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Figure 1.31: The dot product of
Ç

A and
Ç

B is a scalar and so is not easily drawn.

It is given by
Ç

A �

Ç

B = AB cos �AB which

is A times the projection of
Ç

B in the A

direction and also B times the projec-

tion of
Ç

A in the B direction.

1 Advice: Draw as many triangles

and unit circles as it takes to get these

4 special cases into your head so they

can be used with only a quick thought.

1.2 The dot product of two vectors

The dot product of two vectors
Ç

A and
Ç

B is written
Ç

A �

Ç

B (pronounced `A

dot B'). The dot product of
Ç

A and
Ç

B is the product of the magnitudes of

the two vectors times a number that expresses the degree to which
Ç

A and
Ç

B are parallel: cos �AB, where �AB is the angle between
Ç

A and
Ç

B. That is,

Ç

A �

Ç

B
def
= ðÇAð ðÇBð cos �AB

which is sometimes written more concisely as

Ç

A �

Ç

B = AB cos �:

Key special cases. Here are two special cases that come up again and

again.

Example: Parallel vectors

If
Ç

A and
Ç

B are parallel, then cos �AB = 1, and

Ç

A �

Ç

B = AB.

Example: Perpendicular vectors

If
Ç

A and
Ç

B are perpendicular, then cos �AB = 0, and

Ç

A �

Ç

B = 0.

It is helpful to know, almost without a thought, that 1

cos.0/ = 1;

sin.0/ = 0;

cos.�_2/ = 0; and

sin.�_2/ = 1:

The dot product of two vectors is a scalar. So the dot product is some-

times called the scalar product.

What is the dot product good for?

The dot product is used

� To project a vector in a given direction;

� To reduce a vector to components;

� To reduce vector equations to scalar equations;

� To de�ne work and power; and
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� To help solve geometry problems.

Most fundamental is the third item `To reduce vector equations to scalar

equations'. Mechanics equations are most often vector equations. Yet,

when you solve problems, in the end, you are always solving scalar equa-

tions. Thus, you need, somehow or other, to use dot products for most

mechanics problems. In some sense, the dot product is the only way to

get from vector equations to scalar equations.

Using the geometric de�nition of dot product, and the rules for vec-

tor addition we have already discussed, you should be able to convince

yourself of the features of the dot products in box 1.3. The identities in

box 1.3 lead to the following equivalentways of expressing the dot product

of
Ç

A and
Ç

B.

Ç

A �

Ç

B = ðÇAððÇBð cos �AB
= AxBx + AyBy + AzBz (component form) (1.3)

= Ax¨Bx¨ + Ay¨By¨ + Az¨Bz¨

= ðÇAð � [scalar projection of
Ç

B in the
Ç

A direction]

= ðÇBð � [scalar projection of
Ç

A in the
Ç

B direction]

Mechanics solutions make use of all of these relations. The most famous,

of course, is the second, sometimes written as

1.3 Useful basic features of the vector dot product

Here are some features of the dot product that you will use again
and again. They all follow naturally from the de�nition

Ç

A �

Ç

B = AB cos �:

Commutative law. Order doesn't matter with dot products.
AB cos � = BA cos �

Ù
Ç

A �

Ç

B =
Ç

B �

Ç

A:

A distributive law. Scalars slide through vector products like
mercury through a chicken. .aA/B cos � = A.aB/ cos �

Ù .a
Ç

A/ �

Ç

B =
Ç

A � .a
Ç

B/ = a.
Ç

A �

Ç

B/:

Another distributive law. Vector dot products distribute like
regular multiplication. the projection of

Ç

B +
Ç

C onto
Ç

A is the sum
of the two separate projections, so

Ç

A � .
Ç

B +
Ç

C/ =
Ç

A �

Ç

B +
Ç

A �

Ç

C:

Perpendicular vectors have zero for a dot product. If
Ç

Aò
Ç

B

then the angle between them is �_2. Because AB cos�_2 = 0

Ù
Ç

A �

Ç

B = 0 if
Ç

A �
Ç

B:

The dot product of parallel vectors is the product of their
magnitudes. The angle between parallel vectors is zero and

AB cos 0 = AB. In particular,
Ç

A �

Ç

A = A2 or ðÇAð =
ù
Ç

A �

Ç

A

Ù
Ç

A �

Ç

B = ðÇAððÇBð if
Ç

A ß
Ç

B:

The standard unit base vectors are orthonormal. They are
unit vectors (in this case `normal' means normalized, meaning
taken down to size) and they are perpendicular (ortho) to each
other.

�{ � �{ = �| � �| = �k �

�k = 1 and �{ � �| = �| �

�k = �k � �{ = 0

Also, the standard tilted base vectors are orthonormal.

�{¨ � �{¨ = �|¨ � �|¨ = �k¨ � �k¨ = 1 and �{¨ � �|¨ = �|¨ � �k¨ = �k¨ � �{¨ = 0

2 Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap



Introduction to Mechanics for Engineers � Ruina & Pratap Ch 1 Section 1.2

x

y

vx

v

ı̂

Figure 1.32: The dot product with unit

vectors gives projection. For example,

vx =
Çv��{.
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Figure 1.33: The dot product helps

�nd components in terms of tilted unit

vectors. Note, the components of
Ç

Ade-

pend on which coordinate system you

use. Nonetheless,
Ç

A =
Ç

A, no matter

how
Ç

A is represented.

Ç

A �

Ç

B = A1B1 + A2B2 + A3B3:

To see how this component formula for the dot product follows from the

geometric de�nition above see box 1.4 on page 7.

Using the dot product to �nd components

To �nd the x component of a vector (or vector expression) one can use the

dot product (�g. 1.32),

vx = projection of
Ç

v in the �{ direction =
Ç

v � �{: (1.4)

This idea can be used for �nding components in any direction.

Tilted base vectors. If one knows the orientation of the tilted unit vec-

tors �{¨; �|¨; �k¨ relative to the standard bases �{; �|; �k then you can �nd the dot

products between the standard base vectors and the tilted base vectors.

In 2D, assume that (�g. 1.33) �{ � �|¨ = *sin � and �| � �|¨ = cos �. One

can then use the dot product to �nd the x¨y¨ components .Ax¨ ; Ay¨/ from

the xy components .Ax; Ay/. For example, We start with the absurdly

obvious (and ridiculously useful) equation

Ç

A =
Ç

A

and dot both sides with �|¨ to get:

Ç

A � �|¨ =
Ç

A � �|¨

.Ax¨ �{
¨ + Ay¨ �|

¨/
«­­­¯­­­¬

Ç

A

� �|¨ = .Ax �{ + Ay �|/
«­­¯­­¬

Ç

A

� �|¨

Ax¨ �{
¨
� �|¨

«¯¬
0

+Ay¨ �|
¨
� �|¨

«¯¬
1

= Ax �{ � �|¨ + Ay �| � �|¨

Ù Ay¨ = Ax .�{ � �|¨/
«¯¬
*sin �

+Ay . �| � �|¨/
«¯¬
cos �

:

Similarly, one could �nd the component Ax¨ using a dot product with �{¨

as

Ax¨ = Ax .�{ � �{¨/
«¯¬
cos �

+Ay . �| � �{¨/
«¯¬
sin �

:

Using dot products to �nd components of vectors is particularly use-

ful when more than one base vector system is used.
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Matrix form. For those comfortable with linear algebra, note that the

results above can be condensed into the matrix equations

[
Ç

A]x¨y¨ = [R][
Ç

A]xy; or (1.5)

L Ax¨

Ay¨
M = L cos.�/ sin.�/

* sin.�/ cos.�/
M

«­­­­­­¯­­­­­­¬
R

L Ax

Ay
M : (1.6)

Using dot products to get scalar equations

Again note that,

Dot products are the way to get scalar equations from vector equa-

tions.

Example: Force balance

The statics vector force-balance equation

Ç

F1 +
Ç

F2 +
Ç

F3 =
Ç

0 (1.7)

can be reduced to two scalar equations by taking the dot product of both sides

with �{ and �|

^(1.7)` � �{ Ù F1x + F2x + F3x = 0 (1.8)

^(1.7)` � �| Ù F1y + F2y + F3y = 0: (1.9)

This approach is more general than the common (informal) approach of

`taking x and y components'.

Dotting with vectors other than �{, �|, or �k Wewill often use unit vec-

tors other than �{, �|, and �k. We can use dot products with these `crooked'

vectors to get scalar equations.

Example: Getting scalar equations without dotting with �{, �|, or �k.

Given the vector equation

*mg �| +N �n = ma ��

where it is known that the unit vector �n is perpendicular to the unit vector ��, we

can get a scalar equation and eliminate an unknown at the same time by dotting

both sides with ��,�
.*mg �| +N �n/ = .ma ��/



�

��

.*mg �| +N �n/� �� = .ma ��/� ��

*mg �|�

�� +N �n�

��
«̄ ¬

0

= ma ���

��
«̄ ¬

1

*mg �|�

�� = ma Ù a = *g cos �

with �|�

�� being cos �, with � being the angle between �| and ��.
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Figure 1.34: For any
Ç

A and ��,
Ç

A can

be decomposed into a part parallel to
�� and a part perpendicular to ��.

2 A set of orthonormal vectors are a

set of unit vectors that are all perpen-

dicular to each other. The `ortho' is

for orthogonal, meaning perpendicu-

lar. And, for no good reason, vectors

are called normalized if you replace

them with unit vectors in their direc-

tions.

Using dot products to solve geometry problems

A big part of solvingmanymechanics problems is the solving of geometry

problems. Vector math, including the dot product, is useful for solving

geometry problems.

Perpendicular and parallel parts. Given any vector
Ç

A and a unit vec-

tor ��, vector
Ç

A can be written as the sum of two parts,

Ç

A =
Ç

A
ß +

Ç

A
�

where
Ç

A
ß
(`A parallel') is parallel to �� and

Ç

A
�
(`A perp') is perpendicular

to �� (see �g. 1.34). The part parallel to �� is

Ç

A
ß = .projection of

Ç

A in �� direction/ �� = .
Ç

A �

��/ ��:

The perpendicular part of
Ç

A is just what you get when you subtract out

the parallel part, namely,

Ç

A
� =

Ç

A *
Ç

A
ß =

Ç

A * .
Ç

A �

��/ ��

The claimed properties of the decomposition cannowbe checked, namely

that
Ç

A =
Ç

A
ß +

Ç

A
�
(just add the 2 equations above and see), that

Ç

A
ß
is in

the direction of �� (it's a scalar multiple), and that
Ç

A
�
is perpendicular to

�� (
Ç

A
�

�

�� = 0).

Example: Closest point on a given line, to a given point o� of the line

What point D on line AB is closest to point C?

⇀
O

A B
D

C

rC
⇀

⇀
O

A
B

D

C

r⇀

r⇀D

r⇀

In other words, a line is de�ned by the two given points A and B. A given point C

is o� of the line. What point D, on the line, is closest to C. Or, in vector language,

Given vectors ÇrA and ÇrB de�ning a line, and ÇrC, de�ning a point o� of the line,

�nd ÇrD, the position of the point on the line that is closest to C. What is point ÇrD,

the point on the line AB that is closest to C? The answer is,

ÇrD = ÇrA + ÇrC_A
ß

where ÇrC_A
ß
is the part of ÇrC_A that is parallel to the line segment AB. Thus,

ÇrD = ÇrA + L.ÇrC * ÇrA/ �

ÇrB *
ÇrAðÇrB * ÇrAð M

ÇrB *
ÇrAðÇrB * ÇrAð :

Example: Gram-Schmidt orthogonalization

A plane is de�ned in 3D by two vectors
Ç

A and
Ç

B that lie in a plane. The goal of

`Gram-Schmidt orthogonalization' is to �nd a pair of orthonormal vectors 2 that

lie in the plane. First �nd a unit vector ��
A
in the

Ç

A direction:

��
A
=
Ç

A_ðÇAð:
Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap 5
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3 All for now, that is. Later we will

add `taking the cross product of both

sides with a common vector'.

4 Beware. It does not make sense to

add a vector and a scalar; 7 +
Ç

A is a

nonsense expression. And you cannot

divide a vector by a vector or a scalar

by a vector; 7_�{ and
Ç

A_
Ç

C are nonsense

expressions.

Then �nd the part
Ç

B
�
of

Ç

B that is orthogonal to ��
A
:

Ç

B
�
=
Ç

B *
Ç

B
ß
=
Ç

B * .
Ç

B �

��
A
/ ��

A
:

Finally, normalize:
��
B
=
Ç

B
�
_ðÇB�ð

From two vectors in a plane,
Ç

A and
Ç

B, we have found a pair of vectors ( ��
A
; ��

B
)

that are orthonormal (unit vectors that are orthogonal to each other) and in the

same plane.

Components of a vector perpendicular and parallel to a given

plane. The ideas above also apply to planes. What parts of a vector
Ç

C

are in (
Ç

C
ß
) and orthogonal (

Ç

C
�
) to a given plane?

Method 1. The plane is de�ned by two vectors
Ç

A and
Ç

B (two vectors that

are in the plane). But
Ç

A and
Ç

B are not necessarily orthogonal. So, we �rst

useGram-Schmidt orthogonalization (sample above) to �nd orthonormal

vectors ��A and ��B (see the example above). Then, we have that

Ç

C
ß
= .

Ç

C �

��A/
��
A
+ .

Ç

C �

��B/
��
B

and
Ç

C
�
=

Ç

C *
Ç

C
ß

Method 2. If the plane has known normal �n then
Ç

C
�
= .

Ç

C � �n/ �n and
Ç

C
ß
=

Ç

C *
Ç

C
�
:

Vector algebra

Vectors are algebraic quantities. So you use algebra tomanipulate them in

equations. The rules for vector algebra are similar to the rules for ordinary

(scalar) algebra. For example, if vector
Ç

A is the same as vector
Ç

B,
Ç

A =
Ç

B,

then, for any scalar a and any vector
Ç

C, we have,
Ç

A +
Ç

C =
Ç

B +
Ç

C;

a
Ç

A = a
Ç

B; and
Ç

A �

Ç

C =
Ç

B �

Ç

C:

Why? Because performing the same operation on equal quantities gives

equal results. The vectors
Ç

A,
Ç

B, and
Ç

C might themselves be expressions

involving other vectors.

The equations above show all 3 of the allowable manipulations of vec-

tor equations:

� Adding a common term to both sides,

� Multiplying both sides by a common scalar, and

� Taking the dot product of both sides with a common vector.

All the distributive, associative, and commutative laws of ordinary addi-

tion andmultiplication hold except for when there is no sensible meaning

to the expressions 4 .

More about vector algebra and the use of vector algebra to `solve trian-

gles' is discussed in sec. 1.5 starting on page 106.
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5 Recall that B’ means the trans-

pose of B, in this case turning the row

of numbers B into a column of num-

bers.

Dot products on the computer

Using computers for vector additionwas discussed on page 56. Most com-

puter languages will agree to calculating a dot product for you in response

to commands something like this:

A = [ 1 2 5 ]
B = [ -2 4 19 ]
D = A(1)*B(1) + A(2)*B(2) + A(3)*B(3).

In pseudo code we could write D = A dot B. Many computer languages

have a shorter way to write the dot product like dot(A,B). In a language

built for linear algebra D = A*B’ 5 will work because the rules of matrix

multiplication are then the same as the component formula for the dot

product.

1.4 Using the geometric de�nition of the dot product to
�nd the components formula

This theoretical aside answers the question: 'Why does

AB cos.�/ = AxBx + AyBy + AzBz?

' Vectors are essentially a geometric concept and we have conse-
quently de�ned the dot product geometrically as

Ç

A �

Ç

B = ABcos�.
Almost 400 years ago René Descartes discovered that you could
do geometry by doing algebra on the coordinates of points.

So we should be able to �gure out the dot product of two vec-
tors by knowing their components. The central key to �nding this
component formula is the distributive law

Ç

A � .
Ç

B +
Ç

C/ =
Ç

A �

Ç

B +
Ç

A �

Ç

C

which we derived geometrically. If we write
Ç

A = A
x
�{ + A

y
�| +

A
z
�k and

Ç

B = B
x
�{ + B

y
�| + B

z
�k then we just repeatedly use the

distributive law to derive the component formulae, as follows.

Ç

A �

Ç

B = .A
x
�{ + A

y
�| + A

z
�k/ � .B

x
�{ + B

y
�| + B

z
�k/

= .A
x
�{ + A

y
�| + A

z
�k/ � B

x
�{ +

.A
x
�{ + A

y
�| + A

z
�k/ � B

y
�| +

.A
x
�{ + A

y
�| + A

z
�k/ � B

z
�k

= A
x
B
x
�{ � �{ + A

y
B
x
�| � �{ + A

z
B
x
�k � �{ +

A
x
B
y
�{ � �| + A

y
B
y
�| � �| + A

z
B
y
�k � �| +

A
x
B
z
�{ �

�k + A
y
B
z
�| �

�k + A
z
B
z
�k �

�k

= A
x
B
x
.1/ + A

y
B
x
.0/ + A

z
B
x
.0/ +

A
x
B
y
.0/ + A

y
B
y
.1/ + A

z
B
y
.0/ +

A
x
B
z
.0/ + A

y
B
z
.0/ + A

z
B
z
.1/

Ù
Ç

A �

Ç

B = A
x
B
x
+ A

y
B
y
+ A

z
B
z

(3D).

Ù
Ç

A �

Ç

B = A
x
B
x
+ A

y
B
y

(2D).

If we call our coordinate x1; x2; and x3; and our unit base

vectors �e1, �e2, and �e3 we would have
Ç

A = A1 �e1 +A2 �e2 +A3 �e3 and
Ç

B = B1 �e1 + B2 �e2 + B3 �e3 and the dot product has the familiar tidy
form:

Ç

A �

Ç

B = A1B1 + A2B2 + A3B3 =

3É
i=1

A
i
B
i
:

Tilted coordinates: xyz vs x
¨
y
¨
z
¨.

The demonstration above could have been carried out using a dif-
ferent orthogonal coordinate system x¨y¨z¨ that was tilted with
respect to the xyz system. By identical reasoning we would �nd
that

Ç

A�

Ç

B = A
x¨Bx¨ +A

y¨By¨ +A
z¨Bz¨ . Even though all of the num-

bers in the list [A
x
; A

y
; A

z
] might be di�erent from the numbers

in the list [A
x¨ ; Ay¨ ; Az¨ ] and similarly all the list [

Ç

B]
xyz

might be

di�erent than the list [
Ç

B]
x¨y¨z¨ , so (remarkably, luckily and neces-

sarily),

A
x
B
x
+ A

y
B
y
+ A

z
B
z
= A

x¨Bx¨ + A
y¨By¨ + A

z¨Bz¨ :

The formula for the dot product is the same in the di�erent coor-
dinate systems. And the value of the dot product is the same in
the di�erent coordinate systems. Yet all the numbers on the two
sides of the formula above are likely di�erent from each other.
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Figure 1.35
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Figure 1.36

SAMPLE 1.12 Calculating dot products: Find the dot product of the

two vectors
Ç

a = 2�{ + 3 �| * 2 �k and
Ç

r = 5m�{ * 2m �|.

Solution The dot product of the two vectors is

Ça �

Çr = .2�{ + 3 �| * 2 �k/ � .5m�{ * 2m �|/

= .2 � 5m/ �{ � �{
«̄ ¬

1

*.2 � 2m/ �{ � �|
«̄ ¬

0

+.3 � 5m/ �| � �{
«̄ ¬

0

*.3 � 2m/ �| � �|
«̄ ¬

1

*.2 � 5m/ �k � �{
«̄ ¬

0

+.2 � 2m/ �k � �|
«̄ ¬

0

= 10m * 6m = 4m:

Ça �

Çr = 4m

Comments: Note that with just a little bit of foresight, we could totally ignore the �k

component of Ça since Çr has no �k component, i.e., �k �

Çr = 0. Also, if we keep in mind that

�{ � �| = �| � �{ = 0, we could compute the above dot product in one line:

Ça �

Çr = .2�{ + 3 �|/ � .5m�{ * 2m �|/ = .2 � 5m/ �{ � �{
«̄ ¬

1

*.3 � 2m/ �| � �|
«̄ ¬

1

= 4m:

SAMPLE 1.13 Component of a vector in a given direction: A force

acting at some point is given as
Ç

F = 5N�{ + 3N �| + 2N �k.

1. Find the y-component of
Ç

F.

2. Find the component of
Ç

F along the vector
Ç

r = 3m�{ * 4m �|.

Solution

1. Component along the y-direction: The y-component of
Ç

F is the scalar quantitymul-

tiplying the unit vector �|, that is, 3N. Although the y-component of
Ç

F is obvious

here (and hence the problem is trivial), we can �nd it in a formal way using the dot

product between
Ç

F and �|.

Fy =
Ç

F � (a unit vector along y-axis)

= .5N�{ + 3N �| + 2N �k/ � �|

= 5N �{ � �|
«̄ ¬

0

+3N �| � �|
«̄ ¬

1

+2N �k � �|
«̄ ¬

0

= 3N:

Fy =
Ç

F � �| = 3N:

2. Component along theÇr-direction: The component of
Ç

F along Çr is obtained from the

dot product of
Ç

F with a unit vector along Çr. Therefore, we �rst need to �nd a unit

vector ��r along
Çr and then dot it with

Ç

F.

��r =
Çr

ðÇrð =
3m�{ * 4m �|ù
32 + 42 m

= 0:6�{ * 0:8 �|

Fr =
Ç

F �

��r

= .5N�{ + 3N �| + 2N �k/ � .0:6�{ * 0:8 �|/

= 3:0N * 2:4N = 0:6N:

Fr =
Ç

F �

��r = 0:6N

Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap
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x

y
⇀ 
r1

⇀ 
r2

θ 

Figure 1.37

x

y

z
⇀

F

θ
φ

ψ

Figure 1.38

SAMPLE 1.14 Finding angle between two vectors using dot prod-

uct: Find the angle between the vectors
Ç

r
1
= 2�{ + 3 �| and

Ç

r
2
= 2�{ * �|.

Solution From the de�nition of dot product between two vectors

Çr
1

�

Çr
2

= ðÇr
1
ððÇr

2
ð cos �

or cos � =

Çr
1

�

Çr
2

ðÇr
1
ððÇr

2
ð

=
.2�{ + 3 �|/ � .2�{ * �|/

.
ù
22 + 32/.

ù
22 + 12/

=
4 * 3ù
13
ù
5
= 0:124

Therefore, � = cos*1.0:124/ = 82:87
ý

:

� = 83
ý

SAMPLE 1.15 Finding direction cosines fromunit vectors: Find the

angles between
Ç

F = 4N�{ + 6N �| + 7N �k and each of the three axes.

Solution

Ç

F = F ��

�� =

Ç

F

F

=
4N�{ + 6N �| + 7N �kù

42 + 62 + 72 N

= 0:4�{ + 0:6 �| + 0:7 �k:

Let the angles between �� and the x; y, and z axes be �; � and  respectively. Then

cos � =
�{ �

��

ð�{ðð ��ð =
0:4

ð1ðð1ð = 0:4:

Ù � = cos*1.0:4/ = 66:4
ý

:

Similarly,

cos� = 0:6 or � = 53:1
ý

cos = 0:7 or  = 45:6
ý

:

� = 66:4
ý

; � = 53:1
ý

;  = 45:6
ý

Comments: The components of a unit vector give the direction cosines with the respec-

tive axes. That is, if the angle between the unit vector and the x; y, and z axes are �; �

and  , respectively (as above), then

�� = cos �
«̄ ¬

�
x

�{ + cos�
«̄ ¬

�
y

�| + cos 
«̄ ¬

�
z

�k:

Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap
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SAMPLE 1.16 Separating a vector equation into scalar equations:

Assume that after writing the equilibrium equation as
³ Ç

F = mg �| in a

particular problem, a student �nds that
³ Ç

F = .20N*P
1
/�{+7N �|*P

2
�k.

Separate the scalar equations in the �{; �|; and �k directions.

Solution From a vector equation, separating the scalar equations is trivial as long as both

sides of a vector equation are in the same basis, e.g., , �{, �|, and �k. We just equate the

individual components on both sides. That is, if

³Ç
F

©­­­­­­­­®­­­­­­­­ª

.20N * P
1
/�{ + 7N �| * P

2
�k = mg �|

then, 20N * P
1

= 0 (�{ component)

7N = mg ( �| component)

*P
2

= 0: ( �k component)

These are the three independent scalar equations in the �{, �| and �k directions.

20N * P
1
= 0; 7N = mg; P

2
= 0

Comments: The results obtained by equating individual components on both sides of

the vector equation are based on the general technique of taking the dot product of both

sides of an equation with a vector. It gives a scalar equation valid in any direction that one

desires. For the example at hand, the long but easily readable and illustrative calculation

is as follows. Taking the dot product of both sides of
³ Ç

F = mg �| equationwith �{, wewrite

�{ �

�
.20N * P

1
/�{ + 7N �| * P

2
�k
�

= �{ � [mg �|]

Ù .20N * P
1
/ �{ � �{
«̄ ¬

1

+7N �| � �{
«̄ ¬

0

*P
2
�k � �{
«̄ ¬

0

= mg �| � �{
«̄ ¬

0

/

Ù 20N * P
1

= 0:

Similarly,

�| �

�É
Ç

F
�
= �| � [mg �|] Ù 7N = mg

�k �

�É
Ç

F
�
= �k � [mg �|] Ù *P

2
= 0:

Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap
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1.2 The dot product of
two vectors

1.2.1 Find the dot product of Ça = 2�{ +

3 �| * �k and
Ç

b = 2�{ + �| + 2 �k.

1.2.2Find the dot product of
Ç

F = 0:5N�{+

1:2N �| + 1:5N �k and �� = *0:8�{ + 0:6 �|.

1.2.3Find the dot product
Ç

F�

Çrwhere
Ç

F =
.5�{+4 �|/N and Çr = .*0:8�{+ �|/m . Draw
the two vectors and justify your answer
for the dot product.

1.2.4 Two vectors, Ça = *4
ù
3�{ + 12 �| and

Ç

b = �{*
ù
3 �| are given. Find the dot prod-

uct of the two vectors. How is Ça�

Ç

b related
to ðÇaððÇbð in this case?

1.2.5 Find the dot product of two vectors
Ç

F = 10 lbf �{*20 lbf �| and �� = 0:8�{+0:6 �|.

Sketch
Ç

F and �� and show what their dot
product represents .

1.2.6 The position vector of a point A is
Çr
A
= 30 cm�{. Find the dot product of Çr

A

with �� =
ù
3

2

�{ +
1

2

�|.

1.2.7 From the �gure below, �nd the

component of force
Ç

F in the direction of
��.

x

y

30o 10o

λ̂
F = 100 N

Problem 1.2.7

1.2.8 Find the angle between
Ç

F
1
= 2N�{+

5N �| and
Ç

F
2
= *2N�{ + 6N �|.

1.2.9 Given Ç! = 2 rad_s�{ +

3 rad_s �|;
Ç

H
1
= .20�{ + 30 �|/ kgm2_ s and

Ç

H
2
= .10�{ + 15 �| + 6 �k/ kgm2_ s, �nd (a)

the angle between Ç! and
Ç

H
1
and (b) the

angle between Ç! and
Ç

H
2
.

1.2.10 The unit normal to a surface is
given as �n = 0:74�{ + 0:67 �|. If the weight
of a block on this surface acts in the * �|
direction, �nd the angle that a 1000 N
normal force makes with the direction of
weight of the block.

1.2.11 Vector algebra. For each equa-
tion below state whether:

1. The equation is nonsense. If so,
why?

2. Is always true. Why? Give an ex-
ample.

3. Is never true. Why? Give an ex-
ample.

4. Is sometimes true. Give examples
both ways.

You may use trivial examples.

a)
Ç

A +
Ç

B =
Ç

B +
Ç

A

b)
Ç

A + b = b +
Ç

A

c)
Ç

A �

Ç

B =
Ç

B �

Ç

A

d)
Ç

B_
Ç

C = B_C

e) b_
Ç

A = b_A

f)
Ç

A = .
Ç

A �

Ç

B/
Ç

B+.
Ç

A �

Ç

C/
Ç

C+.
Ç

A �

Ç

D/
Ç

D

1.2.12 Use the dot product to show `the
law of cosines'; i. e.,

c2 = a2 + b2 + 2ab cos �:

(Hint: Çc = Ça+
Ç

b; also, Çc �

Çc = Çc �

Çc)

b
c

a

θ

Problem 1.2.12

1.2.13 Find the direction cosines of
Ç

F =
3N�{ * 4N �| + 5N �k.

1.2.14 A force acting on a bead of mass

m is given as
Ç

F = *20 lbf �{ + 22 lbf �| +

12 lbf �k. What is the angle between the
force and the z-axis?

1.2.15 (a) Draw the vector Çr = 3:5 Ë

�{ + 3:5 Ë �| * 4:95 Ë �k. (b) Find the
angle this vector makes with the z-axis.
(c) Find the angle this vector makes with
the x-y plane.

1.2.16 In the �gure shown, �� and �n are
unit vectors parallel and perpendicular
to the surface AB, respectively. A force
Ç

W = *50N �| acts on the block. Find the

components of
Ç

W along �� and �n.

ı̂

ĵ

30o

A

BO

λ̂

n̂

W

Problem 1.2.16

1.2.17 Express the unit vectors �n and ��
in terms of �{ and �| shown in the �gure.
What are the x and y components of Çr =

3:0 f t �n * 1:5 f t ��? <

θ

λ̂ n̂

x

y

ı̂

ĵ

Problem 1.2.17

1.2.18 Find the projection of vector Çr
AB

(you have to �rst �nd this position vec-
tor)

1. on the y-axis, and

2. in the �� direction.

y

x

z

A
B

3 m
30o

2 m

2 m 1 m

λ̂

Problem 1.2.18

1.2.19 The net force acting on a particle

is
Ç

F = 2N�{ + 10N �|. Find the compo-
nents of this force in another coordinate

Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap 1



2 Chapter 1.

system with basis vectors �{¨ = *cos ��{ +
sin � �| and �|¨ = *sin ��{ * cos � �|. For

� = 30
ý

, sketch the vector
Ç

F and show
its components in the two coordinate sys-
tems.

1.2.20 Find the unit vectors �e
R
and �e

�
in

terms of �{ and �|with the geometry shown
in the �gure. What are the components

of
Ç

W along �e
R
and �e

�
?

θ

êθ

êR

ı̂

ĵ

�

W

Problem 1.2.20

1.2.21 Write the position vector of point

P in terms of ��
1

and ��
2
and

1. �nd the y-component of Çr
P
,

2. �nd the component of Çr
P
along ��

1
.

x

y

θ1

θ2

�1

�2

P

1λ̂

2λ̂

Problem 1.2.21

1.2.22
Let

Ç

F
1
= 30N�{ + 40N �| * 10N �k;

Ç

F
2
=

*20N �|+ 2N �k; and
Ç

F
3
= F

3x
�{+

F
3y
�|*F

3z

�k. If the sum of all these forces

must equal zero, �nd the required scalar
equations to solve for the components of
Ç

F
3
.

1.2.23 A force
Ç

F is directed from point
A(3,2,0) to point B(0,2,4). If the x-
component of the force is 120 N, �nd the

y- and z-components of
Ç

F.

1.2.24 A vector equation for the sum of
forces results in the following equation:

F

2
.�{ *

ù
3 �|/ +

R

5
.3�{ + 6 �|/ = 25N ��

where �� = 0:30�{ * 0:954 �|. Find two
scalar equations by dotting both sides of

the equation �rst with �� and then sepa-

rately with a vector orthogonal to ��.

1.2.25Write a computer program (or use
a canned program) to �nd the dot prod-
uct of two 3-D vectors. Test the program
by computing the dot products �{ � �{; �{ �

�|; and �| �

�k. Now use the pro-

gram to �nd the projections of
Ç

F = .2�{+

2 �| * 3 �k/N along the line Çr
AB

= .0:5�{ *

0:2 �| + 0:1 �k/m.

1.2.26 What is the shortest distance be-
tween the point A and the diagonal BC
of the parallelepiped shown? (Use vector
methods and don't use cross product.)

A

1

3

4

C

BBBB

Problem 1.2.26
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1.2.1 Find the dot product of Ça = 2�{ +

3 �| * �k and
Ç

b = 2�{ + �| + 2 �k.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap
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2 Chapter 1. 2. The dot. . . Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap Problem 1.2.2

1.2.2Find the dot product of
Ç

F = 0:5N�{+

1:2N �| + 1:5N �k and �� = *0:8�{ + 0:6 �|.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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1.2.3Find the dot product
Ç

F�

Çrwhere
Ç

F =
.5�{+4 �|/N and Çr = .*0:8�{+ �|/m . Draw
the two vectors and justify your answer
for the dot product.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.



4 Chapter 1. 2. The dot. . . Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap Problem 1.2.4

1.2.4 Two vectors, Ça = *4
ù
3�{ + 12 �| and

Ç

b = �{*
ù
3 �| are given. Find the dot prod-

uct of the two vectors. How is Ça�

Ç

b related
to ðÇaððÇbð in this case?

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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1.2.5 Find the dot product of two vectors
Ç

F = 10 lbf �{*20 lbf �| and �� = 0:8�{+0:6 �|.

Sketch
Ç

F and �� and show what their dot
product represents .

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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1.2.6 The position vector of a point A is
Çr
A
= 30 cm�{. Find the dot product of Çr

A

with �� =
ù
3

2

�{ +
1

2

�|.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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1.2.7 From the �gure below, �nd the

component of force
Ç

F in the direction of
��.

x

y

30o 10o

λ̂
F = 100 N

Problem 1.7

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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1.2.8 Find the angle between
Ç

F
1
= 2N�{+

5N �| and
Ç

F
2
= *2N�{ + 6N �|.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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1.2.9 Given Ç! = 2 rad_s�{ +

3 rad_s �|;
Ç

H
1
= .20�{ + 30 �|/ kgm2_ s and

Ç

H
2
= .10�{ + 15 �| + 6 �k/ kgm2_ s, �nd (a)

the angle between Ç! and
Ç

H
1
and (b) the

angle between Ç! and
Ç

H
2
.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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1.2.10 The unit normal to a surface is
given as �n = 0:74�{ + 0:67 �|. If the weight
of a block on this surface acts in the * �|
direction, �nd the angle that a 1000 N
normal force makes with the direction of
weight of the block.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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1.2.11 Vector algebra. For each equa-
tion below state whether:

1. The equation is nonsense. If so,
why?

2. Is always true. Why? Give an ex-
ample.

3. Is never true. Why? Give an ex-
ample.

4. Is sometimes true. Give examples
both ways.

You may use trivial examples.

a)
Ç

A +
Ç

B =
Ç

B +
Ç

A

b)
Ç

A + b = b +
Ç

A

c)
Ç

A �

Ç

B =
Ç

B �

Ç

A

d)
Ç

B_
Ç

C = B_C

e) b_
Ç

A = b_A

f)
Ç

A = .
Ç

A �

Ç

B/
Ç

B+.
Ç

A �

Ç

C/
Ç

C+.
Ç

A �

Ç

D/
Ç

D

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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1.2.12 Use the dot product to show `the
law of cosines'; i. e.,

c2 = a2 + b2 + 2ab cos �:

(Hint: Çc = Ça+
Ç

b; also, Çc �

Çc = Çc �

Çc)

b
c

a

θ

Problem 1.12

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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1.2.13 Find the direction cosines of
Ç

F =
3N�{ * 4N �| + 5N �k.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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1.2.14 A force acting on a bead of mass

m is given as
Ç

F = *20 lbf �{ + 22 lbf �| +

12 lbf �k. What is the angle between the
force and the z-axis?

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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1.2.15 (a) Draw the vector Çr = 3:5 Ë

�{ + 3:5 Ë �| * 4:95 Ë �k. (b) Find the
angle this vector makes with the z-axis.
(c) Find the angle this vector makes with
the x-y plane.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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1.2.16 In the �gure shown, �� and �n are
unit vectors parallel and perpendicular
to the surface AB, respectively. A force
Ç

W = *50N �| acts on the block. Find the

components of
Ç

W along �� and �n.

ı̂

ĵ

30o

A

BO

λ̂

n̂

W

Problem 1.16

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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1.2.17 Express the unit vectors �n and ��
in terms of �{ and �| shown in the �gure.
What are the x and y components of Çr =

3:0 f t �n * 1:5 f t ��?

θ

λ̂ n̂

x

y

ı̂

ĵ

Problem 1.17

Answer:

r
x
= Çr� �{ = .3 cos �+1:5 sin �/ f t; r

y
=

Çr � �| = .3 sin � * 1:5 cos �/ f t:

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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1.2.18 Find the projection of vector Çr
AB

(you have to �rst �nd this position vec-
tor)

1. on the y-axis, and

2. in the �� direction.

y

x

z

A
B

3 m
30o

2 m

2 m 1 m

λ̂

Problem 1.18

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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1.2.19 The net force acting on a particle

is
Ç

F = 2N�{ + 10N �|. Find the compo-
nents of this force in another coordinate
system with basis vectors �{¨ = *cos ��{ +
sin � �| and �|¨ = *sin ��{ * cos � �|. For

� = 30
ý

, sketch the vector
Ç

F and show
its components in the two coordinate sys-
tems.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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1.2.20 Find the unit vectors �e
R
and �e

�
in

terms of �{ and �|with the geometry shown
in the �gure. What are the components

of
Ç

W along �e
R
and �e

�
?

θ

êθ

êR

ı̂

ĵ

�

W

Problem 1.20

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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1.2.21 Write the position vector of point

P in terms of ��
1

and ��
2
and

1. �nd the y-component of Çr
P
,

2. �nd the component of Çr
P
along ��

1
.

x

y

θ1

θ2

�1

�2

P

1λ̂

2λ̂

Problem 1.21

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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1.2.22
Let

Ç

F
1
= 30N�{ + 40N �| * 10N �k;

Ç

F
2
=

*20N �|+ 2N �k; and
Ç

F
3
= F

3x
�{+

F
3y
�|*F

3z

�k. If the sum of all these forces

must equal zero, �nd the required scalar
equations to solve for the components of
Ç

F
3
.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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1.2.23 A force
Ç

F is directed from point
A(3,2,0) to point B(0,2,4). If the x-
component of the force is 120 N, �nd the

y- and z-components of
Ç

F.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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1.2.24 A vector equation for the sum of
forces results in the following equation:

F

2
.�{ *

ù
3 �|/ +

R

5
.3�{ + 6 �|/ = 25N ��

where �� = 0:30�{ * 0:954 �|. Find two
scalar equations by dotting both sides of

the equation �rst with �� and then sepa-

rately with a vector orthogonal to ��.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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1.2.25Write a computer program (or use
a canned program) to �nd the dot prod-
uct of two 3-D vectors. Test the program
by computing the dot products �{ � �{; �{ �

�|; and �| �

�k. Now use the pro-

gram to �nd the projections of
Ç

F = .2�{+

2 �| * 3 �k/N along the line Çr
AB

= .0:5�{ *

0:2 �| + 0:1 �k/m.

 

i = [1;0;0];
j = [0;1;0];
k = [0;0;1];

% Testing Program %
disp("Start Function Test")
dot(i,i)
dot(i,j)
dot(j,k)
disp("Function Test Completed")

% Main Question %
F = [2;2;-3];
rAB = [0.5;-0.2;0.1];
disp(" ");
disp("Answer: ")
dot(F,rAB)

function scalar = dot(v1,v2)
    scalar = 0;
    for i = 1:3
        scalar = scalar + (v1(i)*v2(i));
    end
end

 

 

 

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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1.2.26 What is the shortest distance be-
tween the point A and the diagonal BC
of the parallelepiped shown? (Use vector
methods and don't use cross product.)

A

1

3

4

C

BBBB

Problem 1.26

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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