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20.4 Mechanics using the moment of
inertia matrix

Once one knows the velocity and acceleration of all points in a system one
can find all of the motion quantities in the equations of motion by adding
or integrating using the defining sums from the inside cover. This addi-
tion or integration is an impractical task for many motions of many ob-
jects where the required sums may involve billions and billions of atoms
or a difficult integral. Linear momentum and the rate of change of linear
momentum can be calculated by just keeping track of the center-of-mass
of the system of interest. One would like something so simple for the cal-
culation of angular momentum.

We are in luck if we are only interested in the two-dimensional motion
of two-dimensional rigid bodies, the scalar moment of inertia from Chap-
ter 7 is all we need. The luck is not so great for 3-D rigid bodies but still
there is some simpliﬁcation®.The simplification is to use the moment of
inertia matrix [I°"'] from the previous section. One may have to do a sum
or integral to find I = I¢™ or [I°"] if an adequate table is not handy. But
once you know [I°"], say, you need not work with the integrals to eval-
uate angular momentum and its rate of change. Assuming that you are
comfortable calculating and looking-up moments of inertia, we proceed
to use it for the purposes of studying mechanics.

Let’s now consider again the conically swinging rod of fig. 20.18 on
page 1081. Method 1 for evaluating H o Was evaluating the sums directly.
If we accept the formulae presented for rigid bodies in Table I at the back

of the book, we can find all of the motion quantities by setting & = wk
and& = 0.

Method 2 of evaluating H o using the xyz moment of
inertia matrix about point O

In section 20.1 we examined the conical swinging of a straight uniform
rod. Now let’s look at that example again using its moment of inertia
matrix. For a rigid body in constant rate circular motion about an axis
through O,

H,, = wx H o
because the H /o Vector rotates with the body. For a rigid body rotating
about point O,

H, = [I°]- @.

‘We assumed at the outset that
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®For general motion of non-rigid
bodies, a topic not covered in this
book, the simplification for linear mo-
mentum still holds; linear momentum
and its rate of change are given by the
system mass times the velocity and ac-
celeration of the center-of-mass. But
there is no general simplification for
the sums needed to evaluate angular
momentum and energy or their rates
of change.
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So, the only trick is to find [I°] for a rod in the configuration shown. We
recall, look up, or believe for now that

(@) O (@)
Ixx I Ixz

=0 18
I I, I
Ifc)y = —f x ydm=0 (x = 0, all mass in the yz plane)
N—_——
0
9 = —f x zdm=0 (x = 0, all mass in the yz plane)
N—_——
0
9, = f ( x* +z%)dm (x = 0, all mass in the yz plane)
N——
0
¢
= / (—s-cos¢)? pds
0 S~———o——
z
3 t?
— 24,0 02 v
= COS ¢,o3 cos ¢m3
10 = f( x2 +y?)dm (x = 0, all mass in the yz plane)
N——
0
= f(s -sin¢)? pds
N —
y
3 2
= sin® ¢ ,o% = sin’ ¢ m%
19 = f (? +z%)dm (both integrals have been evaluated above)
= I yoy +19, (perpendicular axis theorem)
2
= (cos®$ + sin’ ¢)m%
52
= m?
o = - f yzdm
= - f(s -sin¢)(—s - cos¢) pds
3 1/02

= sinc;bcosqb-p% =singcos¢ - m=-.
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Putting these terms all together in the matrix, we get

1 0 0
0 cos’¢p cos¢sing|.
0 cos¢sing sin’ ¢

[1°] = ml

Now we can calculate H 0 a8

FI/O = [I°]-&
2|1 0 0 0
= m— 0 cos’¢ cospsing|-] O
0 cos¢sing sin2¢ )
1] 2
t? 0
= m—| wcos¢sing
3 .2
wsin” ¢

!
= mw% sin ¢(cos ¢ j + sin ¢pk).

You may notice, by the way, that for this problem, H 0 (in the direction of

cos ¢ j + sin ¢k) is perpendicular to the rod (in the direction of sin ¢ j —
cos pk). So H/o is not in the direction of @. @

Now we calculate H 0 38

H/O = cT)xH/O

2
(wk) x a)m%(cos $singj + sin’ ¢k)l

2
—m=—- cos ¢ sin pw?i,

the same result we got before.

Method 3 of calculating H o+ using [I°] and a coordinate
system lined up with the rod

Here, as suggested above, we redo the problem using a rotated set of axes
better aligned with the rod. This method makes calculation of the mo-
ment of inertia matrix quite a bit easier — we can even look it up in a
table — but makes the determination of @ a little harder. We are stuck
finding the components of @ in a rotated coordinate system. Referring to
the table of moment of inertias on the inside of the back cover and taking
care because different coordinates are used, the moment of inertia matrix
about point O for a thin uniform rod, in terms of the rotated coordinates
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CZDH/O is only parallel to @ if rotation is

about one of the principal axes (eigen-
vector directions) of the inertia matrix.

I~ = wk y
I =w(-cos(g)j +sin(¢p)k )

Figure 20.36: The spherical pendulum
using x'y’z’ axes aligned with the rod.
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is

) 2100
[I ]x/y/Z/ = m? O O O
0 01

and the angular velocity in rotated coordinates is @ = —wcos¢j +

w sin ¢k’, which can be written in component form as

0
[CTJ]x,y,Z, = — COS ¢
sin ¢

We calculate the angular momentum about point O as

vector equation, inde-
pendent of coordinates

——
H,, = [I°]- @
Hjo, e L 0
H/oy, =m— 0 00 ‘w| —cos¢
0 0 1 i
/0, x!'y'z! Sin ¢ x'y'z!
all components in x’y’z’
coordinate system
H/Ox/ 1/02 O
Hyp, | = m=wf 0
H/Oz/ Sin ¢ x'y'z!

Finally, we calculate ﬁ 0 28

8l

H, = &xH,

/
o £2 o
= [w(—cos¢j + sinpk’] x (com? sin ¢k’)
fz
= —singcos¢ mwzgi’.

This answer is again the same as what we got before because the x and x’
axis are coincident so i’ = i.

The multitude of ways to calculate H 10

We just showed three ways to calculate H o for a conically swinging stick,
but there are many more. You can get a sense of the possibilities by study-
ing table I summarizing momenta and energy in the back of the book.
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Here are three basic choices.

(1)1?1/O = fF/Oxadm,
(2) ﬁ/o = WX A/O, or
(3) H/O = Fcm/O X acmmtot + Hcm'

Choice (3) is the safest choice to make if you are in doubt, since it is the
only one of the three choices that does not depend on point O being a
fixed point (which it was for this example). For option (2) above, we can

calculate H 0 various ways as

(a)I?I/O = fF/Oxﬁdm or,

(b) FI/O = [I°]l'@ or
(C) H/O = ?Cm/O X 6cmm'tot + Hcm'

For option (3) above, we can calculate H,__ as

(H,, = /?/Cm X@;.,,dm or,
(e)H.,, = &xH_,.

For (c) and (e) above, we can calculate H__ as
OH, = f?/cmxﬁ/cm dm or,

@H,, = "] o

For either of options (b) or (g), we can calculate [I] relative to the xyz
axes (as we did for the second method on the previous pages) or relative
to some rotated axes better aligned with the rod (as we did for the third

method on the previous pages.)

As you can surmise from all the choices above, the list of options for

the calculation of H 0 is too long and boring to show here.

The pros and cons of these methods depend on the problem at hand.
If you want to avoid integration you are pretty much stuck using either
[I°] or [I°™] with (e) and (g) above. Avoiding the integrals depends on
your having a table of moments of inertia (like table IV in the back of this

book).
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Figure 20.37: The two terms in the rate
of change of angular momentum are
shown.
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Energy of things going in circles at variable rate

The energy only depends on the speeds of the parts of a system, not their
accelerations. So, as with constant rate motion,

1
Ey = 5_[ v* dm
Vo

- %f(ax?)-(ax?)dm

1
= szfRz dm

Risthedistance from the
axis to the mass

e
~
No

For rotation about the z
axis the 9 terms in the
matrix formula reduce to
this one simple term.

The safest bet

The following are the most reliable (least prone to error) formulas for eval-
uating the motion quantities for a rigid body rotating about a fixed axes
(they also apply to arbitrary motion of a rigid body).

ﬁ/o = Tomjo X My +[1°] - @ (20.38)

ﬁ/o = ?cm/o X mtotacm + @ X [Icm] ¥ +[Icm] ) (20.39)
1 ~ _

Ex = SMmgl, +@- (1] @) (20.40)

2

Please survey table I at the back of the book which summarizes the ways
of evaluating momenta and energy.

The geometry of H /0

Itis possible to understand the formula for the change of angular momen-
tum geometrically. Here is one way of looking at it. For this example it is

most direct to look at H o calculated using [I°], but the same discussion
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would work with H o Calculated using [I7"].

H, = wxHy + [1°] - @
——— B
Contribution from rotation of H o Due to the changing length of H

The first term in the equation describes the rotation of the angular mo-
mentum vector. The second term describes its rate of change of length.

Since the body is spinning about a fixed axis, the orientation of the axis
of rotation is not only fixed relative to the Newtonian frame, the room en-
vironment, but also relative to the body. At one instant of time we use
a coordinate system to calculate H o After the body has rotated a lit-
tle, if we now used a coordinate system that rotated the same amount as
the body, a coordinate system ‘glued’ to the body, we could calculate H 0
again.

This new calculation of H 0 will be almost identical to the calculation
before the small rotation, however, because the moment of inertia matrix
does not change in time relative to a coordinate system that moves with
the body. Also, the coordinates of @ will be unchanged except for possibly
a multiplication by a constant because the direction of @ doesn’t change.
Thus the only change of H o @8 represented in this rotated coordinate
system, is a possible change in its length due to a change in the spinning
rate.

But this new coordinate system is a rotated coordinate system. To find
the actual change in H o We need to take this rotation into account. To
picture this rotation consider the special case when the rotation rate is
constant. Then the vector H o is constant in the rotating coordinate sys-

tem. That is, the vector H o Totates with the body.

So the net change in H /0 is a change due to rotation of the body added
to a change due to the change in the rotation rate. For small angular
changes, the direction of the first term is the same as the tangent to the cir-
cle that is traced by the tip of the angular momentum vector H 1088 drawn
on the body. To approximate the first term, consider the following rea-
soning. First, let’s denote the first term by (ﬁ /o)rot —wxH o where the
subscript ‘rot’ indicates that this term is the contribution to H 0 from the

rotation of H o

OxH o R (AH /O)rot /At. Thus, the term due to rotation is approximately,
for small At, (AH/ = At(@w X Hy).

For small angular changes, (ﬁI 0ot = (dH 10/ A1 =

o)ro[
The contribution to H 10 due to change of length of H 0 is [I°] - @.
Similarly, this term is approximately, for small At, At([I°] - @).
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Rotation of a rigid body about a fixed axis: the
general case
Consider a general rigid body of mass m and moment of inertia matrix

with respect to the center-of-mass [I°"'] rotating about a fixed axis. With-
out loss of generality, let the axis of rotation be the k axis.

FBD

Figure 20.38: Free-body diagram of a general rigid body rotating about the z-axis.

Linear momentum balance

Referring to the free-body diagram of the rigid body, linear momentum
balance gives

SF =1
Fnet = macm
= mlwk x (@kXF,, o)+ ok xF., o] (20.41)
The first term on the right hand side of equation 20.41, the centripetal
term, is directed from the center-of-mass
( @ )

through the axis of rotation; that is, it lies in the xy-plane (or has no k
component). The second term on the right hand side of equation 20.41,
the tangential term, is normal to the plane determined by the axis and the
center-of-mass. It is tangent to the circle that the center-of-mass travels
on. It is zero if the center of mass is on the axis.
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Angular momentum balance

Angular momentum balance about point O gives

ZMO = H/o
Mnet = i:cm/Oxmacm
S~————
term (i)

+ wk x {[I°"] - wk}

term (ii)

+ 1] - (ok). (20.42)
term (iii)

Let’s look at each of the three terms on the right hand side in turn.
term (i)

The first term (i) on the right hand side of equation 20.42 is

a,,=wk x (wk x Fem/o0)

+ wk X7y, 0

/

—
O><m acm

term (i) = 7.,
= mlF,, /o % @k x (0k X F, )
+ Fopgo X (@K XF,, 0]
Now, let’s consider the two parts of term (i) in turn. The first part of term
(i) is in the direction of —k X F,,,, Jo- For example, if the center-of-mass is

in the xz plane, this contribution to M et 18 in the — j direction and could

be accommodated by reaction forces on the axis in the i and —1 directions.
Now, the second part of term (i) can be decomposed into a part along the

k direction and a part perpendicular to k (along d). The part along k is

ch/o X (CO’A( X ch/O) -k = md?ok.
The part of term (i) perpendicular to k has magnitude madw.
term (ii)

Now, let’s look at the second term in equation 20.42, term (ii), and ex-
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wk x (a)lg X Femjo)m
?cm/O $

M Fem 0 X (@k X @k X Fem/0))
Figure 20.39: The first part of term (i)

ch/O X (0),2 X ?cm/O)m

wl} X ?L'm/O \

side view
X

%ﬂgxﬁm/o)m
?cm/O T

d .
0 ¢ AN
| w |

Figure 20.40: The second part of term
@
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pand it.
term (i) = wkx [I™]- wk
[ o] o
— cm cm cm
= wkXx I)c?,n I}C?,n I)c)fn -1 0
Ixz Iyz Izz @

= wkx |10l + I j + ok |
= I’ j—[lwt

So, the second term in equation 20.42, term (ii), has no k component. The
i and j components are due to the off-diagonal terms in [I°"]. The off-
diagonal terms are responsible for dynamic imbalance.

term (iii)

Now, the third term in equation 20.42, term (iii), is

e ] o
cm -7
IXZ Iyz IZZ w

= 901+ 100§ + IErak.

Putting terms (i), (ii), and (iii) back together

Now, let’s put the three terms back together into the equation of angu-
lar momentum balance about point O, equation 20.42. To help with the
interpretation, assume the center-of-mass is in the xz plane. So, we start
with ]

M, =H,.

net — 41

Breaking this vector equation into components, we get

Mxsznet'i = /o'i
Mysznet'j = /Oj
MzzzMnet'k = H/O'k

Now, using all the results so far, we find the torques about the x, y, and z
axes. For the z-axis,

d = distance of cm from
axis of rotation

~—
M, =[m d* +I{"]a. (20.43)
SN————

sometimes called ‘[I°]’
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The only torque about the z-axis, the axis of rotation, is due to the accel-
eration about that axis.
Next, for the x-axis,
_ 2 . .
M, = —I;Z‘co + 170 + madw. (20.44)
There is a torque about the x-axis due to off-diagonal terms in [I°"].
One term is the dynamic imbalance term I}7* and the other is associated
with angular acceleration. (Recall, the center-of-mass is on the xz plane.)
There is also a term due to the center of mass tangential acceleration since
the center-of-mass is on a plane that does not contain point O.
Finally, the torque about the y-axis is
M, = Iw® + I7a + (—mew’dw). (20.45)

z

Here, we have nearly the same types of terms as in equation 20.44. In
this case, though, the centripetal acceleration causes the center-of-mass
motion to contribute to the torque.
So, if
@ = wk and @ = wk

then

S
I
I

(~Ime? + (1S + mdw)o) &
+(IF = mdw)w® + I57'd) j
+(md? + IEM)ak.

z
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