, |7,
o Qi+3))-@i-])
(V22 + 32)(V22 + 12)
. e R
V135

Therefore, 6 cos~1(0.124) = 82.87".

SAMPLE 1.15 Finding direction cosines from unit vectors: Find the
angles between F = 4Ni + 6 N j + 7Nk and each of the three axes.

Solution

F = Fi
5 F
4= F
_ 4Ni+6Nj+7Nk
V4 + 6+ 72N
= 04i406j+0.7k.

Let the angles between 4 and the x, y, and z axes be 8, ¢ and 3 respectively. Then

i-A 04
cos = — — = —_ =04
HIV I
= B8 = cos!(0.4)=664".
Similarly,
cos¢g = 06 or ¢=531
coshp = 0.7 or =456

6 =664, ¢p=>531", 1h =456

Comments: The components of a unit vector give the direction cosines with the respec-
tive axes. That is, if the angle between the unit vector and the x, y, and z axes are 6, ¢
and 9, respectively (as above), then

A=cosOi+cos¢ j+cosyk.
N——’ —— ——

A 2, 2,
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SAMPLE 1.16 Separating a vector equation into scalar equations:
Assume that after writing the equilibrium equation as 3 F = mgjin a
particular problem, a student finds that )] F=(Q0N- P)i+7Nj— sz.
Separate the scalar equations in the i, j, and k directions.

Solution From a vector equation, separating the scalar equations is trivial as long as both
sides of a vector equation are in the same basis, e.g, , i, j, and k. We just equate the
individual components on both sides. That is, if

N F
(20N —P)i+7Nj—P,k = mgj
then, 20N—-P, = 0 (i component)
7N = mg (j component)
-P, = 0. (k component)

These are the three independent scalar equations in the , j and k directions.

20N-P, =0, 7N=mg,P,=0

Comments: The results obtained by equating individual components on both sides of
the vector equation are based on the general technique of taking the dot product of both
sides of an equation with a vector. It gives a scalar equation valid in any direction that one
desires. For the example at hand, the long but easily readable and illustrative calculation
is as follows. Taking the dot product of both sides of Y} F = mg j equation with i, we write

i-[QON-P)i+7Nj—Pk] = i-[mgjl
> (0N-P)i-i 47N j-i-P, k-i = mgj-i)
N—_— R . N——r N——
1 0 0 0
> 20N-P, = 0.

Similarly,
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