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21.2 3D dynamics of a rigid body

Momenta and energy of rigid bodies

The kinematics formulas we have developed allow us to calculate veloci-

ties and accelerations of points on a rigid body. We can therefore calculate

themotion quantities: themomenta, their rates of change, and kinetic en-

ergy (and its rate of change). The three basic laws of mechanics that are

at our disposal are:

É
Ç

F = �Ç
L; Linear momentum balance

É
Ç

M
C

= �Ç
H
_C
; Angular momentum balance

É
.Power in/ =

d

dt
.EK/ +

d

dt
.EP/

+Dissipation rate; Energy/power balance

In order to be a master of mechanics, all you need is to be able to e�ec-

tively use these three equations for a variety of systems. One who knows

how to e�ciently and accurately evaluate both sides of these equations in

terms of knowns and reasonably de�ned unknowns is an ace mechanic.

One who, in addition, knows how to solve these equations is an ace pro-

grammer and/or mathematician.

Our emphasis in this book is on systems that can be idealized as a

particle or a rigid body or a system of rigid bodies. So, once you know

how to get the forces and moments from the free-body diagram and once

you know the masses and moments of inertia, then you need to �nd the

accelerations of the centers of mass, the angular velocities, and angular

accelerations of the various bodies.

For each body,

�Ç
L = m

Ç

acm;

�Ç
H
_C

=
Ç

rcm_C � m
Ç

acm +

�Ç
Hcm©­­­­­®­­­­­ª

Ç

! �
Ç

Hcm
«̄ ¬

BBM
Ç

Hcm = [I
cm
] �

Ç

!

+[I
cm
] �

Ç

�; and

EK =
1

2
m
Ç

vcm �

Ç

vcm +
1

2
Ç

! �

�
[I

cm
] �

Ç

!
�

So, as repeatedly mentioned in this chapter, the trick is to evaluate
Ç

acm,
Ç

!, and
Ç

� in terms of the natural variables in the problem.

The keys to make appropriate use of these formulae are:
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Ç

!
C_F =

Ç

!
B_F +

Ç

!
C_B;

Ç

�
C_F =

Ç

�
B_F +

Ç

�
C_B +

Ç

!
B_F �

Ç

!
C_B;

Ç

vP_F =
Ç

v0¨_F +
Ç

!
B_F �

Ç

rP_O¨ +
Ç

vP_B; and

Ç

aP_F =
Ç

a0¨_F +
Ç

!
B_F � .

Ç

!
B_F �

Ç

rP_O¨/ +
F �Ç!

B_F �
Ç

rP_O¨

+
Ç

aP_B + 2
Ç

!
B_F �

Ç

vP_B:

Alternatively, the second, third, and fourth formulae may be e�ectively

derived on an ad-hoc basis by use of the more fundamental formulae

F �Ç
Q =

Ç

!
B_F �

Ç

Q (for any
Ç

Q �xed in B)

on various base vectors.

Now, we look at �nding the linear and angular momenta for a rigid

bodyusing the 3-D example of the crane in�g. 21.19. The crane is a system

of connected bodies moving in well de�ned ways relative to each other

and to the ground.

21.4
�

Ç

H for a rigid body

We can now derive the formula for rate of change of angular

momentum of a rigid body B about some point C using the ` �
Ç

Q

formula'

�Ç
H
_C

=
d

dt
.
Ç

H
_C
/

=
d

dt

bffff
d
Ç

r
cm_C �m

Ç

v
cm

+

[Icm]�Ç!
B©­­­­­®­­­­­ªÉ

Ç

r
i_cm � Çv

i_cmmi

cgggg
e

= �Çr
cm_C �m

Ç

v
cm

«­­­¯­­­¬
Ç

0

+Çr
cm_C �m

Ç

a
cm

+
d

dt

�
[Icm] �

Ç

!
B

�

= Ç

r
cm_C �m

Ç

a
cm

§

+ Ç

!
B
�
�
[Icm] �

Ç

!
B

�
+ B

d

dt

�
[Icm] �

Ç

!
B

�
«­­­­­­­­­­­­­¯­­­­­­­­­­­­­¬

���

d

dt

�
[Icm] �

Ç

!
B

�
using

the �Ç
Q formula

= Ç

r
cm_C �m

Ç

a
cm

+ Ç

!
B
�
�
[Icm] �

Ç

!
B

�

+ B
d

dt
[Icm]

«­­¯­­¬
Ç

0

B
BM

[Icm] is constant inB

+[Icm] �

B �Ç!
B

= Ç

r
cm_C �m

Ç

a
cm

+ Ç

!
B
�
�
[Icm] �

Ç

!
B

�
+ [Icm] �

B �Ç!
B

= Ç

r
cm_C �m

Ç

a
cm

+ Ç

!
B
�
�
[Icm] �

Ç

!
B

�
+ [Icm] �

�Ç!
B

In the last step of calculation, we have used the important fact

about angular acceleration of a body:

F �Ç!
B_F = B �Ç!

B_F + Ç

!
B_F � Ç!

B_F
«­­­¯­­­¬

Ç

0

= B �Ç!
B_F :

That is, the derivative with respect to time of Ç!
B_F is the same in

F as in B.
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Example: Mechanics of a rigid body in a mechanism (3-D): A crane,

again

Wewould like to �nd the rate of change of linear momentum of the boom, �
Ç

L
A
,

and the rate of change of angular momentum of the boom about pointO, �ÇH
A_O.

Assume the massm
A
and the moment of inertia matrix [I

cm
]
A
are both known.

We have

�ÇL
A

= m
A

Ça
G
; and

�ÇH
AO

=
Çr
G_O �m

A

Ça
G
+ [I

cm
]
A
�
Ç�
A
+
Ç!
A
�

�
[I

cm
]
A
�
Ç!
A

�
:

So, we must �nd Çr
G_O,

Ça
G
, Ç!

A
, and Ç�

A
. Here we go. First, we �nd Çr

G_O

Çr
G_O =

Çr
O¨_O +

Çr
G_O¨

=

Ç

r
O¨_O

©­­­®­­­ª

d�{ + .2s + h/ �|+

Ç

r
G_O¨

©­­­­­®­­­­­ª

l

3
.cos��{¨ + sin� �|¨/ :

Next, we �nd Ç!
A

Ç!
A
=
Ç!
B
+
Ç!
A_B = �� �|¨ + �� �k¨:

Then, we �nd Ç�
A

Ç�
A
=
Ç�
B
+
Ç�
C_B +

Ç!
B
�
Ç!
C_B = �� �|¨ + �� �k¨ + �� ���{¨:

Finally, we �nd Ça
G

Ça
G
=
Ça
O¨ +

Ç!
A
� .

Ç!
A
�
Çr
G_O¨ / +

Ç�
A_F �

Çr
G_O¨ +

Ça
G_B + 2

Ç!
B
�
Çv
G_B:

At this point, we see several terms that we need to evaluate to plug into this

formula. Here they are:

Ça
O¨ = �d�{;

Çv
G_B =

Ç!
A_B �

Çr
G_O¨ ;

=
l

3
��.cos� �|¨ * sin��{¨/; and

Ça
G_B =

Ç!
A_B � .

Ç!
A_B �

Çr
G_O¨ / +

Ç�
A_B �

Çr
G_O¨ ;

=
l

3
.* �� sin� + ��2 cos�/�{¨ +

l

3
. �� cos� * ��2 sin�/ �|¨:

So, we can plug in and �nd the absolute acceleration of the center-of-mass of

body A

Ça
G

= �d�{ +
l

3

�
*. �� sin� + . ��2 + ��2/ cos�/�{¨

+. �� cos� * ��2 sin�/ �|¨ + .2 �� �� sin� * �� cos�/ �k¨
�
:

Thus, for the crane boom, nowwe have Çr
G_O,

Ç!
A
, �Ç!

A
, and Ça

G
in terms of known

dimensions, position vectors, and the angular rates ��, and ��, and their deriva-

tives �� and ��. So, now we can evaluate �ÇL
A
and �ÇH

A_O.

Yes � this situation is a mess! Rigid body calculations in three dimensions

lead to bigmessy equations. There are a few special cases where things simplify.

Some of these situations are shown in the sample problems and the homework.

A note of caution: When back substituting with the formulae given, be sure

that the same base vectors are used for [I
cm
] as for Ç!

A
and Ç�

A
.
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SAMPLE 21.7 An axisymmetric body with precession and spin. A

uniform circular disk of mass m = 2kg is mounted on gimbals which in

turn is mounted on a horizontal shaft. The disk spins about its normal

axis of symmetry. The spin axis makes an angle � = 15
ý

with the hori-

zontal shaft. The shaft rotates at a constant speed !1 = 60 rpm: The disk

spins with respect to the gimbals at a constant speed !2 = 120 rpm: The

moment of inertia of the disk about its diameter is A = 10 kg�m2 and the

moment of inertia of the disk about its normal is B = 20 kg�m2: At the

instant shown, �nd

1. the angular momentum
Ç

H_G of the disk,

2. the rate of change of the angular momentum �Ç
H_G of the disk.

Solution Let xyz be the coordinate axes attached to the inertial frame and x¨y¨z¨ be the

coordinate axes attached to the gimbals G such that z¨ is aligned with the spin axis of the

disk. Therefore, at the instant shown,

�{¨ = cos��{ * sin� �k; �|¨ = �|; �k¨ = sin��{ + cos� �k: (21.12)

1. Angular momentum: The angular momentum of the disk is given by

Ç

H_G = [I
cm
]�Ç!D

where [I
cm
] is the moment of inertia matrix of the disk about its center-of-mass

and Ç!D is the absolute angular velocity of the disk.

Now the absolute angular velocity of the disk

Ç!D = Ç!G +
Ç!D_G

where Ç!G = !1
�k = 60 rpm �k = 2� rad_s �k;

Ç!D_G = !2
�k¨ = 120 rpm �k¨ = 4� rad_s �k¨:

The principal moments of inertia for the disk are given. We have chosen the body

axes x¨y¨z¨ along the principal axes (i.e. x¨y¨ along the two diameters of the disk

and z¨ along the normal of the disk). Therefore in the x¨y¨z¨ coordinate system

[I
cm
]x¨y¨z¨ =

bffd
A 0 0

0 A 0

0 0 B

cgge
Where A = 10 kg�m2 and B = 20 kg�m2. Since the inertia matrix is written in the

body coordinate system, we need to express Ç!D also in the body coordinate system

to carry out the product [I
cm
]�Ç!D:

Now Ç!D = !1
�k + !2

�k¨;

and from Fig. 21.20 we can write �k = *sin��{¨ + cos� �k¨; therefore,

Ç!D = .*!1 sin�/�{
¨ + .!2 + !1 cos�/

�k¨:

So,

Ç

H_G = [I
cm
]�Ç!D =

bffd
A 0 0

0 A 0

0 0 B

cgge
h
lj

*!1 sin�

0

!2 + !1 cos�

i
mk

= .*A!1 sin�/�{
¨ + B.!2 + !1 cos�/

�k¨: (21.13)
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2 Chapter 21.

Substituting the given values of !1; !2; A; B and � we get

Ç

H_G = [*16:26�{¨ + 372:71 �k¨] kg�m2_ s

Although we have the answer we need, it is expressed in terms of the body coor-

dinate system's basis vectors. We can easily express
Ç

H_G in the �xed coordinate

system using Eq 21.12:

Ç

H_G = [*16:26.cos��{ * sin� �k/ + 372:71.sin��{ + cos� �k/]N�m� s

Ç

H_G = .80:76�{ + 364:22 �k/N�m� s

2. Rate of change of angular momentum: The rate of change of angular momen-

tum of the disk about point G is given by

�ÇH_G = [I
cm
]� �Ç!D + Ç!D � [I

cm
]�Ç!D (21.14)

Thus, to compute �ÇH_G , we need the angular acceleration of the disk �Ç!D.

�Ç!D = �Ç!G +
�Ç!D_G

= �Ç!1
«̄ ¬

0

�k + �Ç!2
«̄ ¬

0

�k¨ + Ç!1
�k � Ç!2

�k¨

«­­­­­­¯­­­­­­¬
�Ç
!
D_G

= !1!2.
�k � �k¨/ = !1!2.* sin��{¨ + cos� �k¨/ � �k¨ = !1!2 sin� �|¨:

Here, we calculated �Ç!D in the body coordinate system because we need to calculate

[I
cm
]� �Ç!D and we know [I

cm
] in the body coordinate system. Thus the �rst term in

�ÇHcm is

[I
cm
]� �Ç!D =

bffd
A 0 0

0 A 0

0 0 B

cgge
h
lj

0

!1!2 sin�

0

i
mk
= A!1!2 sin� �|¨:

The second term in �ÇH_G is obtained by taking the cross product of Ç!D expressed in

the body coordinate system with the expression for
Ç

H_G given by Eq 21.13:

Ç!D � [I
cm
]�Ç!D = Ç!D �

Ç

H_G

= [.*!1 sin�/�{
¨ + .!2 + !1 cos�/

�k¨] � [.*A!1 sin�/�{
¨ + B.!2 + !1 cos�/

�k¨]

= .B * A/!1 sin�[!1 cos� + !2] �|
¨:

Adding the two terms together we get

�ÇH_G = A!1!2 sin� �|¨ + .B * A/!1 sin�[!1 cos� + !2] �|
¨

= [.B * A/!1 cos� + B!2]!1 sin� �|¨: (21.15)

Substituting B = 20 kg � m2; A = 10 kg � m2; !1 = 2� rad_s; !2 =

4� rad_s and � = 15
ý

we get the answer

�ÇH_G = 507:41N�m �|.
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Figure 21.22: The origin G is at the

center-of-mass of the disk in this prob-

lem.

SAMPLE 21.8 Torque free motion of an axisymmetric rigid body

Consider the gimbal-mounted disk of sample 21.7 again. Assume that

the net torque on the disk is zero. That is, for what motions could the

gimbals be eliminated and have the motion proceed?

1. Derive an expression for the ratio of the two angular speeds,
!1

!2

, for

the torque free motion of the disk.

2. Assume � to be very small. What is the ratio of the angular speeds

for the given disks (or any �at axisymmetric object with B = 2A)?

Solution

1. The angular momentum balance for the disk about point G gives:É
Ç

MG = �ÇHG

We are given that the net torque on the disk must be zero, i.e.,
³ Ç

MG = �ÇHG =
Ç

0.

We found an expression for �ÇHG in the previous sample problem (see Eq 21.15 of

Sample 21.7) to be:

�ÇHG = [.B * A/!1 cos� + B!2]!1 sin� �|:

Now under the torque free condition,

�ÇHG =
Ç

0

Ù .B * A/!1 cos� = *B!2

Ù

!1

!2

=
B

.A * B/ cos�
(21.16)

2. for small �, cos� ù 1: Also, for the disk, B = 2A. Substituting these values into

the above expression for
!
1

!
2

, we get

!1

!2

=
2A

A * 2A
= *2

That is, the rate of precession is twice the rate of relative spin. Also, if Ç!1 = !1
�k,

then Ç!2 = *
!
1

2

�k¨.

!
1

!
2

= *2

Comments: The results obtained here are more general than they seem. In particular, it

can be shown that the most general motion of a torque free axisymmetric body satis�es

Eq 21.16. If you throw a coin in the air it wobbles according to the motion described as

constant rate motion about an axis that itself rotates at a constant rate.

In case (b), the absolute angular velocity is !1
�k+ !2

�k¨ which is !1k+.*
!
1

2
/k

¨
which

is approximately
!
1

2
k
¨
. So, thewobble rate!1 is twice the spin rate

!
1

2
for �at round objects

in torque free motion.
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(a)

(b)
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y′
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�γ
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ωγ
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Figure 21.23

1 Without calculation, could you

have predicted that the kinetic energy

in case (a) would be greater than in

case (b)?

SAMPLE 21.9 Calculation of energy. In the �gures shown, the rigid

arm AB rotates with constant angular velocity 
 = 5 rad_s and the disk
D rotates with respect to the arm at constant angular speed ! = 10 rad_s.
Assume that the rigid arm is massless. The uniform disk has a mass of
2 kg and measures 50 cm along the diameter. Find the kinetic energy of
the system in each case.

Solution Case (a): The motion of the disk is in 2-D . Therefore, the kinetic energy of the

disk is

EK =
1

2
mv2cm +

1

2
Icmzz !

2

Where vcm is the speed of the center-of-mass of the disk and ! is the magnitude of the ab-

solute angular velocity of the disk. Since the center-of-mass of the disk executes constant-

speed circular motion with radius L = 1m,

vcm = 
L = 5 rad_s � 1m = 5m_s:

The absolute angular velocity of the disk is

Ç!D = 
 �k + !�k = .
 + !/ �k:

Therefore, the angular speed of the disk is !D = 
 + ! = 15 rad_s: Substituting these

values andm = 2kg and Icmzz =
1

2
mr2 = 0:0625 kgm2; we get

EK =
1

2
� 2 kg � .5m_s/2 +

1

2
� .0:0625 kgm2/ � .15 rad_s/2 = 32N�m

EK = 32N�m

Case (b): The motion of the disk is in 3-D. The kinetic energy is now given by

EK =
1

2
mv2cm +

1

2
Ç!D � .[I

cm
] �

Ç!D/

The translational part of the energy is the same as in case (a). For the rotational part, note

that Ç!D = 
 �k + ! �|¨ = 
 �k + ! �|; and 1

[I
cm
] =

1

4
mr2

bffd
1 0 0

0 1 0

0 0 2

cgge
:

Therefore, the rotational kinetic energy is

1

2
Ç!D � .[I

cm
] �

Ç!D/ =
1

2
.
 �k + ! �|/ �

1

4
mr2

bffd
1 0 0

0 1 0

0 0 2

cgge
h
lj

0

!




i
mk

=
1

2
.
 �k + ! �|/ �

1

4
mr2.! �| + 2
 �k/

=
1

8
mr2.2
2 + !2/

= 2:34N�m

Therefore,

EK =
1

2
� 2 kg � .5m_s/2 + 2:34N�m ù 27N�m:

EK = 27N�m
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Figure 21.25: Free-body diagram of

the shaft and the disk system.
Ç
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Ç
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Figure 21.26: The center-of-mass of

the disc, point C, executes constant

rate circular motion about point O.

SAMPLE 21.10 Dynamic reactions. A uniform disk of massm = 2kg

and radius r = 0:5m is mounted on frictionless bearings on a `L' shaped

massless shaft OBC. The disk spins about its centroidal axis at a constant

rate !2 = 15 rad_s while the shaft rotates about O in the vertical plane

at a constant rate !1 = 3 rad_s. Given that L = 1m; R = 0:5m, �nd the

dynamic reactions at the support O at the instant shown in Fig. 21.24.

Solution Let us take the disk together with the massless shaft as our system. The free-

body diagram of this system is shown in Fig. 21.25. Since we are interested only in dy-

namic reactions, the force on the system due to gravity, i.e., the weight of the disk is ig-

nored (because this force induces static reactions). Now let us carry out the momentum

balance for our system.

From the linear momentum balance for the system,É
Ç

F = m
Çacm

Ç

R = m
ÇaC : (21.17)

Thus, we need to �nd the acceleration of point C, the center-of-mass of the disk, to evalu-

ate
Ç

R. Since point C is at the end of the shaft OBC, it rotates about point O with constant

speed !1, i.e. it executes constant rate circular motion with radius OC (see Figure 21.26)

and its motion lies in the xy-plane. Therefore,

ÇaC = �!1
«̄ ¬

0

�k � ÇrC * !2
1

ÇrC

= *!2
1
.L�{ + R �|/

= *9. rad_s/2 � .1m�{ + 0:5m �|/

= *.9:0�{ + 4:5 �|/m_s2:

Substituting the result in Eqn.( 21.17) we get

Ç

R = 2kg � .*9:0�{ * 4:5 �|/m_s2

= *18N�{ * 9N �|:

Ç

R = *18N�{ * 9N �|

To �nd
Ç

M let us do angular momentum balance for the system about point O:É
Ç

M
O

= �ÇH
_O

Ç

M = [I
cm
] �

�Ç!D + Ç!D � .[I
cm
] �

Ç!D/ +
ÇrC �m

ÇaC
«­¯­¬

=
Ç

0

(21.18)

where the last term is zero because ÇrCððÇaC (see Fig .21.26). Thus, to �nd
Ç

M we need to

�nd the absolute angular acceleration �Ç!D, the absolute angular velocity
Ç!D and [I

cm
] of

the disk.

Let us attach a frame B to the shaft OBC. Thus frame B rotates with the shaft with

angular velocity Ç!B = !1
�k. For calculations in the rotating frame, we attach a coordinate

system x¨y¨z¨ with basis vectors �{¨; �|¨; �k¨ to the shaft (and not to the disk) at point C (see
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O x

y

y′

ω1

B

C
x′

z′

z

Figure 21.27: The primed coordinate

system x¨y¨z¨ is glued to the rotating

frame B which rotates with the shaft

OBC with angular velocity Ç!B = !1
�k.

At the instant shown, the two coordi-

nate axes xyz and x¨y¨z¨ are parallel to

each other.

Fig .21.27). Note that the moment of inertia matrix [I
cm
] of the disk in the x¨y¨z¨ coordi-

nate system remains constant due to the symmetry of the disk about these axes and this

matrix in the primed coordinate system is written as

[I
cm
] =

mr2

4

bffd
1 0 0

0 2 0

0 0 1

cgge
:

Now we �nd the absolute angular velocity and angular acceleration of the disk:

Ç!D = Ç!B + Ç!D_B

= !1
�k + !2 �|:

�Ç!D = �Ç!B + �Ç!D_B + Ç!B � Ç!D_B

= �!1
«̄ ¬

0

�k + �!2
«̄ ¬

0

�| + !1
�k � !2 �|

= *!1!2 �{:

But, for the matrix and vector products in Eqn. (21.18) to be de�ned both quantitiesmust

be expressed in the same coordinate system. Since [I
cm
] is in the primed coordinate sys-

tem, we must express Ç!D and �Ç!D in the primed coordinate system. Fortunately, at the

instant of interest

�{¨ = �{; �|¨ = �|; �k¨ = �k:

Therefore, the components of any vector in the two coordinate systems are trivially the

same. Hence,

[I
cm
] �

�Ç!D =
mr2

4

bffd
1 0 0

0 2 0

0 0 1

cgge
h
lj

*!1!2

0

0

i
mk
= *

1

4
mr2!1!2 �{;

and similarly,

[I
cm
] �

Ç!D =
mr2

4
.2!2 �| + !1

�k/:

Therefore,

Ç!D � .[I
cm
] �

Ç!D/ = .!1
�k + !2 �|/ �

mr2

4
.2!2 �| + !1

�k/

=
mr2

4
.!1!2 �{ * 2!1!2 �{/

= *
1

4
mr2!1!2 �{:

Now substituting these expressions in Eqn. (21.18) we get

Ç

M = *
1

4
mr2!1!2 �{ *

1

4
mr2!1!2 �{

= *
1

2
mr2!1!2 �{

= *
1

2
.2 kg/ � 0:25m2

� 15 rad_s2 � 3 rad_s

= *11:25N�m:

Ç

M = *11:25N�m
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21.2 Instantaneous
dynamics and �inverse
dynamics� in 3-D

21.2.1 Under what circumstances is the
linear momentum of a system conserved
(that is, does not change with time)?

21.2.2 For a continuous system, where at
a given instant in time velocity depends
on position, Çv = Çv.Çx/, (a) how is linear
momentum de�ned? (b) How is rate of
change of linear momentum de�ned?

21.2.3 For what points C, with positions
ÇrC , are the balance of angular momen-

tum equations
³ Ç

M
C
= �ÇH

_C
, correct:

a) the origin,

b) the center of mass, and

c) any point anywhere?

21.2.4 Bead on a stationary 3-D wire.
A bead with mass m slides on a friction-
lesswire that is �xed in space. Thewire is
twisted and curved in complicated ways.
There is no gravity. The only force on
the bead comes from the wire. The ini-
tial speed of the bead is v0. Justify your
answers to the following questions with
text and/or equations. Add any extra as-
sumptions if you feel they are required.

a) Is it true that
Ç

F = mÇa (where
Ç

F is
the total force on the bead and a
its acceleration?)?

b) Is themomentumof the bead,mÇv,
constant?

c) Is the kinetic energy of the bead,
1

2
mv2, constant?

d) What is the speed of the bead at
t = 3 s?

e) Is the acceleration always such
that Ça � �et = 0 (where �et is the unit
tangent to the wire)?

f) Is the acceleration always such
that Ça� �en = 0 (where �en is the unit
normal to the wire)?

g) Using any notation you like to de-
scribe the wire shape, write an ex-

pression for the force
Ç

F on the
bead from the wire.

h) For a circular wire, what is the di-
rection of the force from the bead
on the wire?

i) For a helical wire, (say, Çr =

r0 cos ��{+r0 sin � �|+C�
�k/, what is

the direction of the force from the
bead on the wire? <

21.2.5 A 500 kg roller coaster car travels
along a track de�ned by the conical spi-

ral r = z, � = *2z. If �� = 2 rad_s is
constant, determine the force exerted on
the car by the track when z = 5meters.
Assume that the gravitational force acts
in the negative z direction. Remember to
express the force in vector form.

21.2.6 When do you use which term

in �ÇHO formula for a rigid body? To do
the angular momentum balance about

an arbitrary point O we write
³ Ç

M
O

=
�ÇH
_O

where the most general formula for

�ÇHO for one rigid body is

�ÇHO = Çrcm_o�m
Çacm+[I

cm]� �Ç!+Ç!�.[Icm]�Ç!/:

Give examples of motions of a rigid body
(youmay also use a point mass) in which

a) only one term at a time in the

above formula for �ÇHO survives
(three examples) and

b) only two terms at a time in the for-
mula survive (three examples).

21.2.7
(See also problems 21.1.17, 21.1.19, and
21.2.16.) Find the reaction supplied by
the environment to the system of bodies
ABD so that each body spins at a con-
stant rate in problem 21.1.11. <

21.2.8 Disk suspended at corner by a
ball and socket joint. See also prob-
lem 21.2.10. A disk with negligible mass
has two point masses glued to it. It is sta-
tionary and horizontal when it is allowed
to fall, but it is held back by a ball-and-
socket joint at one point on its perime-
ter. Just after the disk is released, what
is the acceleration of the point P? Is it up
or down? <

massless disk

P

R

m
x

y

z

m30o

Problem 21.2.8

21.2.9 A car driving in circles counter-
clockwise at constant speed so that its left
rear tire has speed vo (the middle of the
tire, that is, or the location of the ground
contact point.) The radius of the circle
that the tire travels on is Ro. The radius
of the tire is ro. Right next to the tire is the
car fender (i.e., the fender overlaps the
outer face of the tire). In fact the fender
is rubbing on the tire just a little, but not
quite enough to disturb any insects that
might be in the neighborhood).

a) What is the angular velocity of the
car? <

b) What is the angular velocity of the
tire relative to the car? <

c) What is the angular velocity of the
tire? <

d) What is the total torque applied to
the car (not including the tires as
part of the car, the rotating engine
is also massless) relative to the car
center of mass? <

e) What is the total torque on the car
relative to the center of the circle
around which it is traveling? <

f) What is the angular momentum
of the tire relative to its center of
mass (use any sensible model of
the tire, say a rigid disk.)? <

g) What is the rate of change of angu-
lar momentum of the tire (relative
to its center of mass)? <

h) What is the total torque of all the
forces applied to the tire from the
road and the car as calculated at
the center of the tire? <

i) A bug is climbing straight up on
the car fender named at speed
vg. At the instant of interest she

is right next to the center of the
wheel. What is her velocity and
acceleration? What is the total
force acting on her? <

j) Another bug is climbing on a
straight line marked on the tire at
constant speed vb. He is in the
middle of the tire at the instant
of interest. What is his absolute
velocity and acceleration? What
is the total force acting on him?
(Both bugs are at the same place at
the instant of interest and walking
on lines that are, at the moment,
parallel.)

k) Redo the problem, questions (a)
-(j), but this time the car speed
is increasing with acceleration ao.
Questions (a) - (j) of this problem

Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap 1
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are a special case of question (k).
You should check that your an-
swers from (k) reduce to the an-
swers in questions (a) - (j). Or, if
you are really cocky, you should
skip the �rst questions and only
do (k). Then, display your an-
swers for the special case ao = 0.

21.2.10 The moment of inertia ma-
trix. Reconsider the system of prob-
lem 21.2.8 � a disk with negligible mass
that has two point masses glued to it.

a) Find themoment of inertia matrix
[IO] of the system.

b) Find the angular acceleration of
the system when released from
rest in the con�guration shown.
You may use your answer from
problem 21.2.8.

21.2.11 A square plate in space. A uni-
form square plate with massm and sides
with length 2L is �oating stationary in
space. A force of magnitude F is sud-
denly applied to it at point A. Using the
coordinates shown the moment of iner-
tia matrix for this plate is:

[I_cm] =
mL2

3

bf
d
1 0 0
0 1 0
0 0 2

cg
e

a) What is the acceleration of the
center of the plate ÇaG?

<

b) What is the angular acceleration

of the plate �Ç! <

c) What is the acceleration of point B
ÇaB?

<

ı̂
ĵ

k̂

⇀
F

2L
2L

G

B

Problem 21.2.11

21.2.12 Force on a rectangular plate
in space. A uniform rectangular plate of
mass m = 10 lbm is �oating in space. A
force F = 5 lbf is suddenly applied at a
corner that is perpendicular to the plate.

a) Find the acceleration of the cen-
ter of mass of the plate. <Ça =

*16 f t_s2 �k

b) Find the angular acceleration of
the plate. <

c) Some of the plate accelerates in
the direction of the force and some
accelerates back towards the tail
of the force vector. What part of
the plate accelerates in the oppo-
site direction of the applied force?

F

x
1 ft 2 ft

y

z

m

Problem 21.2.12

21.2.13 Force ona squareplate. Acon-
stant force with magnitude F is applied,
in the direction shown in the yz plane,
to the corner B of a uniform square plate
with side length d and mass m. Before
the force is applied the plate is at rest in
space with no other forces applied to it.
Consider the time immediately after the
time of the force application.

a) What, in terms of m, F, d, �{, �|, �k,
and � is the acceleration of point
B?

b) For what angle � is the accelera-
tion of point B in the direction of
the force?

c) Find another direction for F so
that the force at B and the accel-
eration at B are parallel (not nec-

essarily in the �|- �k plane). [Phys-
ical reasoning will probably work
more easily than mathematical
reasoning.]

d) Find yet another direction for F so
that the force at B and the acceler-
ation at B are parallel (not neces-

sarily in the �|- �k plane).

z

x

y

B

d

d

m

⇀

F

φ

ı̂
̂

k̂

Problem 21.2.13

21.2.14
(See also problems 21.1.16, 21.1.18, and
21.2.15.) Find the reaction supplied by
the environment to the system of bodies
ABD so that each body spins at a con-
stant rate in problem 21.1.15.

21.2.15 (See also problems 21.1.16,
21.1.18, and 21.2.14.) Reconsider the sys-
tem in problem 21.1.15. Bodies A and
B are of negligible mass and bodyD is a
uniform disc of mass m. Find the angu-
lar momentum and rate of change of an-
gular momentum of the system of bodies
ABD about:

a) point G

b) point E.

Make reasonable assumptions aboutmo-
ments of inertia.

ω0


ω1


ω2


L


F


B

A


D,m


O


O′


C


C′


P


P′
G


Q


x
 y


z


E


r


Problem 21.2.15

21.2.16 (See also problems 21.1.17,
21.1.19, and 21.2.7.) Reconsider the sys-
tem in problem 21.1.11. Bodies A and
B are of negligible mass and bodyD is a
uniform disc of mass m. Find the angu-
lar momentum and rate of change of an-
gular momentum of the system of bodies
ABD about:

a) point G <

b) point E. <

Make reasonable assumptions aboutmo-
ments of inertia.

ω0

ω1

ω2

L

F

B
A

D,m

O

O'
C

C'

P

P'

G

x y

z

E

r

Problem 21.2.16
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21.2.17 Reconsider problem 21.2.26. A
thin uniform disk D of mass m = 2kg
and radius r = 0:2m is mounted on a
massless shaft AB as shown in the �g-
ure. Rod CO is welded to the shaft and
has negligible mass. The shaft rotates at
a constant angular speed 
 = 120 rpm
about the positive x-axis. The disk spins
about its own axis at a constant rate ! =
60 rpm with respect to the shaft (or bar
CO). Find the dynamic reactions on the
bearings at A and B at the instant shown.
<

1 m

A B

D
C

0.4 m
m = 2 kg
r = 0.2 m

O

�

ı̂

ĵ
k̂

ω

Problem 21.2.17

21.2.18 A bead P rides on a frictionless
thin circular hoop of radius R. The hoop
rotates about its diameter at a constant
angular speed ! in the vertical plane.

Find, in terms of �; �� and ! and base vec-
tors youde�ne (a) the velocity of the bead
(a vector) and (b) the acceleration of the
bead (a vector).

P

R

ω

θ

Problem 21.2.18

21.2.19 A thin rod of massm and length
L moves while making contact with the
frictionless surface (the �e1 * �e2 plane) at
its tip A, as shown in the �gure. � is as-
sumed to be constant and the rod always
remains in the �e3; �er plane.

a) What is the kinematical relation
between the velocity of the center
ofmass, ÇvG , and the angular veloc-
ity of the rod, Ç!?

b) Obtain the equations of motion of
the rod in terms of the speed of
point A and the angle �.

The unit vectors �e<
1
and �e<

3
lie in the

. �e3 * er/ plane and �e<
2
is normal to the

. �e3 * �er/ plane. The starred basis vectors
are written in terms of the standard basis
as follows:

�er = cos � �e1 + sin � �e2;

�e<
1

= sin� �e3 + cos� �er;

�e<
3

= cos� �e3 + sin� �er; and

�e<
2

= *sin � �e1 + cos � �e1:

ê1 ê2

ê3

G

m,L

A

θ êr

*ê2

*ê3

*ê1

φ

g

Problem 21.2.19

21.2.20 A cosmonaut who is otherwise
free tomove in 3-dimensional space�nds
himself stuck to the surface of a giant sta-
tionary cylinder with slippery magnets.
There is no friction and (net) gravity is
negligible. � and z are cylindrical coor-
dinates that are aligned with the cylinder
and mark the position of the cosmonaut
relative to the cylinder. The cylinder has
radius a. A nearby astronaut notes that

at time t = 0: � = �0,
�� = ��0, z = z0,

and �z = �z0. What does she predict for
the location of the cosmonaut (the val-
ues of � and z) at an arbitrary later time
t? You can assume that both the cylinder
and the astronaut were stationary in the
same Newtonian (inertial) frame.

z

x
y

θ

Problem 21.2.20

21.2.21You are an astronaut in free space
and your jet pack is no longer operating.
You wish to reorient your body in order
to face the central government buildings
so as to salute your national leaders be-
fore reentering the atmosphere. Discuss
whether this maneuver can be done in
terms ofmomentum, energy, or other dy-
namical concepts. (You are free to move
your arms and legs, but you are not al-
lowed to throw anything.) [For aliens
and those less patriotic, the same prob-
lem arises in the case of a trampoline
jumper who decides to change direction
in mid-air. Is it possible?]

21.2.22 A collar slides on the rigid rod
ABC that has a 30ý bend at B as shown in
the �gure. The collar is currently at point
D on the rod. The rod ABC is held by
�xed hinges that are aligned with the z-
axis, and rotates at the constant rate!1 =
2 rad_s. The collar has massmD = 1kg.

a) Assume a mechanism not shown
constrains the collar to slide out
along the rod at the constant rate
u = 1m_s (u is the distance along
the rod traveled per unit time).
What is the net force that acts on
the collar when it is 1m from B?

b) Assume that the contact between
the collar and the rod is friction-
less and that no forces act on the
collar besides those due to the rod
(e.g. neglect gravity). At the in-
stant shown in the picture, as-
sume that u = 1m_s (because
of some initial conditions not dis-
cussed here) but is not necessarily
constant in time. What is the ac-
celeration of the collar?

Bead slides on rigid bent rod.
Rod in yz-plane at instant shown.

z

u

x

y

30o

D

C

O

B

A

1m

0.5m

ω1

ω1 = 2 rad/s = const.
mD = 1 kg

Problem 21.2.22
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21.2.23 Abi�lar pendulum is formed of a
rod of length a andmassm, supported by
two �laments of length l and separation
2b. What is the frequency of small `tor-
sional' oscillations about a vertical axis
though the rod's mid-point 0?

b

2b

a

O

m

�

g

Problem 21.2.23

21.2.24A tri�lar pendulum is formed of a
thin horizontal disk of radius a andmass
m, hung by three wires a distance l be-
low the ceiling. The wire attachments
are equally spaced on the perimeter of
the disk. The attachment points on the
ceiling form an equilateral triangle.

a) If the support wires are vertical
what is the period of oscillation?

b) Howbig should the triangle on the
ceiling be to minimize the period
of oscillation?

c) To maximize the period of oscilla-
tion?

21.2.25 Sometimes thrown footballs (and
frisbees too!) wobble and sometimes
they spin smoothly. Describe as best you
can why these motions di�er.

21.2.26 See also problem 21.2.17. A thin
uniform disk D of mass m = 2kg and
radius r = 0:2m is mounted on a mass-
less shaft AB as shown in the �gure. Rod
CO is welded to the shaft and has neg-
ligible mass. The shaft rotates at a con-
stant angular speed 
 = 120 rpm about
the positive x-axis. The disk spins about
its own axis at a constant rate! = 60 rpm
with respect to the shaft (or barCO). Find
the absolute angular velocity and accel-
eration of the disk. <

1 m

A B

D
C

0.4 m
m = 2 kg
r = 0.2 m

O

�

ı̂

ĵ
k̂

ω

Problem 21.2.26

21.2.27 A thin circular disk of mass m
and radius R is mounted on a thin light
axle, coincident with its axis of symme-
try. The axle is supported by bearings A
and B attached to a turntable, as shown
in the �gure. The turntable spins at
a constant speed 
 about �e3, while the
disk spins about its axle at a constant
speed � relative to the turntable (via mo-
tors not shown). The radial unit vector
er = cos.
t/ �e1 + sin.
t/ �e2 is �xed to
the turntable and aligned with �e1 at time
t = 0. Compute the vertical components
of the reaction forces at A and B.Will the
reaction forces change with time?

A

A R

aL

B

B

ê1

ê2

ê3

ê3

êr

êr

µ

µ

�

�
The êr -ê3 plane (side view)

g

L

Problem 21.2.27

21.2.28 Steady precession of a spin-
ning disk. A uniform disk of mass m =
2kg and radius R = 0:25m is rigidly
mounted on a massless axle AB which
is supported by frictionless bearings at A
and B. The axle, in turn, is mounted on a
massless semi-circular gimbal as shown
in the �gure. The gimbal rotates about
the vertical x-axis, which passes through
the center of the disk D, at a constant rate

 = 2 rad_s. The axle AB is spinning at
a constant rate ! = 120 rpmwith respect

to the gimbal. At the instant shown, the
axle is aligned with the z-axis and the
disk D is in the xy-plane. Ignore gravity.
At the instant of interest:

a) What is the angular velocity Ç!
D
of

the disk? <

b) What is the angular acceleration
of the disk? <

c) What is the net torque required to
keep the motion going? <

d) What are the reaction forces at the
bearings A and B? <

ω

O

A
D

B

m = 2kg
R = 0.25m

ı̂

ĵ k̂
�

0.5m

Problem 21.2.28

21.2.29 A cyclist rides a �at, circular
track of radius r = 150 f t at a constant
tangential speed of v = 22 f t_s on 27 Ë
diameter wheels. Assuming that the bi-
cycle is vertical, determine the total an-
gular velocity and angular acceleration of
the wheel of the bike in the sketch (the
rest of the bicycle is not shown). Use the
coordinates given in the sketch.

r
ı̂ĵ

k̂

x

z

y
v

Problem 21.2.29

21.2.30 Rolling disk presses down. A
rigid disk (idealized as �at) with radius R
and mass m is rigidly attached (welded)
to a rigid massless stick with length L
which is connected by a ball-and-socket
joint to the support at pointO. Thewheel
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rolls on a horizontal surface. Point O is
at the height of the center of the wheel.
The stick revolves around O at a rate of
!. Say gravity is negligible and, even
though the wheel is rolling, you may as-
sume there are no frictional forces act-
ing between the wheel and the horizon-
tal surface. What is the vertical reaction
on the bottom of the wheel? <

weldO L

x

y
z

ball and
socket

B
ω R

Problem 21.2.30

21.2.31 In problem 21.1.13, �nd the
angular momentum and rate of change
of angular momentum of the two disks
about point O. Assume that the mass of
each disk ism.

O y

z
R

x

R

rr

�

ı̂

ĵk̂

CD

Problem 21.2.31

21.2.32 A vehicle of mass m, width b,
and height h rolls without slip along a
road which runs into the page(along the
z-axis.) The inertial properties about the
vehicle center of mass are Icmxx ,I

cm
yy ,I

cm
zz ,

and Icmxy = Icmxz = Icmyz = 0. Make

additional assumptions as needed to get
an answer to the problem. Compute the
contact forces acting on each wheel nor-
mal to the road in the following cases:

a) The vehicle moves at constant
speed v along a straight road.

b) The vehicle moves at constant
speed v along a circular road (ra-
dius �) curving to the left. Does
the right or left wheel experience
the larger force?

b

Rear end view

h

wheel

y

x
y

Problem 21.2.32

21.2.33A car drives counter-clockwise in
circles at constant speed V. The radius
of the circle that the left rear wheel trav-
els on is R. The radius of the wheel is
r. Just when the wheel is rolling due
north a pebble of massm, which is stuck
in the tread, is passing directly above the
wheel axle. (You should assume that the
wheel axle is horizontal, that the wheel
rolls without slip and that the wheel de-
formation and gravity are negligible.) At
this instant, what is the force that the
tread causes on the pebble? Resolve this
force into east, north and upwards com-
ponents. [Hint: several intermediate cal-
culations are probably required.]

21.2.34 A child constructs a spinning
top from a solid sphere with radius a
andmassm attached to a massless rod of
length 2d. The sphere pivots freely about
O. It is set spinning with a constant rate
�� and precessing with a constant rate � .
The top of the rod is held by a horizontal
cord.

Note: The moments of inertia of
a solid sphere of mass m and radius
a about any axis through the center is
.2_5/ma2. (All products of inertia are
zero, due to symmetry.)

a) Using an axis system attached as
shown (z lies along the shaft, x is
out of the page and y is chosen to
produce a right-handed system),
write the body's angular velocity Ç!

aswell as the angular velocity
Ç


 of
the moving coordinate system rel-
ative to inertial space.

b) What is the sphere's inertia tensor
about O?

c) What is the top's angular momen-
tum about O?

d) Compute the tension in the cord.

zcord

y

d

d

ψ̇γ

θ

φ

Problem 21.2.34

21.2.35 A thin disk of mass m and ra-
dius R is connected by amassless shaft of
length L to a free swivel joint at O. The
disk spins about the shaft at rate ! and
proceeds in a steady slowprecession (rate

) about the vertical.

a) Write the disk's inertia tensor
about O. Specify the axes that you
have chosen.

b) Write the disk's angular momen-

tum about O,
Ç

H
_O
, in the same co-

ordinate system.

c) Calculate the rate of change of an-

gular momentum about O, �
Ç

H
_O
.

d) Compute the precession rate
 for
the slow precession case (! ¸ 
).

R
m

OL

θω

�

Problem 21.2.35

21.2.36 Spinning and precessing top.
(hard question) The picture schemati-
cally shows what is going on when a
spinning top is in steady precession. The
top is, approximately, spinning at con-
stant rate about its symmetry axis. This
axis is in turn (so to speak) rotating about
the y axis at a constant rate. This rotation
about the y axis is called precession. The
angular momentum vector thus changes
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in time as the top precesses and the an-
gular momentum vector also precesses.
The picture is a reasonable approxima-
tion if the top is rotatingmuch faster than
it is precessing. The picture is not ac-
curate if the precession rate is not much
smaller than the rotation rate. Here are
some questions to help you see why.

a) If the top is precessing as well as
spinning what is the direction of
the angular velocity vector?

b) What is the direction of the angu-
lar momentum vector of the top?
Is it parallel to the top's axis? Is
it parallel to the angular velocity
vector?

c) Howdoes the angularmomentum
vector di�er from that shown in
the �gure?

d) Does this di�erence a�ect any pre-
dictions about the precession rate
of a spinning top?

e) Assume the top is on a pedestal
and is horizontal as it precesses.
In this case the correct precession
rate is predicted by the naive/ap-
proximate theory that the angular
momentum is just that due to spin
and that this vector precesses with
the top axis. Why does this simpli-
�cation happen to work?

x

y

z

⇀
H

˙⇀H

O

Problem 21.2.36

21.2.37 An amusement park ride con-
sists of two cylinder-shaped cars of
length l = 8 f t and radius r = 3 f t
mounted at opposite ends of a long arm
of length 2h = 20 f t which is pivoted at
its center as shown in the �gure. The arm
is constrained to rotate about the hori-
zontal axle O * O. Each car can also ro-
tate about its own axis. Car A, presently
at the top of its �ight, is spinning (much
to the discomfort of its occupants) on its
own axis as shown at a constant rate of
!2 = 5 rad_s relative to the vertical arm.

The vertical arm is rotating about axis
O * O at the rate !1 = 0:5 rad_s in the
direction shown, as seen by a ground ob-
server. The point P, located at x = a =
2 f t and z = b = 1 f t and representing
a point in the inner ear of a passenger,
is undergoing absolute velocity and ac-
celeration ÇvP and ÇaP, respectively. Find
the vectors ÇvP and

ÇaP. (If you are using a
moving coordinate system to determine
ÇvP and

ÇaP, state clearly how it moves).

b

L - b

Problem 21.2.37

21.2.38
buzzing coin If you drop a round coin
it will often go round and round progres-
sively faster before buzzing to a stop. In
terms of parameters you de�ne, what is
the frequency of this buzzing as a func-
tion of the tip angle? This problem is
more subtle than a straight-forward cal-
culation as there aremany solutions for a
coin rolling at a given tip angle in circles.
What feature picks out the solutions that
are observed with real coins?

21.2.39 Estimate the sideways force
(Pounds or Newtons) required for a per-
son to walk a straight marked path over
the North pole. Radius of earth ù 4000
miles ù 2 � 107 feet ù 6 � 106 meters.
Make other simplifying approximations
so that you can do the arithmetic with-
out a calculator.
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