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2.2 Center of mass and gravity

The center-of-mass of a system is the point at the position r, defined by

= o for discrete systems (2.4)
JSrdm .
= for continuous systems
Mo

where m,, = )’ m;, for discrete systems and m,,, = f dm for continuous
systems (see boxes 2.1 and 2.4 on pages 142 and 2 for a discussion of the
>, and f sum notations).

For every system, and at every instant in time, this is a unique location
in space that is the average position of the system’s mass. The center of
mass is commonly designated by

+ Cm

« c.0.m.,

« COM,

. G,

+ Cg.,0r

with a circle with diagonally-opposite quadrants shaded

One of the important (if routine) tasks of many real engineers is to find
the center-of-mass of a complex machine.

What is the center of mass good for? Just knowing the location of
the center-of-mass of a car, for example, is enough to estimate whether it
can be tipped over by maneuvers on level ground. The center-of-mass of
a boat must be low enough for the boat to be stable. Any propulsive force
on a space craft must be directed towards the center-of-mass in order to
not induce rotations. Tracking the trajectory of the center-of-mass of an
exploding plane can determine whether or not it was hit by a massive
object. Any rotating piece of machinery must have its center-of-mass on
the axis of rotation if it is not to cause much vibration.

Also, many calculations in mechanics are greatly simplified by making
use of a system’s center-of-mass. In particular,

the whole complicated distribution of near-earth gravity forces on a
body is equivalent to a single force at the body’s center-of-mass.

Many of the important quantities in dynamics are similarly simplified us-
ing the center-of-mass.

The following rearranged definition of center of mass, might be easier
to remember, and is sometimes more directly useful:
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@ G = center of mass,
c.m., COM

Figure 2.17: The center of mass of
the ink making up the letter C is ap-
proximately at G (marked with a cir-
cle with the diagonally-opposite quad-
rants shaded). The various notations
for center of mass include: G and
COM.
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mtotrcm = Zmlrl or mtotrcm = frdm'

That is, the center of mass is the position that, when multiplied by the
total mass, gives the same result as the sum of all the mass bits each mul-
tiplied by their individual positions.

For theoretical purposes, we rarely need to evaluate these sums and
integrals. And, for simple problems there are sometimes shortcuts that

o . . ' ‘
This routine work is generally done reduce the calculation to a matter of observation. However, for complex

with CAD (computer aided design)

software. But an engineer still needs ~ Machines, one or both of the formulas 2.4 must be evaluated in detail @,

to know the basic calculation skills in
order to make sense of, and roughly
check, the computer calculations and
in order to think of appropriate design
changes.

Example: Center of mass of two point masses
Intuitively, the center-of-mass of the two masses shown in fig. 2.18 is between
the two masses and closer to the larger one. Referring to equation 2.4,

We often add things up in mechanics. For example, the total mass
of some particles is

mtot=m1+m2+m3+"'=zmi

137
or more specifically the mass of 137 particles is, say, m,, = Z m;.
i=1

And the total mass of a bicycle is:

100,000,000,000,000,000,000,000
Mpixe = o
i=1
where m; are the masses of each of the 102 (or so) atoms of metal,
rubber, plastic, cotton, and paint. But atoms are so small and there
are so many of them. Instead we often think of a bike as built
of macroscopic parts. The total mass of the bike is then the sum
of the masses of the tires, the tubes, the wheel rims, the spokes
and nipples, the ball bearings, the chain pins, and so on. And we

would write:
2,000

Mpixe = 2 m
i=1

where now the m; are the masses of the 2,000 or so bike parts. This
sum is more manageable, but still too detailed for some purposes.

An approach that avoids attending to atoms or ball bearings,
is to think of sending the bike to a big shredding machine that cuts
it up into very small bits. Now we write

e = 241,
where the m; are the masses of the very small bits. We don’t fuss
over whether one bitis a piece of ball bearing or fragment of cotton
from the tire walls. We just chop the bike into bits and add up
the contribution of each bit. If you take the letter S, as in SUM,

2.4 Like Z, the symbol | also means add

and distort it and you get a big old fashioned German ‘S’ used in
calculus as the integral sign

SS /Y

Evolution.
From left to right, the letter S is distorted into the integral

sign f.

So, instead of writing, like Lagrange would have (if he knew about

bicycles and cared about their mass), m,; . =Sdm, we write

Mpixe = f dm.

This is the Jum of all the teeny bits of mass dm. More formally,
we mean the value of that sum in the limit that all the bits are
infinitesimal (not minding the technical fine point that it’s hard
to chop atoms into infinitesimal pieces).

The mass is one of many things we would like to add up.
Many of the other things also involve mass. For example, to find
the center-of-mass we add up the positions ‘weighted’ by mass.

j S

f?dm which means Z rm..

lim m; —0

That is, to find the center of mass, you take your object of interest
and chop it into a billion pieces. Then you re-assemble it. For
each piece, you make the vector which is the position vector of
the piece multiplied by (‘weighted by’) its mass. Then you add up
the billion vectors. Well, really you chop the thing into a trillion
trillion ... pieces, but a billion gives the idea.
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7 _ 2 rm
cm -
mtol
_ Fm+Em,
m; + m,
_ r,(m; + m,) —r,m, + ,m,
m; +m,
m
N 2 N N
= "1+(_m m )("2"'1)-
1 2/ ——

\

the fraction of the distance ‘ the vector from 7, to 7.

that the cm is from 7, to 7,

The math agrees with common sense: the center-of-mass is on the line connect-
ing the masses. If m, > m,, then the center-of-mass is near m,. If m; > m,,
then the center-of-mass is near m,. If m; = m, the center-of-mass is right in the
middle at (7, +7,)/2.

Continuous systems

How do we evaluate integrals like | (something) dm? In center-of-mass

calculations, (something) is position, but we will evaluate similar inte-
grals where (something) is some other scalar or vector-valued function
of position. Most often, we label the material by its spatial position, and
evaluate dm in terms of increments of position. For 3D solids dm = pdV
where p is density (mass per unit volume). So f(something)dm turns into

(something)p dv®.
v

a standard volume integral

Planar objects. For thin flat things like metal sheets we often take p to
mean mass per unit area A so then dm = pdA and f(something)dm =
J,(something)p dA.

1D objects.
be the mass per unit length or arc length s and so dm =
J(something)dm = [, . (something)p ds.

For mass distributed along a line or curve we take p to
pds and

CoM of uniform rod. The center-of-mass of a uniform rod is naturally in the
middle, as the calculations here show (see fig. 2.19a). Assume the rod has length
L = 3m and mass m = 7kg.

dm
[Edm Jyxiopdx  p(/2E p(L2/2)
?sz = 0 T = T i= 'i=(L/2)i
Moy Jy pdx P(DI] pL

So7,,, = (L/2)i, or by dotting with i (taking the x component) we get that the
center-of-mass is on the rod a distance d = L/2 = 1.5m from the end.

The center-of-mass calculation is objective. It describes something about
the object that does not depend on the coordinate system. In different co-
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Figure 2.18: Center of mass of a system
consisting of two points.

@ Note: writing f,:i *(something) dm
is nonsense because m is not a scalar
parameter which labels points in a ma-
terial (i.e., there is no point at m =
3kg).

m = pL

p = mass per dm = pdx
@) unit length B
—
o| x %
— &
L
A
/

Figure 2.19: Where is the center-of-
mass of a uniform rod? In the middle,
as you can find calculating a few ways,
or, more simply, by symmetry.
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ordinate systems the center-of-mass for the rod above will have different
coordinates, but it will always be at the middle of the rod.

Example. Find the center-of-mass using the coordinate system with s & 4 in
fig. 2.19b:

L 2
7d sApds s2/2)|k . L2/2) . R
?Cm=f" m=/;)LP /1=P(/2|/1=P( /)/1=(L/2)/1,
My Jy pds Py pL

again showing that the center-of-mass is in the middle.

Note, one can treat the center-of-mass vector calculations as separate
scalar equations, one for each component. For example:

Finally, there is no law that says you have to use the best coordinate sys-
tem. One is free to make trouble for oneself and use an inconvenient co-
ordinate system.

CoM using awkward coordinates. Use the xy coordinates of fig. 2.19c to find
the center-of-mass of the rod.
X
£y~ N 526, (£2-2)
_ [xdm _ f—fl scosB pds ~ pcos Gzl_t,1 ~ Ie cos@%

Mo Jy pds Pl PG

cosO(¢, — ;)
2

cm

Similarly y_,, =sin6(¢, — ¢,)/2 so

- t,—¢t, )
Tom = = (cos 61 + sin 6 j),

which is at the middle of the rod.

The most commonly needed center-of-mass that can be found analyti-
cally but not so-simply from symmetry is that of a triangle (see box 2.6
on page 11). There are more examples of using integration to find the
center-of-mass in your multi-variable text book.

Center of mass and centroid
For objects with uniform material density we have

i ‘/'de _ fV?pdV _ pfvde _ fV?dV
o omyy Jypdv  pf,dV 4

The last expression is just the formula for geometric centroid. Analogous
calculations hold for 2D and 1D geometric objects.
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For objects with density that does not vary from point to point, the
center-of-mass is at the same place as the geometric centroid.

Center of mass and symmetry

The center-of-mass respects any symmetry in the mass distribution of a
system. If the word ‘middle’ has unambiguous meaning in English, then
that is the location of the center-of-mass, as for the rod of fig. 2.19 and the
other examples in fig. 2.20.

Example: Center of mass of a semicircle.
(see fig. 2.21) The center of mass of a semicircular arc of mass m and radius r
is on the y axis at x = 0, by symmetry. The location of y, is found by

y

d
Yo = fy_m=l rsmepds——/ rsm@ — rd9
My m Jj,

T
= Lf sinedezzrz0.64r
T J T

The center of mass of a semicircle is almost 2/3 of the way towards the perimeter
from the center of the circle. You can see that G has to be above the halfway
point by noticing how much more mass is near to y = r (where the circular arc
is nearly horizontal) than to y = 0 (where the circular arc is running away from

the x axis).
Point Mass Two Identical Rod Triangle
. Masses
by Y

S

Rectangular Plate

Symmetric Blob

Figure 2.20: Both the center of mass and the geometric centroid share the symmetries of the object.
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Semi circular
hoop

Figure 2.21: The center of mass of a
semicircular arc is about 0.6 r from the

center of the circle.

Circle

Person
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Figure 2.22: Center of mass of two rods

Figure 2.23: The center-of-mass of
the ‘L’ shaped object can be found by
thinking of it as a rectangle plus a

square.
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Systems of systems and composite objects

Another way of interpreting the formula

rhm, +r2m2 + .-
cm
my+m, + -

is that the m’s are the masses of subsystems, not just points, and that the 7;
are the positions of the centers of mass of these systems. This subdivision,
follows from the associated law of addition, and is justified in box 2.5 on
page 7.

The center-of-mass of a single complex shaped object can be found
by treating it as an assembly of simpler objects.

Example: Two rods
The center-of-mass of two rods shown in fig. 2.22 can be found as

_Fm; +¥,m,

em m; + m,

where ¥, and 7, are the positions of the centers of mass of each rod and m, and
m, are the masses.

Example: ‘L’ shaped plate
Consider the plate with uniform mass per unit area p.

nmy + rpmy

ic
m; + my;

Ci+aj)2pa’) + Cai+ 2 j)ea®)
(2pa?) + (pa?)
%a(i + ).

Composite objects using subtraction

It is sometimes useful to think of an object as composed of pieces, some
of which have negative mass.

Example: ‘L’ shaped plate, again
Reconsider the plate from the previous example.

nm; + my
F, = ——
mI + mH
my
——

(ai + aj)(p2a)®) + Cai + Zaj) (-pa?)
(p(20)?) + (—pa?)

N———
m

11

ga(i + ).

Introduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap



Introduction to Mechanics for Engineers — Ruina & Pratap

Ch2 Section 2.2

Center of gravity

The force of gravity on each little bit of an object is gm; where g is the local
gravitational ‘constant’ and m; is the mass of the bit. For objects that are
small compared to the radius of the earth (a reasonable assumption for all
but a few special engineering calculations) the gravity constant is indeed
constant from one point on the object to another (see box 4.3 on page 4.3
for a discussion of the meaning and history of g.)

Not only that, all the gravity forces point in the same direction, down.
(For engineering purposes, the two intersecting lines that go from your

~

two hands to the center of the earth are parallel.) Let’s call this the —k
direction. So the net force of gravity on an object is:

Fnet = i = Zmig(—ic) = —mgk (discrete systems)
= [ dF = [-gkdm = -mgk (continuous systems)
%;_/
dF

This is a theoretical aside, not needed for problem solving.

Look at the collection of 47 particles above and then think of
it as a set of three subsystems: I, IT, and III with 2, 14, and 31 par-
ticles, respectively. Masses 1 and 2 as subsystem I with center-of-
mass 7; and total mass m,. Similarly, we call subsystem II masses
m, to m,, and subsystem I11, masses m,, to m,,. We can calcu-
late the center-of-mass of the system by treating it as 47 particles,

2.5 Why can subsystems be treated like particles when

finding the center-of-mass?

Ry + A My + My
= , where
my + myp + My

Fm, +¥,m
whererI:M

m, +m,
m; = my +m,

T,

= etc.

That is, the center of mass of the 47 particles is the same as the
center of mass of three particles, where each of the three particles
has the total mass ofits subsystem located at its subsystem’s center
of mass.

The reduction of subsystem of particles to one particle is eas-
ily generalized to the integral formulae as well like this.

r1m1+r2

my +m2

m
2(m, + m,)

my+m, + - +my,

or we can re-arrange the sum as follows: & — JTdm
cm f dm
_ -/;'egion v dm + -/;egionz rdm+ -/;egion 57 dm + -
my + M, + e+ Ty +Tom -
7 = nMhThi 46Ma6 T V47147 fregionl dm + fregionz dm + fregim13 dm +
cm m,+m, + - +m,,

iy + gy

My + My + W+

The general idea of the calculations above is that center-of-mass
calculations are basically big sums (addition), and addition is ‘as-
sociative.

Tymy+e 4T M
3M3 16M16
- (m; +
3 16

my+m, + - +my,

...+m16)

Ty, +e-Tym

AT W Wy e +my)
My +tm, 17 47
17 47

my +m, + - +my,

Introduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap 7




! a| 11
= 2a 1 = 3 a
2 '
y
2a
G
G/ %
= at s
‘G
o a 2a X

Figure 2.24: Another way of looking at
the ‘L’ shaped object is as a square mi-
nus a smaller square in its upper right-
hand corner.

®We do the calculation here using
the / notation for sums. But it could
be done just as well using Y.
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That’s easy, the billions of gravity forces on an objects microscopic con-
stituents add up to mg pointed down. What about the net moment of the
gravity forces? The answer turns out to be simple. The top line of the cal-
culation below poses the question, the last line gives the lucky answer.®

M c = f 7 x dF The net moment with respect to C.

f F,c X (—gkdm) A force bit is gravity acting on a mass bit.

- < f ?/Cdm) x (—gk) Distributive law (g & k are constants).

= (Fnjcm) X (—gk)  Definition of center-of-mass.
= Fopjc X (—-mgk) Re-arranging terms.

Tom/C X F

7 et Express in terms of net gravity force.

Thus the net moment is the same as for the total gravity force acting at
the center-of-mass.

The near-earth gravity forces acting on a system are equivalent to a
single force, mg, acting at the system’s center-of-mass.

For the purposes of calculating the net force and moment from near-earth
(constant g) gravity forces, a system can be replaced by a point mass at the
center of gravity. The words ‘center-of-mass’ and ‘center of gravity’ both
describe the same point in space.

Although the result we have just found seems plain enough, here are
two things to ponder about gravity when viewed as an inverse square law
(and thus not constant like we have assumed) that may make the result
above seem less obvious.

« The net gravity force on a sphere is indeed equivalent to the force
of a point mass at the center of the sphere. It took the genius Isaac
Newton 3 years to deduce this result and the reasoning involved is
too advanced for this book.

+ The net gravity force on systems that are not spheres is generally not
equivalent to a force acting at the center-of-mass (this is important
for the understanding of tides as well as the orientational stability of
satellites).

How to find the center-of-mass of a complex system

You find the center-of-mass of a complex system by knowing the masses
and mass centers of its components. You find each of these centers of
mass by

- Treating it as a point mass, or
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» Treating it as a symmetric body and locating the center-of-mass in
the middle, or

- Using integration, or
+ Using the result of an experiment (which we will discuss in statics),
or

« Treating the component as a complex system itself and applying this
very recipe.

The recipe is just an application of the basic definition of center-of-mass
(eqn. 2.4) but with our accumulated wisdom that the locations and masses
in that sum can be the centers of mass and total masses of complex sub-
systems.

One way to arrange one’s data is in a table or spreadsheet, like below.

Center of mass spreadsheet

Subsys# 1213 4 || s | 6 | 7 |
Subsys 1 X |y |7 m; mx, my mz,
Subsys 2 X, | ¥, | 2, m, m,Xx, ",y myz,
Subsys N XN | YN | 2N My My Xy MNYN MnZN
Row N +1 Mot =
=sums >m; mx; | Ymy | Y mz

divide row N + 1 by m, Xm= | Yem= | Zmn =

zmx; | Lmy; | X mz

=  Result

Myt Mot

1. The first four columns are the basic data. They are the x,y, and
z coordinates of the subsystem center-of-mass locations (relative to
some clear reference point), and the masses of the subsystems, one
row for each of the N subsystems.

2. One next calculates three new columns (5,6, and 7) which come
from each coordinate multiplied by its mass. For example the en-
try in the 6th row and 7th column is the z component of the 6th
subsystem’s center-of-mass multiplied by the mass of the 6th sub-
system.

3. Then one sums columns 4 through 7. The sum of column 4 is the
total mass, the sums of columns 5 through 7 are the total mass-
weighted positions.

4. Finally the result, the system center of mass coordinates, are found
by dividing columns 5-7 of row N+1 by column 4 of row N+1.
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Of course, there are multiple ways of systematically representing the
data. The spreadsheet-like calculation above is just one organization
scheme.

Summary of center-of-mass

All discussions in mechanics make frequent reference to the concept of
center of mass

My Ty = Z rm, for discrete systems or systems of systems
= f rdm for continuous systems
where
My = Z m, for discrete systems or systems of systems
= f dm for continuous systems.

Who cares about the center of mass? We showed that the gravity
moment is calculated correctly by applying the net gravity force at the
center-of-mass. These other facts about center-of-mass will be needed for
dynamics.

For non-point-mass systems, the expressions for linear momentum,
angular momentum, and kinetic energy are all simplified by using the
center-of-mass.

Simple center-of-mass calculations also can serve as a check of a more
complicated analysis. For example, after a computer simulation of a sys-
tem with many moving parts is complete, one way of checking the cal-
culation is to see if the whole system’s center of mass moves as would be
expected by applying the net external force to the system.
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2.6 The COM of a uniform triangle is /1 /3 up from the
base

The theory here is for the curious. One can just remember the ‘
result: The center-of-mass of a 2D uniform triangular region is |

the centroid of the area. base

— 2h
Xem= 3 h %7

First, we consider a right triangle with perpendicular sides b and The center-of-mass of an arbitrary triangle can be found by treat-

h ing it as the sum of two right triangles
. y=1tx c cC
’ \
v ?\J—~ dA=dxdy - -
. § gy A B A D B D
and find the x coordinate of the centroid as
so the centroid is a third of the way up from the base of any trian-
XA = / xdA gle. Finally, the result holds for all three bases. Summarizing, the
centroid of a triangle is at the point one third up from each of the
B y=Lx bases.
—x h h
= f f xdy| dx = f [xy] dx
o [Jo 0 7=
() = [Cx(Be)ar o[ 2
amA 2 b h h 3 3

2 .
> Xem = ?h a third of the way to the left of the ver-
tical base on the right. By similar reasoning, butin the y direction,

the centroid is a third of the way up from the base.

(continued...)
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2.6 The COM of a uniform triangle is /1/3 up from the
base (continued)

V'
Non-calculus approach %

M is the midpoint of the line segment BC. Divide triangle ABC
into equal width strips that are parallel to AM. Group these strips
into pairs, each a distance s from AM. Because M is the midpoint
of BC, by proportions each of these strips has the same length ¢.
What is the distance of the center-of-mass from the line AM? Be-
cause the strips are of equal area and equal distance from AM
but on opposite sides, contributions to the sum come in cancel-
ing pairs. So the centroid is on AM. Likewise for all three sides.
So the triangle’s centroid is at the intersection of the three side
bisectors.

Why do the three side bisectors intersect a third of the way
up each base? Look at the 6 triangles formed by the side bi-
sectors.

L

The two triangles marked a and a have the same area (call it a)
because they have the same height and bases of equal length (BM
and CM). Likewise for the other side bisectors, so that the pairs
marked b have equal area as do the pairs c. Triangle ABM has
the same base and height and thus the same area as the triangle
ACM.Soa+b+b =a+c+c. Thusb = c and similarly a = b:
all six little triangles have equal area. Thus the area of ABC is 3
times the area of GBC. Because ABC and GBC share the base BC,
ABC must have 3 times the height as GBC, and point G is thus a
third of the way up from the base.

Where is the middle of a
triangle?

‘We just showed that the centroid of a triangle is at the point that
is at the intersection of: the three side bisectors; the three area
bisectors (which are the side bisectors); and the three lines one
third of the way up from the three bases.

And, if the triangle had three equal point masses on its ver-
tices, and no mass anywhere else, the center of mass also lands
on that same place. Thus the ‘middle’ of a triangle seems pretty
well defined. Yet, there is ambiguity. If the triangle were made of
bars along each edge, each with equal cross sections, the center-
of-mass would be in a different location (except for equilateral tri-
angles). Also, the three angle bisectors of a triangle do not inter-
sect at the centroid. Unless we define the middle to mean centroid,
the “middle” of a triangle is not well defined.

12
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