Chapter 7.

SAMPLE 7.1 Springs in series versus springs in parallel: Two springs
with spring constants k; = 100 N/m and k, = 150 N/m are attached to-
gether in their relaxed state (with no applied force) as shown in Fig. 7.11.
In case (a), a vertical force F = 10 N is applied at point A, and in case (b),
the same force is applied at the end point B. Find the force in each spring
for static equilibrium. Also, find the equivalent stiffness for (a) and (b).

Solution In static equilibrium, let Ay be the displacement of the point of application of

the force in each case. We can figure out the forces in the springs by writing force-balance
equations in each case.

« Case (a): The free-body diagram of point A is shown in Fig. 7.12. As point A is
displaced downwards by Ay, spring 1 gets stretched by Ay whereas spring 2 gets
compressed by Ay. Therefore, the forces applied by the two springs, k;Ay and
Ak,y, are in the same direction. Then, the force balance in the vertical direction,
j- O F = 0), gives:

F = F,+F,=(k +k)Ay
= Ay = F = 10N =0.04m
k,+k, ~ (100 + 150)N/m
= F, = kAy=100N/m-0.04m =4N
= F, = k,Ay=150N/m-0.04m =6N.

The equivalent stiffness of the system is the stiffness of a single spring that will un-
dergo the same displacement Ay under F. From the equilibrium equation above,

it is easy to see that,
F

k, = Ay =k, +k,=250N/m.
F, =4N, F,=6N, k,=250N/m
+ Case (b): The free-body diagrams of the two springs are shown in Fig. 7.13 along
with that of point B. In this case both springs stretch as point B is displaced down-
wards. Let the net stretch in spring 1 be y, and in spring 2 be y,. y, and y, are
unknown, of course, but we know that

Y +y, =A4Ay.

Now, using the free-body diagram of point B and writing the force balance equation
in the vertical direction, we get F = k,y,, and from the free-body diagram of spring
2, we get k,y, = k,y,. Thus the force in each spring is the same and equals the
applied force, i.e.,

F, =k,y; =F=10N and F,=k,y,=F =10N.

The springs in this case are in series. Therefore, their equivalent stiffness, k,, is

-1 -1
1 1 1 1
¢ (kl k2> (IOON/m 150N/m> /m

Note that the displacements y, and y, are different in this case. They can be easily
found from y, = F/k, and y, = F/k,.

F,=F,=10N, k, =60N/m

Comments: Although the springs attached to point A do not visually seem to be in par-
allel, from a mechanics point of view they are parallel. Springs in parallel have the same
displacement but different forces. Springs in series have different displacements but the

same force.
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k F SAMPLE 7.2 Stiffness of three springs: For the spring networks shown
(a) in Fig. 7.14(a) and (b), find the equivalent stiffness of the springs in each

A 2k case, given that each spring has a stiffness of k = 20 N/m.
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Figure 7.14 Solution

1.
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In Fig. 7.14(a), all springs are in parallel since all of them undergo the same dis-
placement Ax in order to balance the applied force F. Each of the two springs on
the left stretches by Ax and the spring on the right compresses by Ax. Therefore,
the equivalent stiffness of the three springs is

k, =k +k + 2k = 4k = 80kN/m.

Pictorially,
Ax Ax Ax
Ij:;?gk ermv“l W M4k N
k 2k
Figure 7.15:
Kequiv = 80kN/m

In Fig. 7.14(b), the first two springs (on the left) are in parallel but the third spring
is in series with the first two. To see this, imagine that, in equilibrium, point A
moves to the right by Ax, and point B moves to the right by Ax,. Then each of the
first two springs has the same stretch Ax, while the third spring has a net stretch
= Axy — Ax,. Therefore, to find the equivalent stiffness, we can first replace the
two parallel springs by a single spring of equivalent stiffness k, = k+k = 2k. Then
the springs with stiffnesses k, and 2k are in series and therefore their equivalent
stiffness k; is found as follows:

1o 1,1 _ 1.1 _1
ke k, 2k 2k 2% k
=> k, = k=20kN/m
Axy Axp Axy Axg AXp
A 2k - 2k 2k k
Figure 7.16:
Kequiy = 20kN/m

© 2026 Andy Ruina & Rudra Pratap



Chapter 7.

SAMPLE 7.3 Stiffness vs strength: Which of the two structures (net-
work of springs) shown in the figure is stiffer and which one has more
strength if each spring has stiffness k = 10kN/m and strength T, =
10kN.

Solution In structure (a), all the three springs are in parallel. Therefore, the equivalent
stiffness of the three springs is

k,=k+k+k=3k=30kN/m.

For figuring out the strength of the structure, we need to find the force in each spring.
From the free-body diagram in Fig. 7.18 we see that,

kAx + kAx +kAx = F
F
> Ax = —.
3k
Therefore, the force in each spring is
F
Fs = kAx = g

But the maximum force that a spring can take is (F,),,, = T, = 10kN. Therefore, the
maximum force that the structure can take ( i.e., the strength of the structure), is

F,.. = 3T, = 30kN.
Stiffness = 30kN/m, Strength = 30 kN

Now we carry out a similar analysis for structure (b). There are four parallel chains
in this structure, each chain containing two springs in series. The stiffness of each chain,
k., is found from

=+
&=

1 2
k, k
k(.‘

[ el

=> = 5kN/m.
So, the stiffness of the entire structure is
ky=k,+k.+k, +k, =4k, =20kN/m.

From the free-body diagram shown in fig. 7.19, we find the force in each spring to be F/4
. Therefore, the maximum force that the structure can take is

F, . = 4T, = 40kN,
Stiffness = 20 kN/m, Strength = 40kN

Thus, structure (a) is stiffer but structure (b) is stronger (higher strength).
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Figure 7.21

SAMPLE 7.4 Zero length springs are special. A rigid and massless
rod OAB of length 2 m supports a weight W = 100 kg hung from point B.
The rod is pinned at O and supported by a zero length (in relaxed state)
spring attached at mid-point A and point C on the vertical wall. Find the
equilibrium angle 6 and the force in the spring.

Solution The free-body diagram of the rod is shown in Fig. 7.21 in an assumed equilib-
rium state. Let A = —sin 61 + cos 8 j be a unit vector along OB. The spring force can be
written as F; = k¥, /a (since AC is a zero-length spring, the stretch in the spring is |7, / Al
We need to determine 6 and F,.

Let us write moment equilibrium equation about point O, i.e., Y, M 0= 0,

Fyo XW +F, o X E, =0.

Noting that
?B/O = fi, ?A/O = Ei’
E = ki, =k(@F.—T))
ot
= k(h]— 51),
we get,
~ R € . €5 N
mx(—wj)+zzxk h]—z/l = 0
—WEA X)) +kh§(ixj) = 0.

Dotting this equation with Ax ), we get,

—W€+kh§ = 0
= kh = 2W.

Thus the result is independent of 6! As long as the spring stiffness k and the height 4 of
point C are such that their product equals 2W, the system will be in equilibrium at any
angle. This, however, is in general not possible if AC is not a zero-length spring.

Equilibrium is satisfied at any angle if kh = 2W
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SAMPLE 7.5 Deflection of an elastic structure: For the two-spring
structure shown in the figure, find the deflection of point C when

1. F = 1Ni,
2. F = 1N},
3. F = 30Ni + 20N},
The spring stiffnesses are k; = 10kN/m and k, = 20kN/m.

Solution Let A¥ = Axi + Ay j be the displacement of point C of the structure due to the
applied load. We can figure out the deflections in each spring as follows. Let 4 Ac and ch
be the unit vectors along AC and BC, respectively (see fig. 7.24). Then, the change in the
length of spring AC due to the (assumed small) displacement of point C is (see page 393
for a discussion)

A

A, - AF (this s the key equation)
i-(Axi+ Ayj) = Ax.
Similarly, the change in the length of spring BC is
Dpe = Ay AF
= (cosBi—sinfj)- (Axi+ Ayj) = Axcos6 — Aysinb.

AC

Now we can find the force in each spring since we know the deflection in each spring.

Force inspring AC =F, = kAx (7.8)

Force in spring BC = F, k,(Ax cosf — Aysin©). (7.9)

The forces in the springs, however, depend on the applied force, since they must satisfy
static equilibrium. Thus, we can determine the deflection by first finding F, and F, in
terms of the applied load and substituting in the equations above to solve for the deflection
components.

1. Deflections with unit force in the x-direction:

LetF = f 1 = 1Ni, (we have adopted a special symbol f for the unit load). Then,
from the free-body diagram of the springs and the end pin shown in fig. 7.23 and
the force equilibrium (3] F = 0), we have,

fii—F,i+F,(—cos6i+sin6j) = 0.
Dotting this eqn. with j and i, respectively, we get,

F, = 0
F, = f.=1N.

Substituting these values of F, and F, in eqns. (7.8) and (7.9), and solving for Ax

and Ay we get,
1
Ax _ X,
( Ay >A | Lecote S
F=f i k,

Substituting the given values of 6, k;, and f, = 1N, we get

(7.10)

AF = Axi+ Ayj = (1001 + 173 ) x 10 m.
AF = (100i + 173j) X 10~ m
2. Deflections with unit force in the y-direction: We carry out a similar analysis for this

case. We again assume the displacement of point C to be A¥ = Axi + Ay j. Since
the geometry of deformation and the associated results are the same, eqns. (7.8)
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and (7.9) remain valid. We only need to find the spring forces from the static equi-
librium under the new load. From the free-body diagram in Fig. 7.25 we have,

(=F, — F,cos0)i + (F,sin@ + F)j = 0 (7.11)
F
(711} - F,=——
fean.71D}-j = F=-——
{eqn. (7.11)} -1 > F, = —F,cos6 = Fcotf.
Fz Substituting these values of F; and F, in terms of F = f, in eqns. (7.8) and (7.9),
we get
fy
Fz TF fyeotd = kAx > Ax=k—cot6
1
4—-—\)JJJ\/—-—> C 1y
Fy ky Fy —— = ky(Axcos® — Aysin9)
sin 6
Figure 7.25 1 fy
A = A 6
> Y sm@( o +kzsin6>
= f, (kil cot’ 0 + kizcsc2 6).
Thus,
1
—cot6
Ax k, o
= . 7.12
( Ay >A . L cot? 0+ +csc?6 Iy (7.12)
F=f,J ky ky

Substituting the values of 6, k;, k,, and f » = 1N, we get
AF = Axi + Ayj = (1731 + 500j) x 10~ m
AF = (1731 + 500) x 10~ m

3. Deflection under a general load: Since we have already got expressions for deflec-
tions in the x and y-directions under unit loads in the x and y-directions, we can
now combine the results (using superposition, see page 263) to find the deflection
under any general load F = F,i+F,jasfollows.

- Ax Ax Ax
F=1i F=1j
_ kit ki'cotd F,
| ktcoté  kitcot?6 +k;tesc?6 |\ F, |

Once again, substituting all given values and F, = 30N and F, = 20N,
we get
AF = (6.41 + 15.2j) X 10~ m.

AF = (6.4i + 15.3j) X 10 m

Note: The matrix obtained above for finding the deflection under a general load is called
the compliance matrix of the structure. Its inverse is the stiffness matrix K of the structure.

K is used to find forces given deflections.
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