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SAMPLE 21.1 Velocity and acceleration of a point on a spinning

and precessing body. A three-mass symmetric system is supported by

a fan-like structure (Fig. 21.7). The three masses spin about the horizon-

tal shaft at a constant rate ! = 10 rad_s. The horizontal shaft is rigidly

attached to a vertical shaft which rotates about the vertical axis at a con-

stant rate 
 = 2 rad_s. At the instant shown the three masses are in the

xz-plane and mass P is aligned with the x-axis.

1. Find the absolute velocity of mass P.

2. Find the absolute acceleration of mass P.

Solution Let us attach a frameB to the horizontal shaft so that this frame rotates with the

horizontal shaft with angular velocity Ç!
B
= 
 �k. For calculations in the rotating frame, let

us attach a coordinate system x¨y¨z¨ to the shaft at point O¨. Since this coordinate system

is attached to the rotating frame, its basis vectors �{¨; �|¨ �k¨ also rotate with Ç!
B
, but at the

instant of interest

�{¨ = �{; �|¨ = �|; �k¨ = �k:

1. Velocity of P: The absolute velocity of point P is given by

Çv
P
= Çv

P¨ +
Çvrel
«̄ ¬
Ç

v
P_B

where P¨ is a point �xed in the rotating frame and coincides with point P at the

instant of interest. To visualize the motion of P¨, we draw a rigid arm of any shape

(usually taking advantage of the given geometry) to the point P¨ (which is at point

P). This imaginary rigid arm rotates with the same angular velocity as the rotating

frame B, since P¨ is a point �xed in the rotating frame. From Fig. 21.8 we see that

point P¨ goes in circles of radius AP¨ at constant rate
. Considering the rigid arm

OAP¨ we can �nd the velocity of P¨ as

Çv
P¨ = Ç!

B
� Çr

P¨ = 
 �k � .h �k + L �|¨ + r�{¨/

= *
L�{¨ +
r �|¨:

To �nd Çvrel, the velocity of point P relative to the rotating frame, we imagine our-

selves sitting anywhere in the rotating frame and observe the motion of point P.

That is, we forget about the rotation of the frame (if we are sitting in the rotating

frame we cannot see the rotation of the frame) and watch the motion of point P as

if the horizontal and the vertical shafts were stationary. It is easy to see that with

respect to B the three masses execute circular motion at a constant rate !. From

Fig. 21.9 we see that

Çvrel = Ç! � Çr
P_O¨ = ! �|¨ � r�{¨

= *!r �k¨ = *!r �k: (since �k¨ = �k)

Thus, the absolute velocity of point P is

Çv
P

= Çv
P¨ +

Çvrel = *
L�{ +
r �| * !r �k

= *2 rad_s � 2m�{ + 2 rad_s � 1m �| * 10 rad_s � 1m �k

= .*4�{ + 2 �| * 10 �k/m_s:

Çv
P
= .*4�{ + 2 �| * 10 �k/m_s
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2 Chapter 21.

2. Acceleration of point P: The absolute acceleration of point P is given by

Ça
P
= Ça

O¨_O + Ç!
B
� .Ç!

B
� Çr

P_O¨ / + �Ç!
B
� Çr

P_O¨

«­­­­­­­­­­­­¯­­­­­­­­­­­­¬
Ç

a
P¨

+ Ça
P_B

«̄ ¬
Ç

a
rel

+2!
D
� Çv

P_B
«­­¯­­¬

Ç

a
cor

where Ça
P¨ is the acceleration of point P¨ discussed above, Çacor is the Coriolis accel-

eration, and Çarel �
Ça
P_B is the relative acceleration of P with respect to the rotating

frame. Now we calculate each term separately. Considering the motion of point P¨

in Fig. 21.8, we see that

Ça
P¨ = �Ç!

B
«̄ ¬
Ç

0

�Çr
P¨ +

Ç!
B
�

Ç

v
P¨©­®­ª

.Ç!
B
� Çr

P¨ /

= 
 �k � Çv
P¨

= 
 �k � .*
L�{ +
r �|/

= *
2.L �| + r�{/:

Çacor = 2Ç!
B
� Çvrel

= 2
 �k � .*!r �k/

=
Ç

0:

Çarel = �Ç!
«̄ ¬
Ç

0

�Çr
P_O¨ +

*!
2Ç
r
P_O¨

©­­­®­­­ª
Ç! � .Ç! � Çr

P_O¨ /

= *!2r�{¨

= *!2r�{ (since �{¨ = �{):

Thus, the absolute acceleration of point P is

Ça
P

= Ça
P¨ +

Çacor +
Çarel

= *
2.L �| + r�{/ +
Ç

0 * !2r�{

= *.
2 + !2/r�{ *
2L �|

= *.4 + 100/. rad_s/2 � 1m�{ * 4. rad_s/2 � 2m �|

= *.104�{ + 8 �|/m_s2:

Ça
P
= *.104�{ + 8 �|/m_s2
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SAMPLE 21.2 A student stands on a turntable that rotates about the

z-axis at a constant rate !
1
= 2 rad_s. He holds a wheel that rotates with

respect to his arm at a constant rate !
2
= 6 rad_s (see Figure 21.10. At

the instant when the student's arm is parallel to the y-axis, �nd

1. the absolute angular velocity of the wheel,

2. the magnitude of the angular velocity of the wheel, and

3. the axis of instantaneous rotation of the wheel.

Solution Let a coordinate system with basis vectors ( �e1; �e2; �e3) be attached to the hand

of the student. At the instant of interest, these basis vectors are parallel to the �xed basis

vectors (�{; �|; �k), respectively, i.e.,

�e1 = �{; �e2 = �|; and �e3 =
�k:

1. The absolute angular velocity of the wheel is:

Ç! = Ç!arm + Ç!wheel_arm

= !1
�k + !2.* �e2/

= !1
�k * !2 �|

= .2 �k * 6 �|/ rad_s:

Ç! = .2 �k * 6 �|/ rad_s

2. The magnitude of the absolute angular velocity of the wheel is:

! = ðÇ!ð =
ù
4 + 36 rad_s = 6:32 rad_s:

! = 6:32 rad_s

3. The instantaneous axis of rotation is the direction of the angular velocity Ç!. Let ��,

a unit vector in the direction of Ç!, represent the axis of rotation. Then,

�� =
Ç!

!
=

.2 �k * 6 �|/ rad_s

6:32 rad_s

= 0:32 �k * 0:95 �|:

�� = 0:32 �k * 0:95 �|

Comments:

1. After computing any unit vector, you should check that it has amag-

nitude of 1.

2. �� � 0:32 �k * 0:95 �| is a unit vector along the axis of instantaneous

rotation. Therefore,
Ç

! can now also be written as

Ç

! = ! �� = 6:37 rad_s.0:32 �k * 0:95 �|/

.

Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap



4 Chapter 21.

A

B

link

blade

ω1

ω2

x

y

Figure 21.12

A

B

B

x

y
x′

y′

Figure 21.13

SAMPLE 21.3 Windshield wiper of a bus. The windshield wipers of
big vehicles such as buses and trucks are usually designed such that the
blades of the wipers always keep a �xed angle during the motion of the
connecting link. This angle ismaintained bymaking the blade rotatewith
respect to the link about pin B. At any instant, let the angular velocity of

the link be
Ç


 = !
1
�k:What must be the angular velocity of the blade with

respect to the link so that the blade stays horizontal?

Solution Intuitively, the answer should be more or less obvious. If the link rotates by

�� in some time interval �t, then the blade must rotate, relative to the link, by the same

amount �� in the opposite direction so that its net rotation is zero and it stays horizontal.

Now let us see how we can get the same answer using angular velocities and rotating

frames.

Let Ç!2 = !2
�k be the angular velocity of the bladewith respect to the link. Let us attach

a frame B to the blades and �x a coordinate axes x¨y¨z¨ in this frame. (see Figure 21.13).

Then

Ç!
B

= Ç!blade =
Ç!blade_link +

Ç!link

= !2
�k + !1

�k = .!2 + !1/
�k:

Since, in our example, the blade remains horizontal, the unit vector �{¨ does not change its

direction, i.e.,

��{¨ =
Ç

0:

But ��{¨ = Ç!
B
� �{¨

= .!1 + !2/
�k � �{¨

= .!1 + !2/ �|
¨:

Therefore,

.!1 + !2/ �|
¨ =

Ç

0:

Ù !1 + !2 = 0

Ù !2 = *!1:

!2 = *!1

Comments: In general, justi�cation of such simple ideas in such detail

would preclude e�cient solving of more complex problems. We present

it just to show how the formulae do ultimately agree with common sense.
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SAMPLE 21.4 Relative rotations in 2-D and 3-D. In the �gures shown

below, the rigid arm AB rotates with constant angular speed 
 = 5 rad_s

and the disk D rotates with respect to the arm at constant angular speed

! = 10 rad_s. Is the angular acceleration of the disk the same in each

case?

(a) (b)
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Figure 21.14:

Solution In each case, let us attach a frameB to the rod and �x coordinate axes x¨y¨z¨ in

B with the origin at the center of the disk. Let the primed coordinate axes be parallel to

the inertial coordinate axes at the moment of interest.

In case (a):
Ç!
B
= 
 �k and Ç!

D_B = ! �k¨ = ! �k:

Therefore, the angular acceleration of the disk is

Ç�
D

=

Ç

0

©®ª
Ç�
D_B +Ç!

B
� Ç!

D_B

= 
 �k � !�k =
Ç

0:

In case (b):

Ç!
B
= 
 �k and Ç!

D_B = ! �|¨ = ! �|:

Therefore, the angular acceleration of the disk is

Ç�
D

=

Ç

0

©®ª
Ç�
D_B +Ç!

B
� Ç!

D_B

= 
 �k � ! �| = *
!�{

= *50 rad_s2 �{:

Thus, the angular acceleration of the disk is not the same in each case.
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SAMPLE 21.5 Relative and absolute angular velocity and acceler-

ation. A three-mass body is made up of three point masses P, Q, and R,

connected by three identical rigid rods at 120o. The three-mass system is

attached to shaft CDEand spinswith respect to the shaft at a non-constant

rate!
2
. Shaft CDE rotates with a constant rate!

1
with respect to the base

sleevewhich, in turn, rotateswith the base shaftABwith constant angular

speed 
. At the instant shown, !
2
= 10 rad_s and is changing at the rate

of �!
2
= 2 rad_s2, !

1
= 5 rad_s (constant), and 
 = 2 rad_s (constant).

1. Find the angular velocity of the three-mass body PQR with respect

to the base shaft AB.

2. Find the absolute angular velocity of the body PQR.

3. Find the angular acceleration of the body PQR relative to the base

shaft AB.

4. Find the absolute angular acceleration of the body PQR.

Solution Let us attach a frame B to the shaft CDE and a frame C to the base shaft AB.

Thus frame B rotates with respect to frame C with constant speed !1 or at the instant

shown,

Ç!
B_C = !1

�k and
Ç!
C

= 
�{:

Let the symbol D denote the three-mass rigid body PQR. Also, let the coordinate axes

x¨y¨z¨ be attached to the frameD at point E.

1. The angular velocity ofD with respect to frame C is

Ç!
D_C = Ç!

D_B + Ç!
B_C

= !2 �|
¨ + !1

�k

= .10 �| + 5 �k/ rad_s

where the last line follows from the fact that at the instant of interest the primed

coordinate axes x¨; y¨, and z¨, glued to the frame B, are parallel to the �xed coor-

dinates x; y, and z.

Ç!
D_C = .10 �| + 5 �k/ rad_s

2. The absolute angular velocity Ç!
D
�
Ç!
D_F whereF denotes the �xed frame, can be

written as

Ç!
D

= Ç!
D_C +

Ç!
C

= !2 �|
¨ + !1

�k +
�{

= .10 �| + 5 �k + 2�{/ rad_s:

Ç!
D
= .2�{ + 10 �| + 5 �k/ rad_s

3. Now we calculate the angular acceleration. We have to be extra careful in calcu-

lating angular accelerations relative to the intermediate frames. Explicit notations

for the time derivatives taken in di�erent frames usually help.
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The angular acceleration ofD relative to Cmay be calculated as follows.

Ç�
D_C =

C

�Ç!
D_C

=
C

�Ç!
D_B +

C

�Ç!
B_C

=
B

�Ç!
D_B + Ç!

B_C �
Ç!
D_B

«­­­­­­¯­­­­­­¬
C
�Ç
!
D_B

+ Ç�
B_C

=
B

�Ç!
D_B + !1

�k � !2 �| +
Ç�
B_C

= �!2 �| * !1!2 �{ + �!1
«̄ ¬

0

�k

= 2 rad_s2 �| * 10 rad_s � 5 rad_s�{

= .*50�{ + 2 �|/ rad_s2:

Ç�
D_C = .*50�{ + 2 �|/ rad_s2

4. The absolute angular acceleration Ç�
D
of the body can be found in a similar way

by carrying the time derivative of the absolute angular velocity in the �xed frame.

In the following calculations, all angular quantities without explicit reference to a

frame stand for quantities with respect to the �xed frame F.

Ç�
D

=
F

�Ç!
D

=
F

�Ç!
D_B +

F

�Ç!
B_C +

F

�Ç!
C

= .
B

�Ç!
D_B + Ç!

B
� Ç!

D_B/ + .
C

�Ç!
B_C +

Ç!
C
� Ç!

B_C/ +
�


«̄ ¬
0

�{

= . �!2 �| + .!1
�k +
�{/ � !2 �|/ + . �!1

«̄ ¬
0

�k +
�{ � !1
�k/

= . �!2 �| * !1!2 �{ +
!2
�k/ + .*
!1 �|/

= .2 rad_s2 �| * 50 rad_s2 �{ + 20 rad_s2 �k/ * 10 rad_s2 �|

= .*50�{ * 8 �| + 20 �k/ rad_s2:

Ç�
D
= .*50�{ * 8 �| + 20 �k/ rad_s2
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SAMPLE 21.6 Relative and absolute angular velocity and acceler-

ation. Consider Sample 21.5 again: A three-mass body consists of three

point masses P, Q, and R, connected by three identical rigid rods 120o

apart. The three-mass system is attached to shaft CDE and spins with re-

spect to the shaft at a non-constant rate !
2
. Shaft CDE rotates with a con-

stant rate !
1
with respect to the base sleeve which, in turn, rotates with

the base shaft AB with constant angular speed 
. At the instant shown,

!
2
= 10 rad_s and is changing at the rate of �!

2
= 2 rad_s2; !

1
= 5 rad_s

(constant), and 
 = 2 rad_s (constant).

1. Find the angular acceleration of the body relative to the base shaft

AB.

2. Find the absolute angular acceleration of the body.

Solution Let D represent the rotating mass system. Let us attach frame B to the shaft

CDE and frame C to the shaft AB. Coordinate axes x¨y¨z¨ are �xed in B and rotate with

shaft CDE.

1. The angular velocity ofD with respect to shaft AB (or frame C) is:

Ç!
D_C = Ç!

D_B + Ç!
B_C

= !2 �|
¨ + !1

�k¨:

Therefore, the angular acceleration ofD with respect to shaft AB is:

C

�Ç!
D_C = time derivative of Ç!

D_C in f rame C:

=
Cd

dt
[!2 �|

¨ + !1
�k¨]

= �!2 �|
¨ + !2

��|¨ + �!1
«̄ ¬

0

�k¨ + !1
��k̈

= �!2 �|
¨ + !2.

Ç!
B_C � �|¨/ + !1.

Ç!
B_C �

�k¨/

= �!2 �|
¨ + !2.!1

�k � �|¨
«¯¬

*�{¨

/ + !1.!1
�k � �k¨

«¯¬
0

/

= *!1!2 �{
¨ + �!2 �|

¨

= .*50�{ + 2 �|/ rad_s2

since �{¨ = �{ and �|¨ = �| at the instant of interest.

C

�Ç!
D_C = .*50�{ + 2 �|/ rad_s2

2. The absolute angular velocity ofD is

Ç!
D_F = Ç!

D_C +
Ç!
C_F

= !2 �|
¨ + !1

�k¨

«­­¯­­¬
Ç

!
D_C

+
�{:

Therefore, the absolute angular acceleration ofD is

F �Ç!
D_F = F �Ç!

D_C +
F �Ç!

C_F

=
Fd

dt
[!2 �|

¨ + !1
�k¨] +

Fd

dt
[
�{]

= �!2 �|
¨ + !2

��|¨ + �!1
«̄ ¬

0

�k¨ + !1
��k¨ + �


«̄ ¬
0

�{

= �!2 �|
¨ + !2.

Ç!
B_F � �|¨/ + !1.

Ç!
B_F � �k¨/:
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But

Ç!
B_F = Ç!

C_F + Ç!
B_C

= 
�{ + !1
�k:

Therefore,

F �Ç!
D_F = �!2 �|

¨ + !2.[
�{ + !1
�k] � �|¨/ + !1.[
1 + !1

�k] � �k¨/

= �!2 �| + !2

�k * !1!2 �{ * !1
 �|

= *!1!2 �{ + . �!2 * !1
/ �| + !2

�k

= .*50�{ * 8 �| + 20 �k/ rad_s2

Ç!
D_F = .*50�{ * 8 �| + 20 �k/ rad_s2

Comments: Again, this approach based on direct di�erentiation, agrees

with the result obtained by quoting the formula for general motion.
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