Introduction to Mechanics for Engineers — Ruina & Pratap Ch1 Sectionl2

1.2 The dot product of two vectors

The dot product of two vectors A and B is written A - B (pronounced ‘A
dot B’). The dot product of A and B is the product of the magnitudes of
the two vectors times a number that expresses the degree to which A and
B are parallel: cos 8 ,;, where 6, is the angle between A and B. That s,

s | = s
A-BY [4)|Bcos6

which is sometimes written more concisely as

A-B = ABcos0.

Key special cases. Here are two special cases that come up again and
again.

Example: Parallel vectors
If A and B are parallel, then cos6,; = 1, and

A-B=AB.

Example: Perpendicular vectors
If A and B are perpendicular, then cos 6 ,,; = 0, and

A-B=0.

It is helpful to know, almost without a thought, that @

cos(0) =1,

sin(0) =0
cos(m/2) =0, and
sin(z/2) = 1.

The dot product of two vectors is a scalar. So the dot product is some-
times called the scalar product.

What is the dot product good for?
The dot product is used

« To project a vector in a given direction;
+ To reduce a vector to components;
« To reduce vector equations to scalar equations;

+ To define work and power; and
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Figure 1.31: The dot product of A and
Bis ascalar and so is not easily drawn.
Itisgivenby A-B = ABcos6,, which
is A times the projection of B in the A
direction and also B times the projec-
tion of A in the B direction.

®advice: Draw as many triangles
and unit circles as it takes to get these
4 special cases into your head so they
can be used with only a quick thought.
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+ To help solve geometry problems.

Most fundamental is the third item ‘To reduce vector equations to scalar
equations’. Mechanics equations are most often vector equations. Yet,
when you solve problems, in the end, you are always solving scalar equa-
tions. Thus, you need, somehow or other, to use dot products for most
mechanics problems. In some sense, the dot product is the only way to
get from vector equations to scalar equations.

Using the geometric definition of dot product, and the rules for vec-
tor addition we have already discussed, you should be able to convince
yourself of the features of the dot products in box 1.3.  The identities in
box 1.3 lead to the following equivalent ways of expressing the dot product
of A and B.

|A||B| cos 645
A,B,+A,B, +A,B, (componentform)
= Ax;Bx/ + Ay/By/ + AZ’BZ’

(1.3)

= |A| - [scalar projection of B in the A direction]

= |B| - [scalar projection of A in the B direction]

Mechanics solutions make use of all of these relations. The most famous,
of course, is the second, sometimes written as

1.3 Useful basic features of the vector dot product

Here are some features of the dot product that you will use again
and again. They all follow naturally from the definition

A-B = ABcoso.

Commutative law. Order doesn’t matter with dot products.
ABcosf = BAcos8

A distributive law. Scalars slide through vector products like
mercury through a chicken. (aA)Bcos6 = A(aB)cos 6

= (aA)-B=A-(aB)=a(A-B).
Another distributive law. Vector dot products distribute like

regular multiplication. the projection of B + C onto 4 is the sum
of the two separate projections, so

A-B+C)=A-B+A-C.

Perpendicular vectors have zero for a dot product. IfALB
then the angle between them is 7z /2. Because ABcos7/2 =0

= A-B=0 if ALB.
The dot product of parallel vectors is the product of their
magnitudes. The angle between parallel vectors is zero and

ABcos0 = AB. In particular, A- A = A2 or |A| = VA A
=> A-B=|A||B| if A|B.

The standard unit base vectors are orthonormal. They are
unit vectors (in this case ‘normal’ means normalized, meaning
taken down to size) and they are perpendicular (ortho) to each
other.

i-j=j-k=k-i=0

i-i=j-j=k-k=1 and

Also, the standard tilted base vectors are orthonormal.
i/_i/ :j/_j/ ZiCI-iC, =1

V.j=jk=k-1"=0

-~

and
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A B=AB, +A,B, + A;B,.

To see how this component formula for the dot product follows from the
geometric definition above see box 1.4 on page 7.

Using the dot product to find components

To find the x component of a vector (or vector expression) one can use the
dot product (fig. 1.32),

v, = projection of ¥ in the i direction = 0 - i. (1.4)

This idea can be used for finding components in any direction.

Tilted base vectors. If one knows the orientation of the tilted unit vec-
torsi’, j/, k' relative to the standard bases i, j, k then you can find the dot
products between the standard base vectors and the tilted base vectors.

In 2D, assume that (fig. 1.33)i- j/ = —sinf and j- j/ = cosf. One
can then use the dot product to find the x’y’ components (A,,, Ay,) from
the xy components (A,,A,). For example, We start with the absurdly
obvious (and ridiculously useful) equation

-

A=A

and dot both sides with j’ to get:

-

A‘j, — ;djl
A0 +A, )] = (Ai+AJ) ]

~——o-oa— S~———oo—
A A
Ay v-j +Ay’ iy = Axi'j’ +ij‘j,
0 1
_ & A PPN
> A, = AW jH+A,0 ).

—siné cos 8

Similarly, one could find the component A, using a dot product with 7’
as
Ay =A@ 1)+A,(-1).
N—— N—_——
cos 6 sin @

Using dot products to find components of vectors is particularly use-
ful when more than one base vector system is used.
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Figure 1.32: The dot product with unit
vectors gives projection. For example,
v, = Ol

' J
i P
A=Aci+4,)
A—A,C/IA/‘FA))/_]
y' g A=A
Ay* T
| A

Figure 1.33: The dot product helps
find components in terms of tilted unit
vectors. Note, the components of Ade-
pend on which coordinate system you
use. Nonetheless, A = A, no matter
how A is represented.
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Matrix form. For those comfortable with linear algebra, note that the
results above can be condensed into the matrix equations

[A]xly/ = [R][z]xy, or (1.5)
Ay | _ cos(6) sin(B) A,
[ Ay l | —sin(8) cos(6) H A, l (1.6)

R
Using dot products to get scalar equations

Again note that,

Dot products are the way to get scalar equations from vector equa-
tions.

Example: Force balance
The statics vector force-balance equation

F +F,+F,=0 17
can be reduced to two scalar equations by taking the dot product of both sides
with i and j

{ANt-i = F,+F, +F,=0 (1.8)
{ant-j = F,,+F,,+F;,=0. (1.9)

This approach is more general than the common (informal) approach of
‘taking x and y components’.

Dotting with vectors other than i, j, or k We will often use unit vec-
tors other than i, j, and k. We can use dot products with these ‘crooked’
vectors to get scalar equations.

Example: Getting scalar equations without dotting with i, j, or k.
Given the vector equation

-mgj+Nn= mai

where it is known that the unit vector 1 is perpendicular to the unit vector A, we
can get a scalar equation and eliminate an unknown at the same time by dotting
both sides with 4,

{ (-mgj+Nn) = (mad)}-i
(-mgj+Nn)i = (mad)i
-mgjA+N -l = ma Ad
N—— N——
0 1
-mgjA = ma = a=-—gcosh

with j-A being cos 8, with 8 being the angle between j and 4.
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Using dot products to solve geometry problems

A big part of solving many mechanics problems is the solving of geometry
problems. Vector math, including the dot product, is useful for solving
geometry problems.

Perpendicular and parallel parts. Given any vector A and a unit vec-
tor 4, vector A can be written as the sum of two parts,

A=2al44t

where A (‘A parallel’) is parallel to A and Atca perp’) is perpendicular
to A (see fig. 1.34). The part parallel to 4 is

Al = (projection of A in 4 direction)A = (A - D)A.

The perpendicular part of A is just what you get when you subtract out
the parallel part, namely,

At=A-A'=A-@A i

The claimed properties of the decomposition can now be checked, namely
that A = Al + At (just add the 2 equations above and see), that Alisin
the direction of A (it’s a scalar multiple), and that Alis perpendicular to
A@t-A=0).

Example: Closest point on a given line, to a given point off of the line

What point D on line AB is closest to point C?

/.C
L f\L
\ A////
\./ B
7D
6‘ 6. 7
D

In other words, a line is defined by the two given points A and B. A given point C
is off of the line. What point D, on the line, is closest to C. Or, in vector language,
Given vectors ¥, and ¥, defining a line, and 7, defining a point off of the line,
find 7,, the position of the point on the line that is closest to C. What is point #,,,
the point on the line AB that is closest to C? The answer is,

|
Ty =Ty +7¥c)n

where 7, AH is the part of 7., that is parallel to the line segment AB. Thus,

=T+ |F.—T,)-

Ig =Ty ] g =Ty

|7;B _?Al |7:B _?A '

Example: Gram-Schmidt orthogonalization

A plane is defined in 3D by two vectors A and B that lie in a plane. The goal of
‘Gram-Schmidt orthogonalization’ is to find a pair of orthonormal vectors\2’that
lie in the plane. First find a unit vector A , in the A direction:

A, = A/|Al.
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Figure 1.34: For any A and 4, A can
be decomposed into a part parallel to
A and a part perpendicular to 4.

@A set of orthonormal vectors are a
set of unit vectors that are all perpen-
dicular to each other. The ‘ortho’ is
for orthogonal, meaning perpendicu-
lar. And, for no good reason, vectors
are called normalized if you replace
them with unit vectors in their direc-
tions.



®All for now, that is. Later we will
add ‘taking the cross product of both
sides with a common vector’.

@ Beware. It does not make sense to
add a vector and a scalar; 7 + A is a
nonsense expression. And you cannot
divide a vector by a vector or a scalar
by a vector; 7/i andA/C are nonsense
expressions.
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Then find the part B" of B that is orthogonal tod A

B'=B- B Y

=B-B-i)4

At

bal

Finally, normalize:

i,=B"/|B"|
From two vectors in a plane, A and B, we have found a pair of vectors (4 A,iB)
that are orthonormal (unit vectors that are orthogonal to each other) and in the
same plane.

Components of a vector perpendicular and parallel to a given
plane. The ideas above also apply to planes. What parts of a vector C
are in (C”) and orthogonal (Cl) to a given plane?

Method1. The plane is defined by two vectors A and B (two vectors that
are in the plane). But A and B are not necessarily orthogonal. So, we first
use Gram-Schmidt orthogonalization (sample above) to find orthonormal
vectors 4, and 4, (see the example above). Then, we have that

c'=@C-1pi, +(@C-Ap)i, and C'=

aQl
I
Ql

Method 2. If the plane has known normal 7 then
=(C-aApn and C'=C-C".

Vector algebra

Vectors are algebraic quantities. So you use algebra to manipulate them in
equations. The rules for vector algebra are similar to the rules for ordlnary
(scalar) algebra. For example, if vector A is the same as vector B, A = B,
then, for any scalar a and any vector C, we have,
A+C = B+C,
aA = aB, and
A-C = B-C.

Why? Because performing the same operation on equal quantities gives
equal results. The vectors A, B, and C might themselves be expressions
involving other vectors.

The equations above show all®of the allowable manipulations of vec-
tor equations:

+ Adding a common term to both sides,
« Multiplying both sides by a common scalar, and
«+ Taking the dot product of both sides with a common vector.

All the distributive, associative, and commutative laws of ordinary addi-
tion and multiplication hold except for when there is no sensible meaning
to the expressions

More about vector algebra and the use of vector algebra to ‘solve trian-
gles’ is discussed in sec. 1.5 starting on page 106.

Introduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap



Introduction to Mechanics for Engineers — Ruina & Pratap Ch1 Sectionl2

Dot products on the computer

Using computers for vector addition was discussed on page 56. Most com-
puter languages will agree to calculating a dot product for you in response
to commands something like this:

A =[ 1 2 5]
B =[-2 419]
D = A(1)*B(1) + A(2)*B(2) + A(3)*B(3).

In pseudo code we could writeD = A dot B. Many computer languages
have a shorter way to write the dot product like dot (A,B). In a language
built for linear algebraD = A*B »® will work because the rules of matrix
multiplication are then the same as the component formula for the dot
product.

® Recall that B’ means the trans-
pose of B, in this case turning the row
of numbers B into a column of num-
bers.

1.4 Using the geometric definition of the dot product to
find the components formula

This theoretical aside answers the question: "Why does
=AB, +AB +AB, (3D).

ABcos(6) = A_B_+AB, +A_B2?
A =AB, +AB (2D).

NG

‘B
‘B
’ Vectors are essentially a geometric concept and we have conse-

quently defined the dot product geometrically as A-B = ABcosé.
Almost 400 years ago René Descartes discovered that you could

do geometry by doing algebra on the coordinates of points.

So we should be able to figure out the dot product of two vec-
tors by knowing their components. The central key to finding this
component formula is the distributive law

A-B+C)=A-B+A-C
which we derived geometrically. If we write A= Ad+ A+

Azic and B = B.i+ Byj + sz then we just repeatedly use the
distributive law to derive the component formulae, as follows.

A-B = (Ad+A j+Ak)-(Bi+B,j+Bk)
= (Axi+ij+Azk)-BXi+
(Adi+A j+Ak) B j+
(Ad+A j+Ak) Bk

= AB,(1)+AB(0)+A,B0) +
A B (0)+ A B, (1) + A,B,(0) +
A,B,(0)+ A,B,(0)+ A_B(1)

If we call our coordinate x;,x,, and x,; and our unit base
vectors &,,8,, and é; we would have A= Ajé, +Ae, +A e and
B= B, e, + B,é, + B;&, and the dot product has the familiar tidy
form:

3
A-B=AB, +A,B,+AB, =) AB,.
i=1

Tilted coordinates: xyz vs x'y’z’.

The demonstration above could have been carried out using a dif-
ferent orthogonal coordinate system x’y’z’ that was tilted with
respect to the xyz system. By identical reasoning we would find
that A-B = A,B, +Ay,By, +A,,B,,. Even though all of the num-
bers in the list [A,, Ay, A, | might be different from the numbers
in the list [A_,, Ay, ,A,] and similarly all the list [ﬁ]xyz might be
different than the list [B]
sarily),

x7yrz7» S0 (remarkably, luckily and neces-

AB +AB +AB =AB,+A,B,+A,B,.

The formula for the dot product is the same in the different coor-
dinate systems. And the value of the dot product is the same in
the different coordinate systems. Yet all the numbers on the two
sides of the formula above are likely different from each other.
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Chapter 1.

SAMPLE 1.12 Calculating dot products: Find the dot product of the
two vectors @ = 2i + 3j — 2k and ¥ = 5mi — 2mj.

Solution The dot product of the two vectors is

-7 = (Qi+3j—2k) - (5mi—2mj)
= (2-5m)i-i —(2-2m)i-j
N—_—— ——

1
+3-5m) j-i—(3-2m) j-j
N N——

0 1

o

-2-5mk-i4+2-2m)k-j
N——r —_——
0 0
= 10m—-—6m=4m.

a-r=4m

Comments: Note that with just a little bit of foresight, we could totally ignore the k
component of a since 7 has no k component, i.e., k - ¥ = 0. Also, if we keep in mind that
i-j=j-i=0,wecould compute the above dot product in one line:

a-r=0Qi+3j))-5mi-2mj)=Q2-5m) i-i —(3-2m) j-j =4m.
1 1

SAMPLE 1.13 Component of a vector in a given direction: A force
acting at some point is given as F =5Ni+3Nj+2Nk.

1. Find the y-component of F.

2. Find the component of F along the vector ¥ = 3mi — 4mj.

Solution
1. Component along the y-direction: The y-component of F is the scalar quantity mul-
tiplying the unit vector j, that is, 3N. Although the y-component of F is obvious
here (and hence the problem is trivial), we can find it in a formal way using the dot
product between F and j.

F, = F - (a unit vector along y-axis)
(5Ni+3Nj+2Nk)-j
5Ni-j+3N j-j+2Nk-j=3N.

N——r N——r N——r
0 1 0

F,=F-j=3N.
2. Component along the F-direction: The component of F along 7 is obtained from the
dot product of F with a unit vector along 7. Therefore, we first need to find a unit
vector 4, along 7 and then dot it with F.

2 r 3mi—4mj

A= L2t o608
7l 324 4m

F, = F-4

(5Ni +3Nj + 2Nk) - (0.6i — 0.8)
3.0N—-24N=06N.

F,=F-1,=06N

Introduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap

S

Figure 1.35

~)
1

Figure 1.36



2 Chapter 1.

r

Figure 1.37
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Figure 1.38

SAMPLE 1.14 Finding angle between two vectors using dot prod-
uct: Find the angle between the vectors 7, = 2i + 3jand 7, = 2i — j.

Solution From the definition of dot product between two vectors

¥,-F, = |[F]|[F,|cosb
T, T
or cosf = 2
[7, |7,
o Qi+3))-@i-])
(V22 + 32)(V22 + 12)
. e R
V135

Therefore, 6 cos~1(0.124) = 82.87".

SAMPLE 1.15 Finding direction cosines from unit vectors: Find the
angles between F = 4Ni + 6 N j + 7Nk and each of the three axes.

Solution

F = Fi
5 F
4= F
_ 4Ni+6Nj+7Nk
V4 + 6+ 72N
= 04i406j+0.7k.

Let the angles between 4 and the x, y, and z axes be 8, ¢ and 3 respectively. Then

i-A 04
cos = — — = —_ =04
HIV I
= B8 = cos!(0.4)=664".
Similarly,
cos¢g = 06 or ¢=531
coshp = 0.7 or =456

6 =664, ¢p=>531", 1h =456

Comments: The components of a unit vector give the direction cosines with the respec-
tive axes. That is, if the angle between the unit vector and the x, y, and z axes are 6, ¢
and 9, respectively (as above), then

A=cosOi+cos¢ j+cosyk.
N——’ —— ——

A 2, 2,
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SAMPLE 1.16 Separating a vector equation into scalar equations:
Assume that after writing the equilibrium equation as 3 F = mgjin a
particular problem, a student finds that )] F=(Q0N- P)i+7Nj— sz.
Separate the scalar equations in the i, j, and k directions.

Solution From a vector equation, separating the scalar equations is trivial as long as both
sides of a vector equation are in the same basis, e.g, , i, j, and k. We just equate the
individual components on both sides. That is, if

N F
(20N —P)i+7Nj—P,k = mgj
then, 20N—-P, = 0 (i component)
7N = mg (j component)
-P, = 0. (k component)

These are the three independent scalar equations in the , j and k directions.

20N-P, =0, 7N=mg,P,=0

Comments: The results obtained by equating individual components on both sides of
the vector equation are based on the general technique of taking the dot product of both
sides of an equation with a vector. It gives a scalar equation valid in any direction that one
desires. For the example at hand, the long but easily readable and illustrative calculation
is as follows. Taking the dot product of both sides of Y} F = mg j equation with i, we write

i-[QON-P)i+7Nj—Pk] = i-[mgjl
> (0N-P)i-i 47N j-i-P, k-i = mgj-i)
N—_— R . N——r N——
1 0 0 0
> 20N-P, = 0.

Similarly,
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1.2 The dot product of
two vectors

1.2.1 Find the dot product of a =2+
3j—kandb =2i+ j+2k.

1.2.2 Find the dot product of F = 0.5 Ni+
1.2Nj+ 1.5Nk and 4 = —0.81 + 0.6 j.

1.2.3 Find the dot product F-# where F =
(5i+4j)Nand 7 = (-0.8i + j)m . Draw
the two vectors and justify your answer
for the dot product.

1.2.4 Two vectors, @ = —4\/§i +12jand

b=i- \/Sj are given. Find the dot prod-
uct of the two vectors. How is @-b related
to |@||b| in this case?

1.2.5 Find the dot product of two vectors
F = 101bfi—201Ibf jand A = 0.81+0.6j.
Sketch F and 4 and show what their dot
product represents .

1.2.6 The position vector of a point A is
7, = 30cmi. Find the dot product of 7,

with 4 = ﬁi+§j.

2

1.2.7 From the figure below, find the
component of force F in the direction of
A

y
N F=100N
30° 10°

Problem 1.2.7

1.2.8 Find the angle between F, = 2Ni +
5Njand F, = —2Ni + 6 Nj.

1.29 Given @ = 2rad/si +
3rad/sj, H, = (20i 4+ 30j) kgm?/s and
H, = (10i + 15j + 6k)kgm?/ss, find (a)
the angle between & and H , and (b) the
angle between & and H.,.

Introduction to Mechanics for Engineers

1.2.10 The unit normal to a surface is
given as i1 = 0.74i + 0.67 j. If the weight
of a block on this surface acts in the — j
direction, find the angle that a 1000 N
normal force makes with the direction of
weight of the block.

1.2.11 Vector algebra. For each equa-
tion below state whether:

1. The equation is nonsense. If so,
why?

2. Is always true. Why? Give an ex-
ample.

3. Is never true. Why? Give an ex-
ample.

4. TIs sometimes true. Give examples
both ways.

You may use trivial examples.
a) A+B=B+A
b) A+b=b+A
c)A-B=B-A
d) B/C =B/C
e) b/A=b/A
f) A=(A-B)B+(A-C)C+(A-D)D

1.2.12 Use the dot product to show ‘the

law of cosines’; i. €.,

¢ =a?+ b?> +2abcosb.

(Hint: ¢ = a+ b:also,¢-¢ = ¢-0)

Problem 1.2.12

1.2.13 Find the direction cosines of F=
3Ni—4Nj+ 5Nk.

1.2.14 A force acting on a bead of mass
m is given as F = —201bfi + 221bf j +
121bfk. What is the angle between the
force and the z-axis?

« © 2026 Andy Ruina & Rudra Pratap 1

1.2.15 (a) Draw the vector ¥ = 3.5 €
i+35 € j—495 € k. (b) Find the
angle this vector makes with the z-axis.
(c) Find the angle this vector makes with
the x-y plane.

1.2.16 In the figure shown, 4 and i are
unit vectors parallel and perpendicular
to the surface AB, respectively. A force
W = —50Nj acts on the block. Find the
components of W along A and A.

Problem 1.2.16

1.2.17 Express the unit vectors 72 and 4
in terms of i and j shown in the figure.
What are the x and y components of 7 =
3.0fth — 1.5ftA?*

~>
=

Problem 1.2.17

1.2.18 Find the projection of vector 7,
(you have to first find this position vec-
tor)

1. on the y-axis, and

2. in the A direction.

Problem 1.2.18

1.2.19 The net force acting on a particle

is F = 2Ni + 10Nj. Find the compo-
nents of this force in another coordinate
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system with basis vectors i = — cos 6i +
sinfjand j = —sin6i — cosfj. For
© = 30", sketch the vector F and show
its components in the two coordinate sys-
tems.

1.2.20 Find the unit vectors &, and &, in
termsofiand jwith the geometry shown
in the figure. What are the components
of W along &, and &,?

Problem 1.2.20

1.2.21 Write the position vector of point

Pintermsof 4, and 4,and
1. find the y-component of 7,,,

2. find the component of 7, along il.

Y P
£ 2l
16, Ay

ay/3,
N\

X
Problem 1.2.21
1.2.22 o
Let F, = 30Ni + 40Nj — 10Nk, E, =
—20Nj+2Nk, and F=F, i+

Fy J—F, k. If the sum of all these forces
must equal zero, find the required scalar
equations to solve for the components of
F,.

1.2.23 A force F is directed from point
A(3,2,0) to point B(0,2,4). If the x-
component of the force is 120 N, find the
y- and z-components of F.

Introduction to Mechanics for Engineers «

1.2.24 A vector equation for the sum of
forces results in the following equation:

g(i -3+ %(3i +6j)=25NA

where 4 = 0.30i — 0.954j. Find two
scalar equations by dotting both sides of
the equation first with 4 and then sepa-
rately with a vector orthogonal to A.

1.2.25 Write a computer program (or use
a canned program) to find the dot prod-
uct of two 3-D vectors. Test the program
by computing the dot products i - i,i -
j, and  j-k. Now use the pro-
gram to find the projections of F = (2i +
2j — 3k)N along the line #,, = (0.51 —
0.2j + 0.1k) m.

1.2.26 What is the shortest distance be-
tween the point A and the diagonal BC
of the parallelepiped shown? (Use vector
methods and don’t use cross product.)

Problem 1.2.26

© 2026 Andy Ruina & Rudra Pratap
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1.2.1 Find the dot product of @ = 2i +
3j—kandb =2i+ j+2k.

oz 2f+33-1

Z : 22 ‘:l.\ + 2%

N D

b = (2xD% (3x )+ (-1x2)d

b+ z.2

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
Introduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap
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Problem 1.2.2

1.2.2 Find the dot product of F = 0.5 Ni+
1.2Nj+1.5Nkand 4 = —0.8i + 0.6 .

2 .
F:0-50T + (2n)) + ¢1-5 ik

(4N
'A’(' 0@?4-?\»1

i?-')\ = (06w X(ogm))+ CU2W )4 (15 xom)

2 -0y tdmt |-2Nm

= 0-8Nm

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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1.2.3 Find the dot product F-Fwhere F =
(5i+4j)Nand 7 = (—0.8i + j)m . Draw
the two vectors and justify your answer
for the dot product.

) A
Fz(sie vl

?‘— C-0.8% +:"\)'m

a4
F-r (508 7 Co2m) » (4N & 1)

> ~UnNm+ hNm

= 0nNm

(N3

Since 3 and 7 e Pcrpcnd:culaf fo each ofner, e
Prod@.chon of one on the other would be abt twe point
they intes ect with the teng of 0.

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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1.2.4 Two vectors, @ = —4\/§i +12jand

b=i- \/Ej are given. Find the dot prod-
uct of the two vectors. How is a-b related
to |a||b| in this case?

-5? = 0337 + 123

U]

Find dot product,
5
oa-bz CA3AN 4+ (22603
2 -6
Find Produet of !na%ni‘h’deS)
la1= St—uﬁ)‘ 2
= g@
e et
1p1=4 +#33)
< 2

1RV Wiz g% az

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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1.2.5 Find the dot product of two vectors
F =101bfi—201bf jand A = 0.8i+0.6j.
Sketch F and 4 and show what their dot
product represents .

P 2(008)7 - C20064)]

n A A

Xz 0Q7 4 0-63

?.7\7 B & \ofbd x 0-8) + (-200b8 x 0-6)
2B 0by -2 vt

U Lot

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 1.2.6

1.2.6 The position vector of a point A is
7, = 30cmi. Find the dot product of 7,

withi=Ci4 1)

-] A
g ¢ (30em) i

/'\ ~
¢+ 17
29

o)
b4
\

- (30«»\ n%)-&- (Orm \‘_z_l)

= 15(3 tm

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.



Chapter 1. 2. The dot... Introduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap

Problem 1.2.7

7

y
1.2.7 From the figure below, find the F=100N
component of force F in the direction of by B
A 30° 10°
x
Problem 1.7

S

[F1=100N

EREN

Find avlee betpeen ?and:\,

O = (90-10)+ 30
: ho

S A ),
f7~>\ = |F‘|?‘\’\('OS9FA
2100 W K1 X 2ll0

z 3420

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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« © 2026 Andy Ruina & Rudra Pratap

1.2.8 Find the angle between F, = 2Ni +
5Njand F, = —2Ni + 6Nj.

=)

E z 2“’5‘ - Sh\?
= ~ n
F; = 'QN‘-“'G“S

F-’-IJ Dn“" p«gdvc‘{)

A 4
fo B = (28%628)) & (SNKEN)

= -ynta 3ot
= g bw-

>

F«'nd maaw;kude O} ?, an) F

)
- S—‘—’_’—‘—-
IR JCawy & (ony
= F;:,N

—'7
Vig\ 2 J Camot 4 o)
z 25 ‘Q

-

.f)
Fof s WAL 6eB

) )
6= ' | fi-f

S D
[ARYAL

= (os" 261>
1530
= yg-83

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.

Problem 1.2.8
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Problem 1.2.9

9

1.2.9 Given @ = 2rad/si +
3rad/sj, H, = (20i 4+ 30j) kgm?/s and
H, = (101 + 15 + 6k) kg m?/ s, find (a)
the angle between & and H , and (b) the
angle between @ and H,.

-
(NI (2r¢dlg\f x (‘Sf.dlg)'j\

5
L= (207 +307 ) by wtls

-

Uy = ol #1654 bR hgete

- =
[T

"

Lzoksm’-/s A2 @dls) *+ (Bohgw'/e X 3 rud/s)
ho ks mirad 16* x Q0 hs ' @d [¢*

120 @y m*fad/s*

(e &Czohgw?/sf' + (30 1g o)

< IOST‘." hs mt /e

151= JCzrdte)= + €3 coarey

< \ﬂ_l vadls

Find angle bet een W and >,

0 - o ﬁ?:;)
s

ros"[ 130 kg m*cad /s
10J% hgutse x I 10 €

:O'

Y

2. %@ Co by ls X 2d/s) + (S hgm/s x 3 codls) +(bhari/s X 0 rodrs)

: (20 +u8) hg mtrod I L

"

6S Ryg 0% cad /2

(1= 4 to kynt fs)* 4 (1S hgnt/s) + (Ghg m*/s)

Disclaimer: We have lost track of the many people who wrote these solutions.

They are not official and have not been reviewed by the authors for correctness.
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=19 hsm"’s
Find angle between Az amd &)

9 = Cog”! o
(RS

»n

tos'| 65 hgmradlst
1a ﬁﬂmlfs X S'a'd)/s

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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1.2.10 The unit normal to a surface is
given as 71 = 0.74i + 0.67 j. If the weight
of a block on this surface acts in the —j
direction, find the angle that a 1000 N
normal force makes with the direction of
weight of the block.

hE 0wl 067]

_"’ _ -~

F = -tooon

Fing Dot Produet amd vndgm"fvdegl

o
F.n: (-0oow xo78) + (0N x0.6F\

= -7uooN
(F1= 10000
1wt=1
pey A
Q- tog'| €-n
(e

= tof TwooN
fooonx |

= h2.27

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 1.2.11

1.2.11 Vector algebra. For each equa- You may use trivial examples.
tion below state whether: W) A+B=B+A4

1. The equation is nonsense. If so,

why? b) ftb = l) tA
2. Is always true. Why? Give an ex- ©)A-B=B-A
ample. d) B/C =B/C
3. Is never true. Why? Give an ex- e) b/ﬁ =b/A
ample. o
4. Is sometimes true. Give examples f) A=(A-B)B+(4-C)C+(A-D)D
both ways.

(05 2. ‘le_c'\‘or oni’ﬁavx i< bmmu’l’l“’-‘ve.

“evu.e, E*—g'- 2*3

(5) 2. A scaler cont be added o a veclor , herte he equation shill holds.

&V} bey
3

Hene, Reb = be A

() 2. Dot Products ace lommutotive, hence He e,;\,ahon holdg 4eve,

g

ﬁj-fz C1x3) + (2x2)t (3m)
=0

a9 o
B-f = 3x1) + (2x2) 4 (1x2)
= (O

DD D

Yene, A0 8.4

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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13

C9) |- there is no such tiwags as vector dwision , et holde no qeometric infec prefation .
@) I. 3t is not possible o divide o Scalar b¢ o vechr.

CH U 1t i foe S 33,3 ate 0« 100 norma\ vectors.

<) o
H'_ { "E:' |c’7= 0 -?)3
2 0 vVl
3 [ 0 .
Y
ﬂ-

o

3 [(m) + (2r0) 4 tgxoﬂ\:‘Jx x U\!on(um-t'swﬂ[?] + [Cmo‘h (2no]+(3x\)][o}
0
o
.

-\ 0 0
o]l +]lz2 | * o
o o 3
| =)

= 2 ‘:g
5

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 1.2.12

1.2.12 Use the dot product to show ‘the
law of cosines’; i. €.,

¢ =a?+ b*> +2abcosb.

(Hint: ¢ = a+ B; also,c-¢=¢-¢)
Problem 1.12

To Teove: = ot & x Zobeos O

A D
Write et gg ¢ * 0

'
“

= =
(8 «B) (2«5
D
z o:"-\'t} + 2% 2.b

2Bk 2x12 (B ixoe®

"

o® + y & 2abcosd
= RHg

Hence ) P(oved.

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 1.2.13

15

1.2.13 Find the direction cosines of F =
3Ni—4Nj+ 5Nk.

F= (30-1 +6h)

(P12 [ antt » Cunlt 1 (Sl

= 5\
A _'i(\_i’.\ (-
A= C T VR

Find ansle alh =&~ anis,

0 tos™ : 3\
(AN

"

o2

= (o8 (S\‘i)
T bu-8a

Find M-ch w03 th Y s

A

Cos”' ? A
A
l’,"\\&\

£ otoS (soi)

[

»

\<

> §5.5¢°

find andle with 2 -axtis,

Vv . fog_| 'E&
IRUAL

- o' &)

LTS

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 1.2.14

1.2.14 A force acting on a bead of mass
m is given as F = —201bfi + 221bfj +
121bfk. What is the angle between the

force and the z-axis?

=2 "
F= (207 + 22§20

17l =

Jt20005 + (220547 + Cizorr

2 [257 It

Fid angle  wilh 2-a0t1%,

W

H

"

A D
s | b F.)
YR

o | 1219
2557 0b?

6802

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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1.2.15 (a) Draw the vector ¥ = 3.5 €
i+35€ j—495 € k. (b) Find the
angle this vector makes with the z-axis.
(c) Find the angle this vector makes with
the x-y plane.

(@) @ 35 a8 « 3.5 i-hasinh

\ L SR TN
i ’
S
S !
) ‘ !
C ’
2 a , :
. .
3 - e H
H
o= mmmmm——- = '
Y/ IR :
. \ N 2
. _S';—~“: - /»
¢ , ' /
. Ko H -
. .
. L2 ! g
l, 1 ‘
v .
.
‘I : .~

(o) Vs o' | e f”
B

€ -uaSin

(At o

(\= S(Z-s Y+ (3-5 )t ¢ (A )t
B 7(’v\

Fmd MJle with 2'41({5)

V- tos'l . “-Qs )
(&S 7-'7\

< 3¢’

a
«l

. 35

L\

al

S

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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al A
6 - cos A-f
FARERE
(A2t
- 0
© fos Z x J
= 7
B [‘s'

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 1.2.16

19

1.2.16 In the figure shown, A and i are
unit vectors parallel and perpendicular
to the surface AB, respectively. A force
W = —50N}j acts on the block. Find the
components of W along A and .

Problem 1.16

)
Find wit vecdor inthe dicection of A,

) "
AT o330 ¢ + aim 320

= BT-19
= 2

>>
\
Y.
-

el
KRR

tmponeﬂf oF 3 o‘onﬂ 5.

l': < (3560? + s;ubog

tr 83
2

© |-

4

(om ponent of 3 d\on% "

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.

33
o 25
(A8) (B )

25w

(0\4 k%)+(-50ﬂt{i§)

- 25BN
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Problem 1.2.17

1.2.17 Express the unit vectors 72 and 4 J
in terms of £ and j shown in the figure.
What are the x and y components of 7 =

3.0fta — 1.5ftA?

~>
=

Problem 1.17

Answer:
r,=¥-i=(3cos0+1.5sin0)ft, r, =
7-j=(3sin6 —1.5cos6)ft.

1.54 Express the unit vectors & and A in terms of i and j shown in the
figure. What are the z and y components of r = 3.0ft& — 1.5ft A?

probfig 1.54:

—smdl + wse )

Cos6 T + swmh A

SILA

3fc A - Lsfe

(3ws6 +1:55m0) §t 4 + (3Si;10- IS cas0) £t 4

X= comp onenit (3eos®+ L,ssmB ) ft
Y- ompoment” = ( 3sim8 - |Swsd ) Ft

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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."
Y :30Rhn-1SHA
\ A ) A
n: (656 ¢ +9n9J‘
a A . A
A = 0s(0 +a0) ¢ + sin (0+Q0);
A A

-0sD ¢ + $aB |
S N oA Yy nd
= 309 (cosB -lsmed ) - 158+ CorosB ¢ + SmBj )

"(h-SfoSO/é\‘*f‘S s;nej‘);}b

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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1.2.18 Find the projection of vector 7,
(you have to first find this position vec-
tor)

1. on the y-axis, and

2. in the A direction.

Problem 1.18

= A A
o 30+ GmYk
2
(g * G Im)? & (Qm\;
AN D
rAB; f“’f“
A
: (‘l‘lm\li\. “(Zm\:‘;'uw\)h
. End Dot Produet,
F:m.'j‘ : (mx0) + (2mxD + (2 x0)
2m
N ~
2. Az ein30¢ 4 tos 303
2
(4

+ 13

J

Nk

-

Find Dot ?roJucf,
?:D'a ‘-(f‘mw_l ) 4 (ZMKE) +('2mx0>
2 2

B (—Zhﬁjm

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 1.2.19

23

1.2.19 The net force acting on a particle
is F = 2Ni + 10Nj. Find the compo-
nents of this force in another coordinate
system with basis vectors i’ = — cos6i +
sinfjand j) = —sin6i — cosfj. For
0 = 30°, sketch the vector F and show
its components in the two coordinate sys-
tems.

2 4 ~
F= IN¢+ 10N

/c':' : os@% ‘»Sinef
’5\’ = -4in@F - e8]
Find T in teeme of 37 and :i‘"
cos @ LA 0s'O ¢ + ¢m® wsO ] - M
g&'\e'j\' TGO - L;nsto'xgj‘ - D)
(RN
(059?'4 Sing‘?' s, (zo:me" Sin'lg)?
Tos (0 e ;:n9:-’)
sin@ T tesOsin0 7 4 sin“e‘,"\ - i)
(387 7 -006n0% - 0] - )
Gy - Civ)
$in® % - cos 9"}' = (sitro+ tocle)j"

§ a0t - rogs:}'

a )
P[v$ ‘A ? and l inte F,
F 2 -ty 0 450 §7) + oN Csin@F - 050 §°)
* (10050 - 200s8) i ~ (10M c0s 6 ¢ 20 5in®)
0= 30
] a A,
Fe(s0-J3W - (533 8+ 1M
7(3-260) 8 - (066 "

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.



24 Chapter 1. 2. The dot... 1toduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap Problem...

O R

o
N
(v

-1

-7

-3

o

-y )

oW o

L T

fnTerms $nTerms

- - A
of m\é? of ana?

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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P\
1.2.20 Find the unit vectors &, and &, in .
terms of i and jwith the geometry shown J
in the figure. What are the components |
of W along &, and &,? i w

Problem 1.20

. v N
. W
From b 4iguve it vectors . RS
Gy 0nd ¢, Cembe wxiHen in bewme of 13 . 2
T A o &
lg = o8B! + &ir@ )

n N
R = &Lnp 1 — COSE

Thes W con b oxiten O n
W = (W eoe8)dy — (Waine) e

AN

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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-

Cg = (08 (270+0)% + sint2Fos ©)]
T ws®% - s‘i-e‘f
ae S 0sQ %4 5in®]
W - (@1
Find Dot Product,
@ (Msg) + (-@)x t-5ind))
[ e Q)

R 0 .
W .Gl 0}»1{5) £ (-130 x50

- {\.-3‘ ¢in®

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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1.2.21 Write the position vector of point Y P
P in terms of ;11 and iz and 2 —
92 A‘Z
1. find the y-component of 7, ‘ /A
/v
2. find the component of 7, along 4,. \91
X

Problem 1.21

) N A
o= UN 10N
n

Mr o0l 60,
~
N, 7 088,74 600

1

=) ~
0pc (Leosd ¢l tos® )T + (L sindy o Ly 5in6)]

<

L ro - ,3\ 2 (0 6B, + by 5in 6)
S N
2. (p- N = (f,m@,' ‘-Ltosel\ Q.u&g, & (Q(S}ﬂoﬁ !-,_ S?ng-ﬁ [, §in8,

: ﬂ, (coOc s sint®) + ll,ol ( cos@, (030, + inB,5in6,)

= Qs 0, C 05O, 08B, + sinb, sinB,)

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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28

1.2.22 o
Let F, = 30Ni + 40Nj — 10Nk,F, =

—20Nj+2Nk, and F=F,i+
Fy J=F,, k. 1f the sum of all these forces

must equal zero, find the required scalar
equations to solve for the components of

E.
2-2-33

- A A n
= BONI 40N ) —1pNK

- ~
SRONJ  + 2aNK

N ) Ty,
]

N A IS
= Rl 4Ryl - RLR

Suan af o 3 doctes ane gexop
5

R+ 48 =3
D (3oN+T,, N 1t
) (40N-200+ Fy])J 4—(-[0»1«2!\[-%2)12

Fov cbove teo b dyue coch comporenk must be
equel 1o gewo,
N -~
48 *Fs-t- =0

4oN-20N+ F, = 0

y =
-loN 4+ 2N -.Fg? e

T | R )
’ E- —30N | - 26Ny +2N|«/

LY

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.



Chapter 1. 2. The dot... Introduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap Problem...

=9
Fo2 BonT 4 honj - onk

=) A

Al
Fa = -QOJ‘ £ 2Nk

ol A
-

A AR fyf~ farh
Rdd Vectore and Ei,,a*e, {b‘(:‘))
R
o087 + hon\-mNﬁ-zor\f;i’N{l\a& ﬁ'é‘
?3'- —wn?—zomj‘wu?;

59 fan =-30 N \ {3“1 =-200N, Ry = &N

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 1.2.23

1.2.23 A force F is directed from point
A(3,2,0) to point B(0,2,4). If the x-
component of the force is 120 N, find the
y- and z-components of F.

~
fo = ‘2\;\4- Wh

$v|=rfrad Pogition Uector of “:f’"“ B)

)
(an

A

< fe—f";
n
4 '3f+kk
) =} bo

= Saz X MON

2

n

-hudx_r—zg
A A
* 120Ni " JeoNk

Fy 0, Fa=-kON

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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1.2.24 A vector equation for the sum of where 4 = 0.30i — 0.954j. Find two
forces results in the following equation: scalar equations by dotting both sides of
the equation first with 4 and then sepa-

F R N rately with a vector orthogonal to A.
ZA-V3))+ 5Gi+6)) = 25NA Y 8

-B]) B BEg a0l
s
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. sR)Z «-(—FE + bR 3\ = 2¢™A
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Az 030 -09se]
A
Dot both ¢idee b:’ A'
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.



© 2026 Andy Ruina & Rudra Pratap Problem...

32 Chapter 1. 2. The dot... mtroduction to Mechanics for Engineers «

‘ﬁ)g‘(":_l;_-b_G_R "\=0Nz\l
s 2

(

L B

Dot witn ;‘\',

10

0-0su[ F 4 2R\ % 2 .(3'54Q‘> =0
2 5 = 5

f[o-asy-35 ) ¢ m(o-qsw+1 0
2 10 5 25

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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1.2.25 Write a computer program (or use
a canned program) to find the dot prod-
uct of two 3-D vectors. Test the program
by computing the dot products i - 1,1 -
Js and j - k. Now use the pro-
gram to find the projections of F = (21 +
2j — 3k) N along the line 7, = (0.51 —
0.2j + 0.1k)m.

Code:

i = [1;0;0];
j = [0;1;0];
k = [0;0;1];

% Testing Program %
disp("Start Function Test")
dot(i,i)

dot(i,j)

dot(j,k)

disp("Function Test Completed")

% Main Question %
F = [2;2;-3];

rAB = [0.5;-0.2;0.1]1;
disp(" ");
disp("Answer: ")
dot(F, rAB)

function scalar = dot(v1,v2)
scalar = 0;
for i = 1:3

scalar = scalar + (v1(i)xv2(i));

end
end

Output of Code

Start Function Test

1

0

0

Function Test Completed
Answer : 0.3

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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1.2.26 What is the shortest distance be-
tween the point A and the diagonal BC
of the parallelepiped shown? (Use vector
methods and don’t use cross product.)

Problem 1.26

2 3 -%

o= oul

o= -0
RCERE

(oocdinotes }o(mx e = -3y = e A
poiﬂ" on B¢
2 w= '/kA’ 3: "’3}\’2 <A
Vebor drom A 4o wny point on Be @ (hA-0)2 & Cliza -o)j‘ e (A-0k
f;o' fgun =0

Cox WA 4 (3xf32) + Ux)=0

A '-‘13
?Oi"+ o B¢ closest b A: 3/q:',\ —"j‘ N !é"h
Shortest Digtamee = SU/«\?\- e & ()

12,

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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