Chapter 3.

SAMPLE 3.1 A simple first order differential equation: Show that
y(t) = vt and y(t) = C +vt are both solutions of the first order differential
equation y = v where v and C are constants. Which of the two solutions
is a general solution of the given differential equation and why?

Solution Any function y(t) will be a solution of the given differential equation if it satisfies
the differential equation. That is, if we plug the function into the differential equation,
the left hand side must equal the right hand side. So, let us check if the given solutions
satisfy the given differential equation:

(a) y(¢) = vt: Differentiating y(t) we get, y = %(vt) = v. Substituting in the given
differential equation, we get,

v =0.
N——

y
Thus the left hand side is equal to the right hand side and hence the differential
equation is satisfied. Therefore, y = vt is a legitimate solution of the given differ-
ential equation.

(b) y(t) = C +vt: Differentiating y(t) we get, y = %(C +vt) = 0+v = v. Substituting
in the given differential equation, y = v, we get

v =0.
N——

y
Thus again, the left hand side is equal to the right hand side and hence the differ-

ential equation is satisfied. Therefore, y(t) = C + vt is a legitimate solution of the
given differential equation.

General Solution: The general solution of a differential equation refers to a solution
that has enough free parameters (unknown constants) to accommodate any given ini-
tial conditions (for Initial-Value-Problems) or boundary conditions (for Boundary-Value-
Problems) and generate a unique solution for the given problem. In dynamics, we have
mostly initial-value-problems where initial conditions (e.g., position, displacement, or ve-
locity at ¢ = 0) are specified. We can then plug the given initial conditions in the general
solution and set t = 0 to find the unknown constants. The resulting solution then be-
comes a unique solution.

Here, y(t) = C + vt is the general solution as it contains one free parameter C that can
accommodate any given initial condition y(¢t = 0) = y, (say). By substituting this initial
condition in the solution (y(t) = C + vt), we get,

0

~
Yo=C+v t > C=y,.
Thus, the solutions to the differential equation, y = v, y(0) = y,, is
y(t) =y, + vt.

Clearly, the first given solution y = vt is a subset of the general solution, with C = 0, and
thus it represents the solution of the given differential equation with the initial condition
y(0) = 0. It is, therefore, a unique solution of the problem y = v, y(0) = 0, and not a
general solution of the differential equation y = v.

General solution: y(t) = C + vt
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Figure 3.9: Plot of y(t) = 1m +
(2m/s)t as the solution of j = 0;
¥(0) = 1m and y(0) = 2m/s.

y

t

Figure 3.10: Plot of y(t) = (5m/s)t as
the solution of y = 0; y(0) = 0 and
y(0) =5m/s.

SAMPLE 3.2 Initial conditions and constants of integration: Let
¥(t) = C; + C,t be the solution of the differential equation j = 0. Find
the solutions corresponding to the following initial conditions and sketch
y(t) vs t in each case.

1. y(0) = 1m and y(0) = 2m/s.

2. y(0) =0and y(0) = 5m/s.

Solution The general solution has two free constants C; and C,. We can find their values
by substituting the given set of initial conditions and thus determine the corresponding
solutions. From the general solution, we have,

y = C,+Cyut 3.2)
y C,. (3.3)

1. y(0) = 1m;y(0) =2m/s:
Substituting these values in eqn. (3.2) and eqn. (3.3), we get,
Ilm = (
and 2m/s C,.

Thus, the corresponding solution is,
y(t)=1m+ (2m/s)t.
We can now sketch y(¢) vs ¢ as shown in fig. 3.9.
y(@®)=1m+ (2m/s)t

2. y(0) =0;y(0) = 5m/s:
Again substituting the given values in eqn. (3.2) and eqn. (3.3), we get,
0 = C
and 5m/s =C,.

Thus the corresponding solution is

y(&) = (5m/s)t.

This solution is shown in fig. 3.10.
y(t) = (5m/s)t

Comments: The differential equation j = 0 represents a zero acceleration, or alterna-
tively, a constant speed motion in the y direction. Therefore, the displacement y is a
linear function of ¢ as shown in the two graphs. The intercept, y(t = 0), represents the
initial displacement and the slope % represents the constant velocity. In fig. 3.9, the ini-
tial displacement is 1 mwhich is shown as the intercept (at t = 0) and the slope is the
given velocity 2m/s. In fig. 3.10, the initial position is y(0) = 0 and hence the graph
passes through the origin. The slope is the given velocity y(0) = 5m/s (since there is no
acceleration, the initial velocity remains constant throughout the motion).
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SAMPLE 3.3 Constant speed motion in 1-D again: A particle moves
in the x-direction with constant speed. What is the differential equation
that represents this motion? Find the motion of the particle, i.e,, find the
expression for x(¢), given the position of the particle at three instances:
x(0) = x,, x(t;) = x; and x(t,) = x,. Do you need x(¢) at three instances
to determine x(t) completely? What could be alternate information that
will help you specify the motion completely?

Solution Let x be the displacement. Then X represents speed and X represents acceler-
ation. Since it is motion in 1-D, we will not worry about the vector notation. The given
information about constant speed can be represented by either of the two differential equa-
tions:

1. x = C where C is the given constant speed, or
2. X =0, i.e, the acceleration is zero because the speed is constant.
In the first case, the solution of the differential equation is,

x(t)=Ct+C,
where C| is the constant of integration. We find this solution by direct integration as
follows.

x=C = dx=Cdt = /dx:/Cdt => x=Ct+C,.

In the second case, we find the solution by integrating twice:

=0 = fdx:det > x=C
x=Cc = fdx:fcldt > x=Cit+C,.

Both solutions above represent the same motion, as they must. The displacement x(t)
varies linearly with time ¢ as we would expect in a constant speed motion. This solution is
represented by aline in ¢-x coordinates as shown in fig. 3.11 with C, as the slope and C, as
the intercept. Now, from the given information about values of x at three time instances,
it is easy to determine C; and C,. We can do it multiple ways:

Using the general solution: Substituting the values of x for the three given time in-
stances, x(t = 0) = x,, x(t =¢t,) = x, and x(t =1t,) = x,, we get
X, =C-0+C, =
x; =Cit, +x,

C,=x,

x, =Cit, + x,

X=X

From the last two equations, we get C; = and thus the solution that satisfies

=t

x(t) =x0+<t2_xl)t.

2~ h
From geometry of the function x(¢t): We can mark the given values of x(¢) for the
three specified time instants on the graph of x(t) as shown in fig. 3.12. From the
given values, it is obvious that C, = X, and the slope of the line C, is Ax/At =
(x, — x,)/(t, — t;), and hence the equation of the line becomes,

the given conditions is,

Xy — X
x@)=x+|{— )t
L=t

which is the solution of the differential equation that satisfies all given conditions.

XZX

x(t) = x, + ( [2:[11 )t
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Figure 3.11: The graph of the general
solution x(t) = C;t + C,

Figure 3.12: Given values of x(t) deter-
mine the slope and the intercept
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SAMPLE 3.4 Find the solution of the differential equation
X + ax = 0; with initial conditions x(0) = 0 and x(0) = u,,.

Solution The given equation is a second order differential equation that involves deriva-

tive terms of x but not x itself. We can solve this equation in two steps. First we solve for

X and then we solve for x. Let us introduce a new variable y by renaming X as y, that is,

let y = x. Then the given equation becomes a first order equation in y:
y+ay=0,ory=—-ay.

We can solve this equation by integration as follows:

dy _ «
ac Y
d
=> o —adt
y
=> f 1dy = —a f dt
y
= Ilny = —-at+C
= y — e—m+C
o,y = Cpe™

where the last expression is obtained by substituting e with another constant C, (note
that e=**C = ¢Ce"), So, we have found the solution for y(¢). But y(t) = X, so we now
have another differential equation to solve:

x=Ce™.

We can solve this equation by direct integration as follows:

dx
— = (C,e*
dt 1
= f dx = C; f e~ dt
e—CX[
= x = C—+C
C
obx = C,-— Lemat,
a

We now have expressions for both x(¢) and x(¢t) = y(t). We can substitute the given initial
conditions and determine the constants C, and C,:

x(0) = y(0) =u,
> uy = Ce™=(
and
x(0) = 0
U
> 0 = (-
a
Uy
=> C2 = ;

So, now substituting the values of C; and C,, we get the final solution:

U
x@) = 21 —e ).
Figure 3.13:  Graph of x(t) = a

%" (1 —e™). The system reaches the The graph of x(¢) is shown in fig. 3.13.
equilibrium value of x = u,/a asymp-

totically as t — oo. x(t) = %" (1—e™)
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SAMPLE 3.5 Units of coefficients: The equation of motion of a me-
chanical system is given as follows:

Cy+Cy+Cy=C,

where y has units of displacement (e.g., meters) and C; has units of mass
(e.g., kg). What must be the units of C,, C; and C, in SI system?

Solution The units of coefficients in any equation, differential or algebraic, have to be
such that each term in the summation has the same units. So, in the given differential
equation, C,j, C,y, C;y, and C, must have the same units. Now, y has the units of dis-
placement (i.e., distance or length) and C, has the units of mass. So, in order to find the
units of each term, let us first find the units of y and j:

p = —dy——m—m/s
A T

. _ dy m/s )
Vo= = = m/s%

So, the units of the first term are:
C,y=kg - m/s*= N,

that is, unit of force. For the equation to hold good, each term, therefore, must have units
of force. So, we can now find the units of all coefficients as follows:

¢y = N
N N-s kg
= % = ot Tm T
Cyy = N
> C;, = %,and
c, = N

While units of C, are clearly that of force, the units of C, and C, are somewhat unusual and
worth thinking about. C, has the units of stiffness, a quantity that measures the resistance
of a body to deformation, and that is why its units are N/ m. You may be familiar with
this unit as the unit of spring stiffness. The units of C, are even more unusual. You can
think of these units as kg/s or N/(m/s). C, has the units of damping, a quantity that
measures the resistance to motion of a body in a viscous medium in terms of force per
unit speed.

C,: kg/s,Cy: N/m,and C,: N
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a) Yy

b) ¥

Figure 3.14: Graph of the three solu-
tions: (a) y(t) = Asinwt, (b) y(t) =
Bcoswt, and (c) y(t) = Asinwt +
Bcos wt

SAMPLE 3.6 Initial conditions dictate solutions: Consider the sec-
ond order differential equation j + w?y = 0. Show that y(t) = Asin wt,
y(t) = Bcoswt, and y(t) = Asinwt + B coswt are all valid solutions of
the differential equation. Which of the three solutions will satisfy the fol-
lowing initial conditions?

1. y(0) = y, and y(0) = 0.

2. y(0) = 0 and y(0) = v,,.

3. y(0) =y, and y(0) = v,,.

Solution In order to show that a given function is a possible solution of a differential
equation, we just need to plug the function into the differential equation and see if it
satisfies the equation. We can easily do this for the three given functions:

« y(t) = Asinwt: We need to find j and plug into the given differential equation.

y=—-Awcoswt = J=—Aw?sinwt

Therefore,
¥+ w?y = —Aw? sin wt +w? Asinwt = 0.

y y
Thus y = A sin wt satisfies the given differential equation and hence it is a solution.

« y(t) = Bcoswt: In this case, j = —Bw? cos wt, and substituting y and j in the given
differential equation, we again find that the equation is satisfied. Hence y(t) =
B cos wt is also a solution.

« y(t) = Asinwt + B cos wt: Since each of the two terms here satisfies the equation
individually, their sum will obviously also satisfy the equation (0 + 0 = 0). Hence
this is also a solution of the given differential equation. In fact, this is the most
general solution.

The three solutions are shown in fig. 3.14. Now let us examine which ones can satisfy
which initial conditions.

1. y(0) = y, and y(0) = 0: From fig. 3.14(a), it is clear that y(t) = Asinwt cannot

support non-zero y at t = 0, and hence cannot satisfy y(0) = y,. We also see
that this function has a non-zero slope at t = 0, i.e., y(0) # 0 and hence it cannot
support the second initial condition either. On the other hand, fig. 3.14(b) can
easily satisfy both initial conditions if we set B = y,. Similarly, the third solution
shown graphically in fig. 3.14(c) can also satisfy the given initial conditions if we
set A = 0 and B = y, (then this solution reduces to the second solution).

2. y(0) = 0 and y(0) = v,: Similar arguments as above lead us to conclude that

y(t) = Asin wt satisfies the given initial conditions if we set A = v,/w, and y(t) =
Asinwt + Bcoswt also satisfies the given initial conditions if we set B = 0 and
A=y,/w.

3. y(0) = y, and y(0) = v,: Now we have both initial displacement and initial velocity

as non-zero quantities and the graphs in fig. 3.14(a) and (b) make it obvious that
neither of these two functions can satisfy these initial conditions. However, the
third solution y(t) = A sin wt + B cos wt can certainly satisfy these conditions if we
set A = v,/w and B = y,. Thus the solution will be

)
y(t) = y,coswt + ZO sin wt.

Thus the third solution can satisfy any given initial conditions (y, can take any
value including zero and so can v,). This is why it is called the general solution.
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