Chapter 20.

SAMPLE 20.5 Going on a carnival ride at a constant rate. A carni-
val ride with roof AB and carriage BC is rotating about the vertical axis
with constant angular velocity @ = w j. If the carriage with its occupants
has mass m = 100kg, find the tension in the inextensible and massless
rod BC when 6 = 30°. What is the required angular speed w (in revolu-
tions/minute) to maintain this angle?

Solution The free-body diagram of the carriage is shown in Fig. 20.23(a). The geometry
of motion of the carriage is shown in Fig. 20.23(b). The carriage goes around a circle of
radius r = O'C with constant speed v = wr. The only acceleration that the carriage has
is the centripetal acceleration and at the instant of interest @ = —w?ri.

(a) FBD of C (b) Geometry of motion

looking down j-axis

Figure 20.23:
The linear momentum balance (3 F = i) for the carriage gives:

ma

Tj’CB —mgj

or T(—sin6i+cos6j)—mgj = -mw?ri (20.19)
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Figure 20.22: A carnival ride rotating
at a constant speed
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Scalar equations from eqn. (20.19) are:

[eqn.(20.19)]-j = Tcosb—-mg = 0
mg
cosf
100kg - 9.8 m/s?
V3/2
= 1133N.
[eqn. (20.19)]-i = —Tsin® = —-mw’r
T sin 6

mr
T sin6

m(R + Lsin 0)
1133N -+
2

> T =

100kg(4m+5m-§)

1

= 0 = 0.93%d

_ 0'931 ) lrev. 604

A 27 1min

= 89rpm.

T =1133N, w = 8.9rpm

Alternatively,

we could also find the angular speed using angular momentum balance.
momentum balance about point B gives

21‘7’ /B= H /B
Z M/B = ?C‘/B x (—=mgj)
= —mglsinfk
ﬁI/B = Fep X (—mw’ri)
= —mw?rlcosOk

Equating the two quantities, we get

thaw’rlcos® = yhglsind

=> w? = '%tan@

gtanf
R+1sinf
9.8m/s*-0.577

4m + Smé

1
= 0.87§

w 0.93s7! = 8.9rpm

which is the same value as we found using the linear momentum balance .
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The angular
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SAMPLE 20.6 A crooked bar rotating with a shaft in space. A uni-
form rod CD of mass m = 2kg and length ¢ = 1m is fastened to a
shaft AB by means of two strings: AC of length R, = 30cm, and BD of
length R, = 50cm. The shaft is rotating at a constant angular velocity
& = 5rad/sk. There is no gravity. At the instant shown, find the tensions
in the two strings.

b

~>

~—— Ry —

Figure 20.24: A bar held by two strings

Solution The free-body diagram of the rod is shown in Fig. 20.25. The linear momentum rotates in 3-D.
balance (), F = ma ) for the rod gives:

T, + T, = mw’rg. (20.20)

b

~>

D

(a) FBD (b) Geometry of motion

Figure 20.25:

Usually, linear momentum balance gives us two scalar equations in 2-D and three
scalar equations in 3-D. Unfortunately, in this case, it gives only one equation for two
unknowns T, and T,. Therefore, we need one more equation.
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The angular momentum balance about point D gives:

ZM/D = Hj,
where ZM/D = Fep X (=T j)
= ¢(—sin6j+ cosOk) x (=T, j)
= (T, cosbi,
and
H, = f Fpp X (—w’Rp jdm
?P/D Rp dm
‘ 7 ’ S .m
= f I(—sin 8 j + cos 0k) X(—w?* (R, — Lsin 6) j) ?dl
0
Mo ¢ ¢
= chose./ ldl—cos@sin@f 1dl)i
¢ 0 0
ma? 2 .03,
= 7 (R200567 —COS@SIHQ?)I
, 1 1,
= mw?*¢ cos Q(ERZ - §€ sin ).
Thus,
, 1 1,
fTcob0 = mow t’coé@(ER2 — gt’ sin 6)
= T, = mwz(%Rz—ét’sine).

Substituting in (20.20) we get
. 1 1, .
T, = mw*(r; — ERZ + §f sin 0).

Plugging in the given numerical values and noting that r; = (R, + R,)/2 = 40cm and
¢sinf =R, — R, = 20cm, we get

1 1 1
T, = 2kg- (SE)2 -(04m — EO.Sm + 50.2m)
kg- m
= 917——— =9.17N
s
and T, = 10.83N.

T,=9.1N, T,=109N
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Chapter 20.

SAMPLE 20.7 A crooked plate rotating with a shaft in space. A
rectangular plate of mass m, length ¢, and width b is welded to a shaft
AB in the center. The long edge of the plate is parallel to the shaft axis
but is tipped by an angle ¢ with respect to the shaft axis. The shaft rotates
with a constant angular speed w. The end B of the shaft is free to move
in the z-direction. Assume there is no gravity. Find the reactions at the
supports.

Solution A simple line sketch and the Free-Body Diagram of the system are shown in
Fig. 20.27ab.

~>
=
o]

(a) b)

Figure 20.27:
The linear momentum balance equation for the shaft and the plate system is:
ZF = m[ota( acm'
Since the center-of-mass is on the axis of rotation, @, = 0. Therefore,

(A, +B)i+(A,+B)j+Ak=0

=> A +B, =0, A, +B,=0, A, =0. (20.21)
The angular momentum balance about the center-of-mass O is:
Z M, = H/0

+ Calculation of ), M :
DM = FuoXF,+Fy0xFy+ Mk

€ . R N N R . -
= —EkX(Axl+Ay_]+Azk)+ EkX(Bxl+By])+Mzk

¢ .t R -
= 54, =B)i+ 3B, —A)j+Mk (20.22)
« Calculation of I;I/O: H , can be computed in various ways. ) Here, to compute
H/O, we use

H/O = / ?dm/o X @y, dm,
M

the formula which we have used so far. To carry out this integration for the plate,
we take, as usual, an infinitesimal mass dm of the body, calculate its angular mo-
mentum about O, and then integrate over the entire mass of the body:

PI/o = f ?dm/O X adm dm
M
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Figure 20.26: A rectangular plate,
mounted rigidly at an angle ¢ on a
shaft, wobbles as the shaft rotates at a
constant speed.

@ F could also be computed using
the moment of inertia matrix of the
body. See the next two text sections.
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We need to write carefully each term in the integrand. Let us define an axis w
(don’t confuse this dummy variable w with w) along the length of the plate (see
Fig. 20.28(a)). We take an area element dA = dw dy on the plate as our infinitesi-
mal mass. Fig. 20.28(b) shows this element and its coordinates.

dm = pdA= %dw dy (p = mass per unit area)
a;,, = @x(@X ?dm/o)
Fomo = Xi+yj+ zk
Z where
(a) x=wsing, y=y, z=wcos¢. (20.23)
Therefore,
a,, = whk x (wk x (wsin ¢i + y j + w cos pk))
= wkx(wwsingj—wyi) = —w*(wsin i + yj),
Famjo X gy, = (wsingi+yj+wcos pk) x [—w(wsin i + y j)]

= w*(—w?sin¢cos¢j+ wy cos $i).

Thus,
7 xd dm
(b) ' bj2 af)2 dm/o_am P
Figure 20.28: Calculation of ﬁ/o: @ H, = fb fﬁ w?(—w?sin ¢ cos ¢ j + wy cos ¢i) %dw dy
mass element dm is shown on the B z/jz ¢/
plate, (b) the mass element as an area = M2 f f (—w? sin ¢ cos ¢ j + wy cos pi)dw | dy
element and its geometry. b )y \Jot)2
b/2 3,/2 5 )2
= %aﬂf —sin¢cos¢w? +ycos¢7 dy
—b/2 —t/2 —€/2
N
0
202
= - mc;zf singcos¢ j. (20.24)

+ Now, back to angular momentum balance: Now equating (20.22) and (20.24)
and dotting both sides with i, j, and k we get

ma*t .
A,-B,=0, B, —A, =- 5 singcosp, M, =0, (20.25)

respectively. Solving (20.21) and (20.25) simultaneously we get

maw?¢ . maw’*t .
A,=B,=0, A, = o singcos¢B, = — B sin ¢ cos ¢.
mw’t . mw’t .
L= Tsmqﬁcos:ﬁ, By =—-—+ singcosp, A, =B,=A,=M,=0
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Chapter 20.

SAMPLE 20.8 A short rod as a 3-D pendulum. A uniform rod AB of
mass m and length 2¢ is welded to a massless, inextensible thin rod OA at
point A. Rod OA is attached to a ball and socket joint at point O. The rods
are going around in a circle with constant speed maintaining a constant
angle 6 with the vertical axis. Assume that 6 is small.

1. How many revolutions does the system make in one second?

Solution

1. The free-body diagram of the system (rod OA + rod AB) is shown in Fig. 20.30.
Let w be the angular speed of the system. Then, the number of revolutions in one
second is n = w/(27). Therefore, to find the answer we need to calculate w.

The angular momentum balance about point O gives 3 M o= FI/O. Now,

1M,

Fgo X (—mgk)
= 4¢(sin6j — cos 0k) x (—mgk)
= —4¢ mgsin6i.

and H, = f Famjo X Qg dm
Tam/o q,, dm
e
f £(sin6j — cos 0k) X (—w?lsin0j) — d¢
» 2¢
st

= ™ 2sinfcos6i ¢ de
2¢

3¢

49 .
= —?fzmwz sin 6 cos 01.

By equating the two quantities (3 M 0= I;I/O ), we get

. 49 .
—4¢ mg sin 61 ——¢*>mw? sin 6 cos 61
12g

49¢ cos8”

=> w?

But for small 8, cos 6 ~ 1. Therefore,

oo /E_ﬂﬁ
Va9 T 7 ¢

. ras . 2V3
and the number of revolutions per unit time is n = i\/g .
l4r

V3 [g

147 4

2. Note, the natural frequency of this rod swinging back and forth as a simple pendu-
lum turns out to be the same as the angular speed w of the rotating system above
for small 8.
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Figure 20.29: A short rod swings in 3-
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(a) FBD
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(b) Calculation of ﬁ

Figure 20.30:



