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20.5 Dynamic balance

Sometimes when something spins it can shake the structure that holds it.
A familiar example is an ‘unbalanced’ car tire which makes a car shake.
But rotor balance is important in all kinds of machines. Most often one
seeks to eliminate or minimize the imbalance. For example the strange
design of car crank-shafts is due in large part to an attempt to minimize
its imbalance. But what does it mean, in the language of mechanics, to
say a rotating body is ‘unbalanced’? It means that non-zero forces and/or
torques are required to hold the axis still while the object spins at constant
rate. Going back to the basic momentum balance equations:

Linear momentum balance: Z F=L

and
Angular momentum balance: z M c= H o

we see that forces and torques are required if L # 0 orif H ¢ #0.

So imbalance means L and/or H e is not zero. We break the concept
of balance into the following two concepts:

(1) An object is said to be statically balanced with respect to a given

axis of rotation if L = 0 when it spins at constant rate about that
axis.

(2) An object is said to be dynamically balanced with respect to a

given axis of rotation if both L = 0 and H = 0 for constant rate
rotation about that axis.

The origin of the words ‘static’ balance and ‘dynamic’ balance is in
how the imbalance can be measured. Static imbalance can be measured
with a static test, dynamic imbalance requires a dynamic test.

Static balance

If the center-of-mass of a rigid body is on the fixed axis of rotation then

it will not accelerate. Thus, L= a,,m,, = 0 and the object is statically
balanced. An equivalent definition of static balance is that the net force
on the spinning body is zero. Whether or not this net force is so can be
tested with a statics experiment. Put the axis of rotation on good bearings
and see if the mass hangs down in any preferred direction. In a tire shop,
this kind of balancing is sometimes called bubble balancing because of
the bubble in the level measuring device.
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Dynamic balance

The first condition for dynamic balance of an object with respect to spin-
ning about an axis is that the object be statically balanced. The center-of-
mass must lie on the axis of rotation. The second condition for dynamic
balance, that fI = 6, is a little more subtle. To make things more specific,
let’s calculate the rate of change of angular momentum H o with respect
to a point O that is on the axis of rotation. So, for constant rate rotation
about a fixed axis we have:

f{/o =& X ﬁ/o (20.50)
because H o spins with the body. H o is evidently zero if the angular
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momentum, H 10 is parallel to the angular velocity, @. However, H 0 =

[I°] - @ which means H 0 is parallel to @ only when @ is an eigenvector

of [I°]®.

So an object which is spinning about a fixed axis is dynamically bal-
anced if its center-of-mass is on the axis (static balance) and the angu-
lar velocity vector @ is an eigenvector of the moment of inertia matrix.

If we restrict @ our attention to cases where the axis of rotation is the z-
axis then this condition is easy to recognize. ItiswhenI,, =1, = 0, that
is, when the only non-zero element in the third column and in the third
row of the [I°] matrix is I, in the lower right corner.

Since these terms cause wobbling if one of the coordinate axis is an
axis of rotation, the terms that are off the main diagonal in the moment
of inertia matrix are sometimes called the ‘imbalance’ terms. These terms
lead to dynamic imbalance when the object is spun about the x, y, or z-
axes. The off diagonal terms are also sometimes called the ‘centrifugal’
terms. This naming has an intuitive basis. One way to understand dy-
namic imbalance is to think of it being due to the unbalanced centrifugal
pull of bits of mass that are spinning in circles.

Often, but not always, you can tell by inspection if something is dy-
namically balanced for rotation about a certain axis. If, for every bit of
mass that is not on the axis there is another equal bit of mass that is ex-
actly opposite, with respect to the axis, then the object is balanced. Some
objects that do not meet this symmetry condition are also dynamically
balanced, however.

Example: Some common objects

All of the figures in fig. 2.20 on page 153 are dynamically balanced about all the
axes shown and about any axis perpendicular to any pair of these axes.

Example: A cube = a sphere
Both a cube and a sphere have moment of inertia matrices proportional to the
identity matrix

1 0 O

mt?
[Icm]cube = 6 0 1 0
0 0 1
1 0 O

em mD?
I gphere = 0| 0 10
0 0 1

So, for any @, we get that H__ is parallel to @ and, thus, both of these objects are
dynamically balanced for rotation about any axis through their centers of mass.

Here is an example where the mathematics contradicts intuition; it does not
seem like a cube should be balanced for rotation about a random skewed axis
through its center-of-mass!
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®Owhen you go to ACME garage and
get your car tires balanced you can
politely ask the mechanic: “Ma’am,
could you make sure that one of the
eigenvectors of my wheel’s moment
of inertia matrix is parallel to the car
axle? Thanks." The mechanic, if she is
a decent person, will make sure that
it is the appropriate eigenvector that
is parallel to the axle. Otherwise the
wheel would point straight sideways
with the axle piercing the rubber.

@Caution: A common mispercep-
tion about angular momentum is that
it is always parallel to angular velocity.
In general, angular momentum is not
parallel to angular velocity. When is
angular momentum about the center-
of-mass, say, parallel to angular veloc-
ity? When @ is an eigenvector of [I™"].
This is always the case for planar ob-
jects rotating about an axis perpendic-
ular to the plane, but not generally in
3D.
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SAMPLE 20.19 Static and dynamic balance in 2-D motion. A system
with two equal masses at A and B rotates about point O at a constant rate
@ = 10rpm. The system is shown in the figure. The rod connecting the
two masses has negligible mass.

1. Is the system statically balanced? If not, suggest a way to balance it.

2. Is the system dynamically balanced? If not, suggest a way to balance
it.

m=1kg

Solution Figure 20.56

1. Since the two masses are equal, the center-of-mass of the system is at the geometric

PN
center of rod AB, i.e., at a point O’, halfway between A and B. Clearly, O’ is not on B
the axis of rotation which passes through O and is perpendicular to the plane of mn
motion. Therefore, the system is not statically balanced.
To balance the system, we must move the center-of-mass to O or pivot the system
at O’. Say we cannot move the pivot point. So, to move the center-of-mass O, we 0’
r O

add mass m’ to m at A. From the definition of center-of-mass:

(m+mr, = mr, >
- o o= M) 0.

r g
_ 1kg(0.5m —0.3m) m'

a 0.3m i

Figure 20.57
= 0.67kg. 9
Add 0.67 kg to mass at A. y

2. The system, as given, is not dynamically balanced since it is not statically balanced.
Let us check if it is dynamically balanced after adding m' to A as suggested above.

E M, = H/o'
Let us calculate ﬁl/o to see if it is zero:
17/0 = r,xXxma, + T,Xm,a,
= (—re)xm(wre) + (re)X(—wr,e)m,
= —-mw*ri(e,xe) — muwrie,xe,)
N e’ N’
0 0
5 Figure 20.58

The net torque on the system is zero, therefore it is dynamically balanced. Note
that FI/O = 0 irrespective of the values of m,, m,, r,, and r,. Thus H 0= 0 even for

the system as given. But the system, as given, is not dynamically balanced because
static balance is a necessary condition for dynamic balance.
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m SAMPLE 20.20 Imbalance of a rotor due to rotating masses. Two

masses m, and m, are attached to a massless shaft AB by massless rigid

A rods of length h each. The two masses are separated by distance b along
N

=/

the shaft and are in the same plane but on the opposite sides of the shaft.
The shaft is rotating with a constant angular speed w. The shaft is free to
move along the z-axis at point B. Ignore gravity.

w
‘\ ZB‘ G‘& 1. Is the system statically balanced?
Y ~ Z
2 2. What is the torque required to keep the motion going about the z-

<
Figure 20.59: Imbalance of a rotor due axis (l'e" Mz) ?

to point masses spinning at a constant 3. What are the reactions at the support points of the shaft?
rate.

y

Solution

1. A simple line sketch and the free-body diagram of the system are shown in
Fig. 20.60. The linear momentum balance ( ), F = ma ) for the system gives:

(a) (b)

Figure 20.60: (a) A simple line diagram of the system. (b) Free-Body Diagram of

N the system.
(A, +B)i+(A, +B)j+Ak = ma, +mua,
= mw?h(-i) + myw’hi
l = A, +B, = w’h(m,—m,) (20.51)
A, +B, = 0 (20.52)
. A, = 0
v : “m
2 2 Clearly, " F # 0 which means the system is not statically balanced.
Figure 20.61: Accelerations of m, and 2. M, can be easily calculated by writing angular momentum balance about axis AB,
m,. In fact, we do not even need to write the equation in this case; since all the forces

pass through this axis and the accelerations of m, and m, also pass through it,

ZM /5(due to reaction forces) =0 and Hjup =0.

But
Z M JAB = H /AB
or M, + Z M, ,5(due to reaction forces) = H/as
=> M, = 0.

z
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3. For the four unknown reactions at A and B (we have already found A, and M,)
we have two scalar equations so far (from Linear Momentum Balance ). Angular
Momentum Balance about point A gives:

ZM /A= H /A
Now,
DM, = Fy,x) Fy
= (2¢ + bk x(B,i+B,j)
= B,(2¢ +b)j—B,(2¢ + b)i
H, = ?C/A X m,a, +?D/A X m,d,
= (Ck + hi) x m,(—w?hi) + ((¢ + b)k — hi) X m,(w>hi)
= w*h(my(€ +b) —mt)j
Equating ), I\7I/A and ﬁI/A we get
B,(2¢ +b)j — B,(2¢ + b)i = w*h(m,(¢ + b) —m,€)j
Dotting both sides of the equation with i and j, we get
B, = 0

y

w*h
and B, = m[mz(f +b) —m,?].

Substituting B, and B,, in (20.51) and (20.52) we find

w?h

A = ¢ —m/(f+b

x @z v )™l ~ M+ D)

y = 0

@h_ I, e £+b

= (2f+b)[m2 —my(¢ +b)]
A, = A, =0
B 2 (€ + b) — m, €]
* Qe+b) - 2 L
B, = 0
M. = 0
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Figure 20.62: Imbalance of a rotor due

to point masses spinning at a constant

rate.
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Figure 20.63: Reaction forces at A and
B are required to keep the motion go-
ing.
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SAMPLE 20.21 Balancing a rotor with spinning masses. Consider
the same system as in the previous sample problem (Sample 20.20). As-
sume that m;, = m, = m.

1. Set m; = m, in the reactions calculated. Is the system statically
balanced now? Explain.

2. Is the system dynamically balanced? Explain.

3. Balance the system dynamically by (a) adjusting the geometry, (b)
adding two masses to the system.

Solution

1. Recall from the solution of Sample 20.20 that

w’h
A = — _
" ) [m,€ —m, (€ + b)]
w’h
B = —F ¢ +b)—m,t
x (25+b)[m2( +b) m, ]
A, = B,=A,=M,=0

Setting m, = m, = m in the above expressions for the reactions, we get

w?h w’h

x = m(—mb) and Bx = m(mb)

Thus, A, + B, = 0. Therefore, ZF‘ = 0 which means the system is statically
balanced.

Static Balance: When the two masses are equal, the center-of-mass of the system

is on the axis of rotation. Therefore, the static reactions are zero irrespective
of the orientations of the two masses.

The requirement for static balance is 3| F = 0 in any static orientation of
the system. As long as the center-of-mass of the system lies on the axis of
rotation, the system will be in static balance.

Dynamic Balance: When the masses are rotating at constant speed, reaction

forces at A and B are required to keep the motion going. Clearly, > M # 0
now. Therefore, the system is not in dynamic balance.

At the instant shown the reaction forces are A, and B, as shown in Fig. 20.63,
but they change directions as the position of the masses changes. For exam-
ple, if the masses are in the y-z plane the reaction forces will be A, and —B,.
The magnitudes of these forces will remain the same. Thus, we have rotating
reaction forces at A and B. These rotary forces cause wear in the bearings and
induce vibrations in the frame of the machine and the supporting structure.
Therefore, these forces are undesirable.

If we can somehow make these dynamic reactions zero, the bearings, the ma-
chine frame, the supporting structure, the machine operator and the com-
pany will all be very happy. So, how do we do it? Read on.

2. There are many ways in which the rotor can be dynamically balanced:

« Trivial solution: Remove both the masses. Of course, there is nothing left

to produce any non-zero H. Thus,

zﬂ/any point = 0. Also, ZF‘ =0
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+ Adjust geometry: Set b = 0. The center-of-mass is still on the axis of rota-

tion.

In addition,

BN DF =0
ﬁI/A = 0
> >M,, =0

« Add two masses: If b is required to be non-zero, we can balance the rotor by
adding two masses in any two selected transverse (to the shaft-axis) planes

to make H , = 0. ® For example:

- We can take two equal masses m and m, and place them in the opposite

directions of the masses already on the shaft as shown in Fig. 20.64(a).
It should be clear that the net angular momentum about any point on
the shaft will be zero now.

— We can add two masses m’ and m' different from the masses attached to

the shaft and place them a distance c apart on the shaft. Let the length
of the connecting rods of the new masses be h’. For the net angular
momentum to be zero we need

Hiue to m's Hiue to ms
—l ————
m'w?h'c = mw?hb

= m'h'c = mhb

Thus, we have the freedom @ of selecting any combination of m’, h’

and c to give the required product. Here are two examples:

a) Letm' =m/2, c=b/2, thenh' = m—P:b = 4h.
m'c

mhb

b) Letm' =m/2, ¢ =2b, thenh' = — = h.
m'c

mi2
N

m E4h m mf2,

o 2 Wb

A : [ B A in [ B
. “m mil2 “m
4h 2%

“mil2
(a) (b)

Figure 20.65: Dynamic balancing of the rotor by adding two masses. (a)
m' =m/2,c=b/2and h' = 4h. (b)m' = m/2,c =2band h' = h.
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@ Balancing a rotor by adding two
masses in two selected transverse (to
the shaft axis) planes is quite a general
method. Even if the rotor has more
than two spinning masses the net an-
gular momentum due to all masses
can be reduced to the angular momen-
tum produced by an equivalent system
with just two masses such as the one
under consideration.

Amr ?mB Ampb»\ f:__:n;
P N

Tm

m'- Om m<

-
) (b)

Figure 20.64: Dynamic balancing of
the rotor by adding two masses. (a)
The two added masses (shown by dot-
ted circles) are the same as the original
masses on the shaft. (b) The two added
masses are different from the original
masses (m' # m).

©) In practice, this freedom is usually
restricted by geometric and space con-
straints.
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20.5 Dynamic balance

20.5.11s & = (2i+5k) rad/s an eigenvec-

8 0 0
torof [I"]=| 0 16 —4 | kgm??
0 -4 8
20.5.2
Find the eigenvalues and eigenvectors of
5 0 0
™= 0 5 =3 |kgm?
0 -3 10

20.5.3 Three equal length (1 m) mass-
less bars are welded to the rigid shaft AB
which spins at constant rate @ = wi.
Three equal masses (1 kg) are attached to
the ends of the bars. At the instant of in-
terest the masses are all in the xy plane
as shown. Where should what masses
be added to make the system shown dy-
namically balanced? [The solution is not

unique. ]
J
b L
120° 15°

A //\ Vo© B
)
120"\%200?

Length of bars is 1 m
g Eachmassis 1 kg

Problem 20.5.3

~

4

20.5.4 Dynamic balance of a system of
particles. Three masses are mounted
on a massless shaft AC with the help of
massless rigid rods. Mass m; = 1kg
and mass m, = 1.5kg. The shaft rotates
with a constant angular velocity @ =
S5rad/ sk. At the instant shown, the three
masses are in the xz-plane. Assume fric-
tionless bearings and ignore gravity.

a) Find the net reaction force (the to-
tal of all the forces) on the shaft. Is
the system statically balanced?

b) Find the rate of change of angu-
lar momentum FI/A, using ﬁ/A =
2 Fia X mya,.

c¢) Find the angular momen-
tum about point A, ﬁ/A. Use this
intermediate result to find the rate
of change of angular momentum
H,,, usingH,, = @x H, and
verify the result obtained in (b).
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d) What is the value of the resultant
unbalanced torque on the shaft?
Propose a design to balance the
system by adding an appropriate
mass in an appropriate location.

motor 05m
%A PR
b
N ‘7«’\,/ " N
02m Bl M .OISm
\\b.lm C$m
i m \7\\ \p(\
PN o 0.1m
~

Problem 20.5.4

20.5.5 For what orientation of the rod
¢ is the system shown dynamically bal-
anced?

1.0 m

o H/B\(/\\;Q .E:

Problem 20.5.5

20.5.6 A uniform square plate with
1m sides and 1kg mass is mounted (as
shown) with a shaft that is in the plane
of the square but not parallel to the sides.
What is the net force and moment re-
quired to maintain rotation at a constant
rate?

\ﬂc‘”
side view end view
52 \ 30°
- * |
Problem 20.5.6
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20.5.7 An equilateral uniform triangu-
lar plate with sides of length ¢ plate spins
at constant rate w about an axis through
its center of mass. The axis is coplanar
with the triangle. The angle ¢ is arbi-
trary. When ¢ = 0°, the base of the tri-
angle is parallel to the axis of rotation.
Find the net force and moment required
to maintain rotation of the plate at a con-
stant rate for any ¢. For what angle ¢ is
the plate dynamically balanced?

Problem 20.5.7

20.5.8 An abstract problem. This prob-
lem concerns a system rigidly attached
to a massless rod spinning about a fixed
axis at a fixed rate. That is, whether or
not the system is a rigid body, it is mov-
ing as if it were a rigid body. Every point
in the system is moving in circles about
the same axis at the same number of ra-
dians per second. The position of a par-
ticle of the system relative to the axis is
R. The position relative to some point C
is 7. In all cases, the body rotates about
the axis shown. The total mass of all the
objects is M,,,. Point O is at the center
of mass of the system and is at a distance
d from the rotation axis and is on the x-
axis at the moment of interest. Assume
there is no gravity. At the point A, the
rod is free to slide in the z-direction. But,
at point B, the rod is constrained from
moving in the z-direction. The FBD of
the system is shown in the figure. Refer-
ring to the free-body diagram, there are
six scalar unknown reactions in this 3 di-
mensional problem.

a) The general case: Imagine that
you know H,, = Hy,i + Hy, j +
HykandalsoL = L i+L, j+L k.
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How would you find the six un-
known reactions A,, A, M,,, B,,
By, B,? [Reduce the problem to
one of solving six equations in six
unknowns.]

b) The General Result: Is M ,, nec-
essarily equal to zero? Prove your
result or find a counter-example. *

¢) Static Balance:. If d = 0 is it true
that all reaction forces are equal to
zero? Prove your result or find a
counter example. *

Problem 20.5.8

20.5.9 A uniform block spins at con-
stant angular velocity. The magnitude
of the angular velocity is w. The center of
mass G is on the axis of rotation. The , j,
and k directions are parallel to the sides
with lengths b, c and d, respectively.
Answer in terms of some or all of w, m,
b,c,d,1i, j,and k.

a) Find v,.
b) Find day.
¢) What is the sum of all the mo-

ments about point G of all the re-
action forces at A and B?

d) Are there any values of b, ¢, and
d for which this block is dynam-
ically balanced for rotation about
an axis through a pair of corners?
Why?

Problem 20.5.9

20.5.10 Dynamic Balance. Consider
each of the objects shown in turn (so to
speak), each spinning about the z axis
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which is horizontal. In each case the
center of mass is half way between the
bearings (not shown). Gravity is in the
—j direction. State whether it is possi-
ble to spin the object at constant rate with
constant bearing reactions of mg j/2 and
no other applied torques (‘yes’) or might
not be (‘no’). Give a brief explanation of
your answer (enough to distinguish an
informed answer from a guess).

a) Axis along centerline of a uniform
rectangular plate.

b) Axis orthogonal to uniform rect-
angular plate and through its cen-
troid.

c) Axis orthogonal to uniform rect-
angular plate and not through its
centroid.

d) Axis orthogonal to uniform but
totally irregular shaped plate and
through its centroid.

e) Axis along the diagonal of a uni-
form rhombus.

f) Axis through the center of a uni-
form sphere.

g) Axis through the diagonal of a
uniform cube.

h) Axis with two equal masses at-
tached as shown.

i) Axis with three equal masses at-
tached as shown, all in a common
plane with the axis, with ¢ not
equal to 30°.

j) An arbitrary rigid body which has
center of mass on the axis and two
of its moment-of-inertia eigenvec-
tors perpendicular to the axis. (no
picture)
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—Q—
(2)
120°
120"y ¢

Problem 20.5.10

20.5.11 Static and Dynamic Balance
A series of bodies, each of uniform den-
sity and each with total mass m, rotate
at a constant angular speed w about a
fixed horizontal axis. Ignore gravity. For
each body state whether the body is (i)
statically balanced and whether it is (ii)
dynamically balanced. Give clear argu-
ments using words or equations to sup-
port your claims. (iii, iv) For each body
you must either (a) add one point mass
m or (b) add two point masses each of
mass m/2 (your choice) that maintain
static and dynamic balance if they are
balanced, or that make the bodies stati-
cally and dynamically balanced. Justify
your placement with words and/or equa-
tions. The masses need not be added
to the bodies, but could be attached off
the bodies by structures with negligible
mass. [Hint: none of the placements are
unique. You may draw a side view if that
helps clarify your placement.]

a) A rectangular plate (height #,
length ¢) mounted with the axle



Chapter 20.

perpendicular to the plate and
through its center.

b) The same plate as in (a) above but
mounted at an angle ¢ # /2
from the shaft.

¢) The numerals 203’ cut out of
a plate and connected by mass-
less rods. Each letter has mass
m/3 and the three center-of-mass
points of the individual letters are
colinear and equally spaced. The
shaft goes through the center of
the ‘0’ and is perpendicular to the
plane of the letters.

d) A sphere with radius R where the
shaft passes a distance d < R from
the center.

7

Cc

V
b)
)
)

Problem 20.5.11

20.5.12 Dynamic tire balancing.
Where should you place what weights in
order to dynamically balance the tire?
Assume that a car tire can be mod-
eled as a uniform disk of radius one foot
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and mass 201bm. Assume the tire has
been mounted crooked by one degree
(the plane of the disk makes an 89° angle
with the car axle). This crooked wheel
is statically balanced since its center of
mass is on the axis of rotation. But it
is dynamically unbalanced since it wob-
bles and will wobble the car. Car shops
put little weights on unbalanced wheels
to balance them. They figure out where
to put the weights by using a little ma-
chine that measures the wheel wobble.
But you don’t need such a machine for
this problem because you have been told
where all the mass is located.

There are many approaches to solv-
ing this problem and there are also many
correct solutions. You should find any
correct solution. [one approach: guess
a good location to put two masses and
then figure out how big they have to be
to make the tire dynamically balanced.]

Problem 20.5.12
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