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SAMPLE 7.1 Springs in series versus springs inparallel: Two springs

with spring constants k1 = 100N_m and k2 = 150N_m are attached to-

gether in their relaxed state (with no applied force) as shown in Fig. 7.11.

In case (a), a vertical force F = 10N is applied at point A, and in case (b),

the same force is applied at the end point B. Find the force in each spring

for static equilibrium. Also, �nd the equivalent sti�ness for (a) and (b).

Solution In static equilibrium, let �y be the displacement of the point of application of

the force in each case. We can �gure out the forces in the springs by writing force-balance

equations in each case.

� Case (a): The free-body diagram of point A is shown in Fig. 7.12. As point A is

displaced downwards by �y, spring 1 gets stretched by �y whereas spring 2 gets

compressed by �y. Therefore, the forces applied by the two springs, k1�y and

�k2y, are in the same direction. Then, the force balance in the vertical direction,

�| � .
³ Ç

F =
Ç

0/, gives:

F = F1 + F2 = .k1 + k2/�y

Ù �y =
F

k1 + k2
=

10N

.100 + 150/N_m
= 0:04m

Ù F1 = k1�y = 100N_m � 0:04m = 4N

Ù F2 = k2�y = 150N_m � 0:04m = 6N:

The equivalent sti�ness of the system is the sti�ness of a single spring that will un-

dergo the same displacement �y under F. From the equilibrium equation above,

it is easy to see that,

ke �
F

�y
= k1 + k2 = 250N_m:

F1 = 4N; F2 = 6N; ke = 250N_m

� Case (b): The free-body diagrams of the two springs are shown in Fig. 7.13 along

with that of point B. In this case both springs stretch as point B is displaced down-

wards. Let the net stretch in spring 1 be y1 and in spring 2 be y2. y1 and y2 are

unknown, of course, but we know that

y1 + y2 = �y:

Now, using the free-body diagramof point B andwriting the force balance equation

in the vertical direction, we get F = k2y2, and from the free-body diagram of spring

2, we get k2y2 = k1y1. Thus the force in each spring is the same and equals the

applied force, i.e.,

F1 = k1y1 = F = 10N and F2 = k2y2 = F = 10N:

The springs in this case are in series. Therefore, their equivalent sti�ness, ke, is

ke = H 1

k1
+

1

k2
I
*1

= H 1

100N_m
+

1

150N_m
I
*1

= 60N_m:

Note that the displacements y1 and y2 are di�erent in this case. They can be easily

found from y1 = F_k1 and y2 = F_k2.

F1 = F2 = 10N; ke = 60N_m

Comments: Although the springs attached to point A do not visually seem to be in par-

allel, from a mechanics point of view they are parallel. Springs in parallel have the same

displacement but di�erent forces. Springs in series have di�erent displacements but the

same force.
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SAMPLE 7.2 Sti�ness of three springs: For the spring networks shown

in Fig. 7.14(a) and (b), �nd the equivalent sti�ness of the springs in each

case, given that each spring has a sti�ness of k = 20N_m.

Solution

1. In Fig. 7.14(a), all springs are in parallel since all of them undergo the same dis-

placement �x in order to balance the applied force F. Each of the two springs on

the left stretches by �x and the spring on the right compresses by �x. Therefore,

the equivalent sti�ness of the three springs is

kp = k + k + 2k = 4k = 80 kN_m:

Pictorially,

2 k

2 k 2 k 4 k

k

k
x∆ x∆ x∆

Figure 7.15:

kequiv = 80 kN_m

2. In Fig. 7.14(b), the �rst two springs (on the left) are in parallel but the third spring

is in series with the �rst two. To see this, imagine that, in equilibrium, point A

moves to the right by �xA and point B moves to the right by �xB. Then each of the

�rst two springs has the same stretch �xA while the third spring has a net stretch

= �xB * �xA. Therefore, to �nd the equivalent sti�ness, we can �rst replace the

two parallel springs by a single spring of equivalent sti�ness kp = k+k = 2k. Then

the springs with sti�nesses kp and 2k are in series and therefore their equivalent

sti�ness ks is found as follows:

1

ks
=

1

kp
+

1

2k
=

1

2k
+

1

2k
=

1

k

Ù ks = k = 20 kN_m:

2 k 2 k 2 k  kk
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Figure 7.16:

kequiv = 20 kN_m
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SAMPLE 7.3 Sti�ness vs strength: Which of the two structures (net-

work of springs) shown in the �gure is sti�er and which one has more

strength if each spring has sti�ness k = 10 kN_m and strength T
0
=

10 kN.

Solution In structure (a), all the three springs are in parallel. Therefore, the equivalent

sti�ness of the three springs is

ka = k + k + k = 3k = 30 kN_m:

For �guring out the strength of the structure, we need to �nd the force in each spring.

From the free-body diagram in Fig. 7.18 we see that,

k�x + k�x + k�x = F

Ù �x =
F

3k
:

Therefore, the force in each spring is

Fs = k�x =
F

3
:

But the maximum force that a spring can take is .Fs/max = T0 = 10 kN. Therefore, the

maximum force that the structure can take ( i.e., the strength of the structure), is

Fmax = 3T0 = 30 kN:

Sti�ness = 30 kN_m; Strength = 30 kN

Now we carry out a similar analysis for structure (b). There are four parallel chains

in this structure, each chain containing two springs in series. The sti�ness of each chain,

kc, is found from

1

kc
=

1

k
+

1

k
=

2

k

Ù kc =
k

2
= 5 kN_m:

So, the sti�ness of the entire structure is

kb = kc + kc + kc + kc = 4kc = 20 kN_m:

From the free-body diagram shown in �g. 7.19, we �nd the force in each spring to be F/4

. Therefore, the maximum force that the structure can take is

Fmax = 4T0 = 40 kN:

Sti�ness = 20 kN_m; Strength = 40 kN

Thus, structure (a) is sti�er but structure (b) is stronger (higher strength).
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SAMPLE 7.4 Zero length springs are special. A rigid and massless

rod OAB of length 2m supports a weightW = 100 kg hung from point B.

The rod is pinned at O and supported by a zero length (in relaxed state)

spring attached at mid-point A and point C on the vertical wall. Find the

equilibrium angle � and the force in the spring.

Solution The free-body diagram of the rod is shown in Fig. 7.21 in an assumed equilib-

rium state. Let �� = *sin ��{ + cos � �| be a unit vector along OB. The spring force can be

written as
Ç

Fs = kÇrC_A (since AC is a zero-length spring, the stretch in the spring is ðÇrC_Að).
We need to determine � and Fs.

Let us write moment equilibrium equation about point O, i.e.,
³ Ç

MO =
Ç

0,

ÇrB_O �
Ç

W + ÇrA_O �
Ç

Fs =
Ç

0:

Noting that

ÇrB_O = l ��; ÇrA_O =
l

2
��;

Ç

Fs = kÇrC_A = k.ÇrC *
ÇrA/

= k 0h �| *
l

2
��1 ;

we get,

l �� � .*W �|/ +
l

2
�� � k 0h �| *

l

2
��1 =

Ç

0

*Wl. �� � �|/ + kh
l

2
. �� � �|/ =

Ç

0:

Dotting this equation with . �� � �|/, we get,

*Wl + kh
l

2
= 0

Ù kh = 2W:

Thus the result is independent of �! As long as the spring sti�ness k and the height h of

point C are such that their product equals 2W, the system will be in equilibrium at any

angle. This, however, is in general not possible if AC is not a zero-length spring.

Equilibrium is satis�ed at any angle if kh = 2W
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SAMPLE 7.5 De�ection of an elastic structure: For the two-spring

structure shown in the �gure, �nd the de�ection of point C when

1.
Ç

F = 1N�{,

2.
Ç

F = 1N �|,

3.
Ç

F = 30N�{ + 20N �|,

The spring sti�nesses are k
1
= 10 kN_m and k

2
= 20 kN_m.

Solution Let �Çr = �x�{ + �y �| be the displacement of point C of the structure due to the

applied load. We can �gure out the de�ections in each spring as follows. Let ��
AC

and ��
BC

be the unit vectors along AC and BC, respectively (see �g. 7.24). Then, the change in the

length of spring AC due to the (assumed small) displacement of point C is (see page 393

for a discussion)

�
AC

= ��
AC

� �Çr (this is the key equation)

= �{ � .�x�{ + �y �|/ = �x:

Similarly, the change in the length of spring BC is

�
BC

= ��
BC

� �Çr

= .cos ��{ * sin � �|/ � .�x�{ + �y �|/ = �x cos � * �y sin �:

Now we can �nd the force in each spring since we know the de�ection in each spring.

Force in spring AC = F1 = k1�x (7.8)

Force in spring BC = F2 = k2.�x cos � * �y sin �/: (7.9)

The forces in the springs, however, depend on the applied force, since they must satisfy

static equilibrium. Thus, we can determine the de�ection by �rst �nding F1 and F2 in

terms of the applied load and substituting in the equations above to solve for the de�ection

components.

1. De�ections with unit force in the x-direction:

Let
Ç

F = fx �{ = 1N�{, (we have adopted a special symbol fx for the unit load). Then,

from the free-body diagram of the springs and the end pin shown in �g. 7.23 and

the force equilibrium (
³ Ç

F =
Ç

0), we have,

fx �{ * F1 �{ + F2.* cos ��{ + sin � �|/ =
Ç

0:

Dotting this eqn. with �| and �{, respectively, we get,

F2 = 0

F1 = fx = 1N:

Substituting these values of F1 and F2 in eqns. (7.8) and (7.9), and solving for �x

and �y we get,

H �x

�y
I
Ç

F=f
x
�{

= r̀p
1

k
1

1

k
1

cot �

asq
fx : (7.10)

Substituting the given values of �; k1, and fx = 1N, we get

�Çr = �x�{ + �y �| = .100�{ + 173 �|/ � 10*6m:

�Çr = .100�{ + 173 �|/ � 10*6m

2. De�ections with unit force in the y-direction: We carry out a similar analysis for this

case. We again assume the displacement of point C to be �Çr = �x�{ + �y �|. Since

the geometry of deformation and the associated results are the same, eqns. (7.8)
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and (7.9) remain valid. We only need to �nd the spring forces from the static equi-

librium under the new load. From the free-body diagram in Fig. 7.25 we have,

.*F1 * F2 cos �/�{ + .F2 sin � + F/ �| =
Ç

0 (7.11)

^eqn. (7.11)` � �| Ù F2 = *
F

sin �
^eqn. (7.11)` � �{ Ù F1 = *F2 cos � = F cot �:

Substituting these values of F1 and F2 in terms of F = fy in eqns. (7.8) and (7.9),

we get

fy cot � = k1�x Ù �x =
fy

k1
cot �

*
fy

sin �
= k2.�x cos � * �y sin �/

Ù �y =
1

sin �
H�x cos � + fy

k2 sin �
I

= fy H 1

k1
cot2 � +

1

k2
csc2 �I :

Thus,

H �x

�y
I
Ç

F=f
y
�|

= r̀p
1

k
1

cot �

1

k
1

cot2 � +
1

k
2

csc2 �

asq
fy : (7.12)

Substituting the values of �; k1; k2, and fy = 1N, we get

�Çr = �x�{ + �y �| = .173�{ + 500 �|/ � 10*6m:

�Çr = .173�{ + 500 �|/ � 10*6m

3. De�ection under a general load: Since we have already got expressions for de�ec-

tions in the x and y-directions under unit loads in the x and y-directions, we can

now combine the results (using superposition, see page 263) to �nd the de�ection

under any general load
Ç

F = Fx �{ + Fy �| as follows.

�Çr = H �x

�y
I = Fx � H �x

�y
I
Ç

F=1�{

+ Fy � H �x

�y
I
Ç

F=1 �|

= L k*1
1

k*1
1

cot �

k*1
1

cot � k*1
1

cot2 � + k*1
2

csc2 �
M H Fx

Fy

I :
Once again, substituting all given values and Fx = 30N and Fy = 20N,

we get

�Çr = .6:4�{ + 15:2 �|/ � 10*3m:

�Çr = .6:4�{ + 15:3 �|/ � 10*3m

Note: The matrix obtained above for �nding the de�ection under a general load is called

the compliancematrix of the structure. Its inverse is the sti�nessmatrixK of the structure.

K is used to �nd forces given de�ections.
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