Chapter 8.

SAMPLE 8.1 Support reactions on a simply supported beam: A uni-
form beam of length 3 m is simply supported at A and B as shown in the
figure. A uniformly distributed vertical load g = 100 N/m acts over the
entire length of the beam. In addition, a concentrated load P = 150 N acts
at a distance d = 1 m from the left end. Find the support reactions.
Solution Because the beam is supported at A on a pin joint and at B on a roller, the
unknown reactions are R R
A=Ai+Aj, B=B,j

The uniformly distributed load g can be replaced by an equivalent concentrated load W =
q¢ acting at the center of the beam span. The free-body diagram of the beam, with the
concentrated load replaced by the equivalent concentrated load is shown in Fig. 8.7. The
moment equilibrium about point A, >, M, = 0, gives

4 o N
(-Pd =~ W3 +B,0)k =0

d 1
= B, = Po+sW

1
150N - =
3+

% -300N = 200N.

The force equilibrium, ), F=0, gives
A+B j—Pj-Wj=0
= A = (-B,+P+W)j
= (—200N + 150N + 300N)j = 250N j.

A=250Nj, B=200Nj

SAMPLE 8.2 Support reactions on a cantilever beam: A 2 kN hori-
zontal force acts at the tip of an ’L’-shaped cantilever beam as shown in
the figure. Find the support reactions at A.

Solution The free-body diagram of the beam is shown in Fig. 8.9. The reaction force at A
is A and the reaction moment is M = Mk. Writing the moment-balance equation about
point A, Y, M, = 0, we get

M+¥,xF = 0
M + (¢i+ hj) x (—Fi) 0
> M =

—Fhk

—2kN-0.5m k
= —-1kN-mk.

The force equilibrium, Z F= 6, gives

= 0

—F = —(—2kN i) = 2kNi.

A+
=

PN

A=2kNi, M=-1kN-mk
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SAMPLE 8.3 Net force of a uniformly distributed system: A uni-
formly distributed vertical load of intensity 100 N/macts on a cantilever
beam of length ¢ = 2 m as shown in the figure.

1. Find the net force acting on the beam.

2. Find an equivalent force-couple system at the mid-point of the
beam.

3. Find an equivalent force-couple system at the right end of the beam.

Solution

1. The net force: Because the load is uniformly distributed along the length, we can
find the total (or net) load by calculating the load on an infinitesimal segment of
length dx of the beam and then integrating over the entire length of the beam. Let
the load intensity (load per unit length) be g (¢ = 100 N/m, as given). Then the
vertical load on segment dx is (see Fig. 8.11),

dF = qdx(—J).
Therefore, the net force is,
¢
F, = f gqdx(—j)=q¢j=—100N/m - 2mj = —200N}j.
0

F_ = —200Nj

n

2. The equivalent system at the mid-point: We have already calculated the net
force that can replace the uniformly distributed load. Now we need to calculate
the couple at the mid-point of the beam to get the equivalent force-couple system.
Again, consider a small segment of the beam of length dx located at distance x
from the mid-point C (see Fig. 8.12). The moment about point C due to the load
on dx is (g dx)x(—k). But, we can find a similar segment on the other side of C
with exactly the same length dx, at exactly the same distance x, that produces a
moment of (qdx)x(+k). The two contributions cancel each other and we have
a net zero moment about C. Now, you can imagine the whole beam made up of
these pairs that contribute equal and opposite moment about C and thus the net
moment about the mid-point is zero. You can also find the same result by straight
integration:

+£/2 51 +E/2

M. = / gxdx(—k) = %

—¢/2

F,, = —200Nj,and M = 0

3. The equivalent system at the end: The net force remains the same as above. We
compute the net moment about the end point B, referring to Fig. 8.13, as follows.

4 €
MB = f (=xt) X (—qdx}j) = —q/ xdxk
0 0
2, 100N/m -4m? .
- 9 _ MON/m-4mT o oN-mk.
2 2
F_ = —200Njand My = —200N-mk
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Chapter 8. 3
SAMPLE 8.4 For the uniformly loaded, simply supported beam shown iC 250 N/m
in the figure, find the shear force and the bending moment at the mid- FrvV1TT17T7TT1T711
; A B
section c-c of the beam. AN C =
| 4m |
\ \
Solution To determine the shear force V and the bending moment M at the mid-section
c-c, we cut the beam at c-c and draw its free-body diagram as shown in fig. 8.15. For Figure 8.14
writing force- and moment-balance equations we use the second figure where we have
replaced the distributed load with an equivalent single load F = (g¢)/2 acting vertically | L2 |
downward at distance ¢ /4 from end A. ‘ M
The force balance, ), F = 0, implies that A 1 l 1
] cf
Ad+Aj-Vj—Fj=0. - v
A
Dotting with i and j, respectively, we get
= J
A, = 0 | .
Vv = A -F (8.1) ‘ £/4 F i
qt A  /
= Ay - 7 (82) 7| I}
From the moment equilibrium about point A, )} M N 0, we get Ayt v
AT s Figure 8.15
Mk ( > 4)k V2k—0
2 +4V¢
= = qT (8.3)

Thus, to find V and M we need to know the support reaction A. From the free-body
diagram of the beam in fig. 8.16 and the moment equilibrium equation about point B,
> M, =0, we get

FopXA+F,,XxQ = 0
€. _
(-A,¢ +qt Dk = D
qt
> A= 5 = 500 N.

Thus A = 500 Nj. Substituting Ain eqgns. (8.2) and (8.3), we get

V = 500N —500N =0
250N - 4m)?
M o~ (25ON-4m)+0
8
= 500N-m.
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SAMPLE 8.5 The cantilever beam AD is loaded as shown in the figure
where W = 200 1bf. Find the shear force and bending moment on a sec-
tion just left of point B and another section just right of point B.

Solution To find the desired internal forces, we need to make a cut at a section just to the
left of B and one just to the right of B. We first take the one that is to the right of point B.
The free-body diagram of the right part of the cut beam is shown in fig. 8.18. Note that
if we selected the left part of the beam, we would need to determine support reactions at
A. The uniformly distributed load 2W of the block sitting on the beam can be replaced by
an equivalent concentrated load 2W acting at point E, at distance a/2 from the end D of
the beam.

Let us denote the shear force by V* and the bending moment by M* at the section of
our interest. Now, from the force equilibrium of the part-beam BD we get

Vtj—2Wj = 0
> VvVt = 2w
= 4001bf.

The moment equilibrium about point B, , M, = 0, gives

—M+ic—2W-37aic
> Mt = -3Wa
—12001b-ft.

Now, we determine the internal forces at a section just to the left of point B. Let the shear
and bending moment at this section be V~ and M~, respectively, as shown in the free-
body diagram (fig. 8.19). Note that load W acting at B is now included in the free-body
diagram since the beam is now cut just a teeny bit left of this load.

From the force equilibrium of the part-beam, we have

V- j-Wj-2Wj = 0
> V- = 3W
= 6001bf
and, from moment equilibrium about point B, ), M = 0, we get
Mk —2w- %aic =0
> M- = -=-3Wa
= —12001b-ft.

Mt =M~ = -12001b-ft, V* =4001bf, V~ = 600Ibf

Note that the bending moment remains the same on either side of point B but the
shear force jumps by V* — V= = 200Ibf = W as we go from right to the left. This

jump is expected because a concentrated load W acts at B, in between the two sections we
consider. Concentrated external forces cause a jump in shear, and concentrated external
moments cause a jump in the bending moment.
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Chapter 8.

SAMPLE 8.6 Tension in a bar: A T-shaped bar is fixed in a wall at one
end and is acted on by three forces as shown in the figure. Find the tension
in the rod at

1. section a-a, and

2. section b-b. Figure 8.20
Solution .
1. Let us cut the bar at section a-a and consider the part of the bar to the right of the r 4 F
cut-section. The free-body diagram of this part of the bar is shown in fig. 8.21. The "a‘z-—Bt C
scalar force balance in the horizontal direction gives
— [7
“T-F+2F = 0 Figure 8.21
> T = F
= 2KkN.
At section a-a:T = 2kN
2. Now, we cut the bar at section b-b and again consider the section of the bar to the
right of the cut-section. The free-body diagram of this part of the bar is shown in
fig. 8.22. Again, the force balance in the horizontal direction gives
:’F
~T+2F = 0 b,
> T = 2F T c
= 4KkN. —
At section b-b:T = 4kN Figure 8.22
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Figure 8.23

hi2

Figure 8.24

SAMPLE 8.7 Tension in a tapered bar due to self weight: A tapered
bar of height 1 m, top width 10 cm, bottom width 4 cm and uniform thick-
ness 4 cm hangs upside down from a ceiling. If the density of the mate-
rial is 7500 kg/ m3, find the tension in the rod halfway from the top. Use
g~ 10m/s>.

Solution Let us cut the bar at a section halfway from the top. The free-body diagram of
the bar below the cut is shown in fig. 8.24. From the scalar force balance in the vertical
direction, we have

T=W

where W is the weight of the lower part of bar below the cut section. Now, W = pAtg
where A is the frontal area, ¢ is the thickness, and p = 7500 kg/ m? is the density of the
rod material. We need to compute W'

The width of the bar at the cut sectionis ¢ = (a+b)/2 where a = 4cm and b = 10cm.
The frontal area of the bar-partis A = (a + ¢)/2 - (h/2) where h = 1 m. Thus,

w = p (aT+c . g) tg
= 7500kg/ m? (M . 17111 -(0.04m)) 10m/s?
= 82.5N.
Thus, T = 82.5N.
T =825N
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Chapter 8.

SAMPLE 8.8 A simple frame: A 2m high and 1.5m wide rectangular
frame ABCD is loaded with a 1.5 kN horizontal force at Band a 2 kN ver-
tical force at C. Find the internal forces and moments at the mid-section
e-e of the vertical leg AB.

Solution To find the internal forces and moments, we need to cut the frame at the spec-
ified section e-e and consider the free-body diagram of either AE or EBCD. No matter
which of the two we select, we will need the support reactions at A or D to determine the
internal forces. Therefore, let us first find the support reactions at A and D by considering
the free-body diagram of the whole frame (fig. 8.26). The moment balance about point A,
M, =0, gives

FyxF +7.xE+7,xD = 0
hjxFi+hj+ti)x(-F,j)+¢ixDj = 0
~F,hk —F,tk+Dtk = 0
h
= D = F;+F
= 1.5kN i+21<N
- 1.5
= 4kN.
From force equilibrium, ) F =0, we have
A = -F-E-D
= -Fi+F,j—Dj
= —1.5kNi-2kNj.

Now we draw the free-body diagram of AE to find the shear force V/, axial (tensile) force
T, and the bending moment M at section e-e.
From the force equilibrium of part AE, we get

A-Vi+Tj = 0
(A, —V)i+(A,+T)j = 0
=> V=Ax = —1.5kN
T=-A, = 2kN.

y

From the moment equilibrium about point A, ), M A= 0, we have

Mic+gj><(—Vi) = 0
Mic+Vgic = 0
h
> M = -V
= —(—l.SkN)-sz
= 1.5kN-m.

V =15kN, T =2kN, M =15kN-m
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SAMPLE 8.9 Shear force and bending moment diagrams: A simply
supported beam of length ¢ = 2m carries a concentrated vertical load
F = 100N at a distance a from its left end. Find and plot the shear force
and the bending moment along the length of the beam for a = ¢ /4.

Solution We first find the support reactions by considering the free-body diagram of the
whole beam shown in fig. 8.29. By now, we have developed enough intuition to know
that the reaction at A will have no horizontal component since there is no external force
in the horizontal direction. Therefore, we take the reactions at A and B to be only vertical.
Now, from the moment equilibrium about point B, ), M B = 0, we get

0
F(¢ —a)
t

(-2)

and from the force equilibrium in the vertical direction, (3, F = 0) - j, we get

F(t —a)k — Atk

=> A =

a

By=F—Ay=F€

Now we make a cut at an arbitrary (variable) distance x from A where x < a (see fig. 8.30).
Carrying out the force balance and the moment balance about point A, we get, for 0 <

x < a,
a
Ay=F(1_E)

Vx=F(1—%>x

|4

(8.4)

M (8.5)
Thus V is constant for all x < a but M varies linearly with x.

Now we make a cut at an arbitrary x to the right of load F, i.e., a < x < ¢. Again,
from the force balance in the vertical direction, we get

V=—F+F<1—%)=—F§ (8.6)
and from the moment balance about point A,
M = Fa+Vx
= Fa-— F%x
- Fa (1 - %) . (8.7)

Although eqn. (8.5) is strictly valid for x < a and eqn. (8.7) is strictly valid for x > a,
substituting x = a in these two equations gives the same value for M(= Fa(l — a/t))
as it must because there is no reason to have a jump in the bending moment at any point
along the length of the beam. The shear force V, however, does jump because of the
concentrated load F at x = a.

Now, we plugina = ¢ /4 = 0.5m, and F = 100N, in eqns. (8.4)—(8.7) and plot V and
M along the length of the beam by varying x. The plots of V(x) and M(x) are shown in
fig. 8.31.
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Chapter 8. 9
SAMPLE 8.10 Shear force and bending moment diagrams by super- 50N/m 100N
position: For the cantilever beam and the loading shown in the figure, TTTTT VT U
draw the shear force and the bending moment diagrams by A 100N B Im

1. considering all the loads together, and | — |

3
2. considering each load (of one type) at a time and using superposi- ! " \
tion. Figure 8.32

Solution

1. V(x) and M(x) with all forces considered together: The horizontal forces acting at
the end of the cantilever are equal and opposite and, therefore, produce a couple.
So, we first replace these forces by an equivalent couple Map iea = 100N - 1m =
100 N-m. Since we have a cantilever beam, we can consider t}ile right hand side of
the beam after making a cut anywhere for finding V and M without first finding
the support reactions.

Let us cut the beam at an arbitrary distance x from the right hand side. The free-
body diagram of the right segment of the beam is shown in fig. 8.33. From the force
balance, Y F = 0, we find that

-Vj+qxj = 0
> V = gx (8.8)
= (50N/m)x.

Thus the shear force varies linearly along the length of the beam with

Vix=0) = 0,
and V(x=3m) = 150N.

The moment balance about point C, ), M c= 0, gives

N X - N
—Mk —qx - 5 k+M,, k=0
where the moment due to the distributed load is most easily computed by consid-

ering an equivalent concentrated load gx acting at x/2 from the end B. Thus,

x2
= M = Mapplied - q? (89)

x2
100N-m ~ SON/m - =-.

(8.10)

Thus, the bending moment varies quadratically with x along the length of the
beam. In particular, the values at the ends are

M(x = 0) 100N-m
and M(x =3m) = -—125N-m.

The shear force and the bending moment diagrams obtained from eqns. (8.8) and
(8.9) are shown in fig. 8.34. Note that M = 0 at x = 2m as given by eqn. (8.9).
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V(x) and M(x) by superposition: Now we consider the cantilever beam with only
one type of load at a time. That is, we first consider the beam only with the uni-
formly distributed load and then only with the end couple. We draw the shear force
and the bending moment diagrams for each case separately and then just add them
up. That is superposition.

So, first let us consider the beam with the uniformly distributed load. The free-
body diagram of a segment CB, obtained by cutting the beam at a distance x from
the end B, is shown in fig. 8.35. Once again, from force balance, we get

V =qx foro<x<¢ (8.11)

and from the moment balance about point C, Y’ M. = 0, we get

x x?
M=—qx-§=—q7 foro<x<?. (8.12)

Figure 8.36 shows the plots of V and M obtained from eqns. (8.11) and (8.12), re-
spectively, with the values computed from x = 0 to x = 3m with ¢ = 50N/m as
given.

Now we take the beam with only the end couple and repeat our analysis. A cut
section of the beam is shown in fig. 8.37. In this case, it should be obvious that
from force balance and moment balance about any point, we get

vV =0

and M = M

Thus, both the shear force and the bending moment are constant along the length
of the beam as shown in fig. 8.37.

Now superimposing (adding) the shear force diagrams from Figs. 8.36 and 8.37,
and similarly, the bending moment diagrams from Figs. 8.36 and 8.37, we get the
same diagrams as in fig. 8.38.

v v
M) |150 v M) 150
B _
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M
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Figure 8.38:
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