Chapter 6.

SAMPLE 6.12 The braced X-frame shown in the figure carries two ver-
tical loads F; = 2kN and F, = 3kN. Points G and H are directly above
points A and B respectively. If d = h = 2m, find the tension in the brace
CD.

Solution The brace CD is pinned to the X-frame at C and D. The only loads acting on
the brace are at its ends C and D. Therefore, it is a two-force body. Let us assume that the
tension in brace is C,. We need to find C, under the given loads.

The free-body diagram of the whole frame is shown in fig. 6.57. Since the frame is
supported by a hinge at A and a roller at B, there are three scalar support reactions acting
on the frame. We can now determine all the three reactions from the static analysis of the
frame:

D F.=0 => A, =0
>M,=0 > B,d—F,d=0
=> B, =F,
>.F, =0 = A,=F +F,-B,=F,.

Thus all the reactions are known. Now we can analyze either bar AH or bar BG (the
analysis is identical) to determine the tension C, in the brace. The free-body diagram of
bar AH is shown in fig. 6.58. Since we are only interested in C,,, we can carry out moment
balance about point E (3 My = 0) to give

ng—Fzg—Ay% = 0
> G = AR +A)
2(F, + Fy)
= 2(3kN+2kN)
= 10KkN. Ax=

Thus the tension in the brace is twice the total load on the structure.

Tension in brace CD = 10 kN Figure 6.58
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SAMPLE 6.13 The frame shown in the figure is supported by hinges at
both A and B. Bar GE is as long as the base AB and bar BH is pinned to GE
at the mid point H. Brace CD is pinned at D, the mid-point of bar BH, and
is orthogonal to bar BH. The load on the structure, F = 1kN, is applied
at E, at an angle o = 60°. Given thatd = 2m, h = 3 m, find the forces on
the inclined bar BH and the support reactions at A and B.

[Note: Usually, determinate framed structures are made up of overhangs
and extensions on a rigid triangle. This structure is an example of a frame
that does not contain any rigid triangle. |

Solution The given structure has hinges at both A and B. Therefore, there are four scalar
support reactions, two each at A and B. So, from the free-body diagram of the whole struc-
ture, we cannot determine all support reactions. In fact, the free-body diagram of each
rod will have more than three unknown forces (you can check this mentally). Thus, we
are not likely to find all unknown forces on a bar without analyzing other bars. Since bar
CD is a two-force member bar, it only contributes one scalar force, the tension in this rod.
Now, there are two unknown scalar forces at each pin joint, A, B, G, and H, and one force
at C and D (the same force). Thus we have nine unknown scalar forces. We have three
bars AG, GE, and BH, each with three independent scalar equations of static equilibrium.
Thus we have nine independent equations in nine unknowns. Therefore, we can solve
for all the unknown forces.

Consider the free-body diagram of bar GE. The static equilibrium of this bar requires

> My =0 = G,(d/2)—Fsina(d/2) =0
=> Gy=Fsinor
> F, =0 = ~G,+H,—Fsina =0
=> Hy=Fsinoz+Gy=2Fsinoc
DF, =0 = H,—G,—Fcosa=0. (6.21)

Thus we have found G, and H,, but only a relationship between G, and H,. Since G, and
H, are colinear, we cannot solve for them from the static analysis of bar GE alone. Now,
let us consider bar AG (or bar BH; does not make a difference). The equilibrium analysis

of this bar gives

> F, =0 = A, +G, +Repsind =0 (6.22)
D M. =0 > Ah, —G.h,=0 (6.23)
DF, =0 => A, +G, +Rppcosf =0. (6.24)

Since none of these equations contains only one unknown, we cannot solve for these
forces from the equilibrium equations of bar AG alone. Note that we have written these
equations in terms of h,, h,, and 6, thus far, undetermined geometric variables. However,
we can easily find them from the given geometry. Now let us analyze bar BH.

> F, =0 = B, —H,—Repsind =0 (6.25)

DF, =0 > B,—H,—R.,cos6=0 (6.26)
h d

> M, =0 > (H, +B)5 +(H,+B,)7 =0 (6.27)
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So, now we have seven independent equations, eqns. (6.21)-(6.27), in seven unknowns
— A, A, BB, Rcp, G, and H, (we have already solved for G, and Hy). ‘We can solve
these seven equations on a computer.

Before we go to the computer, let us find the undetermined geometric quantities h,
and h,. From fig. 6.63, we see that

h, = Z-A

+A

[ ST Il Y ey

h, =

where A = d'tan6, d’ = 3d/4,and 6 = tan_l(d/zh). Now, we are ready to solve the
seven equations on a computer.

% input given quantities

d=2; h=3; F=1; alpha = pi/3;

% Define other used quantities in the equations

Delta = 3*d~2/(8%h);

hi = h/2 - Delta; h2 = h/2 + Delta;

theta = arctan(0.5*d/h);

% Input equations

egset = { Hx - Gx = Fxcos(alpha)
Ay + RCD*sin(theta) = -Fxsin(alpha)
Axxhl - Gx*h2 = 0
Ax + Gx + RCD*cos(theta) = 0
By - RCD*sin(theta) = 2*F*sin(alpha)
Bx - Hx - RCD*cos(theta) = 0
(Hx+Bx)*h/2 + By*d/4 = -Fxd/2*sin(alpha) }

solve egset for Ax, Ay, Bx, By, Gx, Hx, and RCD

Including the values of G, and H, obtained from the first two equations of equilibrium of
bar GE, we get the following values for all unknown forces from the computer solution.

A, =323kN
A, =075kN
B, =-273kN
B, =0.12kN
Ry, =-5.11kN
G, =162kN
G, =087kN
H, =212kN
H, =173kN

Rep = —5.11kN
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— & ¢,

Figure 6.65: Free-body diagram of the

whole chair.

Some geometry:

d, =, +¢t,/2)cosqa,

d, =(t,/2)cos(a) + ¢, cos &, and

d, =¢,cosa —¢,cosp.

From the law of sines we also have:
(@ + t¢,)sin(a)

= ~ 28.92cm.
4 sin(8)

SAMPLE 6.14 An easy-chair uses a curved frame as shown in the small
picture in fig. 6.64. To simplify geometry, we can model the chair with
straight bars as shown in the figure. Of special significance is the small pin
at E that is rigidly attached to bar CDH and slides with negligible friction
on bar ABD (see inset). This pin keeps the chair from collapsing and bears
a large load. Assume the pin is € = 2.5 cm away from joint D towards B
along bar ABD.

Figure 6.64: Dimensions: £, = 45cm, ¢, = 60cm, ¢, = 30cm, ¢, = 40cm, ¢ = 2.5cm,
a =15°, 5 =45°and § = 70°. Loads: F; = 500N and F, = 200 N. F, acts in the middle
of bar segment BD and F, acts at G.

Solution First, referring to the figures, there is still some geometry needed. We can find
y and ¢ ¢ by looking at the position of G relative to H two ways. One is directly from H to
G. The other is going from H to E, then E to B, and then B to G. Writing this as a vector
equation we get:

_ | €5cos(B)+ ¢, cos(ar) — €5 cos(5)

cos(y)
| —¢,sin(B) + ¢, sin(a) — €5sin(S) |

om = 6|: sin(y)

The right hand side has all given quantities. Look at this vector equation as two scalar
equations. Square the first and add it to the square of the second gives ¢, ~ 72.85cm.
Applying this to either of the two equations then gives y = 25.97°.

Because the chair is supported by a hinge at A and a roller at B, there are three scalar
support reactions. So, we can determine them from the static analysis of the whole chair
frame. The free-body diagram of the chair is shown in fig. 6.65. The moment and force
equilibrium equations give

>.F, =0 = A, =0

>M, =0 > C,(d, +d,) — F,(d,) — Fy(d,) =0
> e

2 F, =0 = A, =F, +F,-C,.

From the given geometry,

d, =~ 7244cm
d, = 3887cm
d, =~ 2225cm.

Substituting these dimensions above with their numerical values, we get

C, =365N, and A, =335N.
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The support reactions are thus determined. To find the force on the pin E, we can use
either bar ABD or bar CDH. In either case however, we have more unknown forces on
the bars than we can determine from the equilibrium equations of that bar alone. So, we
will have to use equilibrium of some other bar as well. Note that bar GH is a two-force
body. Therefore, the tension in this rod can be shown as a single scalar force R;;,;. Let us
now analyze the equilibrium of bar BGIJ since it has only three unknown forces on it (see
fig. 6.66). The moment and force equilibrium equations give
DMg;=0 = F,(¢;cosB)—Rgy(tsin(y +p)) =0
F,(cos
> Ry = Z(—ﬁ) = 150 N.
sin(y + f8)
D.F,=0 = B, =Ry, cosy=134N
> F,=0 = B =-B =-134N (Notef =45°)
Now that we know A4, A, B, and B,, we can analyze bar ABD and determine the rest of J*
the unknown forces on it including the force in the pin E, R;; (see the free-body diagram
in fig. 6.67): F
y Reou_— N
ZMD =0 = —A,(d, +d;) = B,ds + B.h + Fdg + Rye =0 14 \ '\‘\@H
X G* (PN
A,(d, +ds) + B,ds — B,h — Fd, N8 N\
= E = c B
R N
>F, =0 => B, +D, +Rysina =0 KgcosﬁB
> D, = —-B, —R;sina Y
>.F,=0 = D, =Rycosa—A,—B, +F,. Figure 6.66
From geometry, 6
A )
d, = ¢, cosa By' 1 'R tD b
d = ¢ B L ||k
. = ¢,cosa NS s y
d, = d;/2=(f,/2)cosa ,?.ﬁa ’ I_X
A g
h = ¢,sina. ) “

Substituting these variables with their numerical values above, we get

R; ~ 3826 N, D,~—1125N, and D, ~ 3826N.

A, =0,A4,=335N,C), =365N,R; = 3826 N

Check: equilibrium of bar CDH

We can check for consistency by seeing if the equilibrium equations for bar CDH are
satisfied, and they are (arithmetic not shown).

Z F.=0 = —D, —Rpsin(a) —Rgy cos(y) =0  (Checks!)
Z F,=0 = C, =D, + Rgcos(at) — Ry sin(y) =0 (Checks!)
ZM =0 = €,c08(8)C, — €R; + €5sin(y + )Rz, =0 (Checks!)
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Figure 6.67: Free-body diagram of bar
ABD. Note that d, = ¢, cosa, d; =
t,cosa, dg = dy/2 = (¢,/2)cosa,
and h = ¢,sina.
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Figure 6.68

Figure 6.70

SAMPLE 6.15 A stack of three cylinders in static equilibrium?
Three identical cylinders, each of mass m and radius R, are stacked such
that the top cylinder rests on the lower two cylinders. The two cylinders at
the bottom do not touch each other. The coefficient of friction, between
the cylinders and between the cylinders and the ground, is u. Find the
minimum value of u so that the three cylinders are in static equilibrium.

Solution We seek the forces for equilibrium. Knowing the forces, we can find the needed
friction coefficient u.

The free-body diagrams of the upper cylinder and the lower right cylinder (why the
right cylinder? No particular reason.) are shown in fig. 6.69. The contact forces, ﬁ'E and
E,, act on the upper cylinder at points E and D, respectively. Each contact force can be
thought of as a force normal N to the contact surface plus a tangential friction force F,.
From the free-body diagrams, we see that each cylinder is a three-force body. Therefore,
all the three forces — the two contact forces and the force of gravity — must be concurrent.
This requires, for both cylinders, that the two contact forces must intersect on the vertical
line passing through the center of the cylinder (the line of action of the force of gravity).
Now, if we consider the free-body diagram of the lower right cylinder, we find that force
F‘D has to pass through point B since the other two forces intersect at point B. Thus, we
know the direction of force F,. Note that ODB is a straight line.

Let ¢ be the angle between the contact force F’D and the normal to the cylinder surface
at D. Now, from geometry, 2C;DO+£C,0D+0C,D = 180°. But, ¢ = 2C,DO = £C,0D.
Therefore,

1 1
¢ = 5(180°~20C;D) = 2(£GC,D)
1 o o
= 330°=15

where 2GC,D = 30° follows from the fact that C,C,C, is an equilateral triangle and C,G
bisects £ C,C,C,.

Note that ¢ is the friction angle between the surface normal and the friction force.
Somewhat surprisingly, this same ¢ is the friction angle for both for F}, and for Fj. Now,
from fig. 6.70, we see that
F sB_ F sD
F nB F, nD '

But, the force of friction F; < uN. Therefore,

tang =

M >tan¢ = tan 15° = 0.27.

The friction coefficient must be at least 0.27 if the three cylinders have to be in static
equilibrium.

M >0.27
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