Introduction to Mechanics for Engineers — Ruina & Pratap

Ch 19 Section 19.3

19.3.1 Particle on a springy leash. A
particle with mass m slides on arigid hor-
izontal frictionless plane. It is held by a
string which is in turn connected to a lin-
ear elastic spring with constant k. The
string length is such that the spring is re-
laxed when the mass is on top of the hole
in the plane. The position of the particle
is¥ = xi+y j. For each of the statements
below, state the circumstances in which
the statement is true (assuming the par-
ticle stays on the plane). Justify your an-
swer with convincing explanation and/or
calculation.

a) The force of the plane on the par-
ticle is mgk.

b) i+ <x=0
m

c) j}'+£y=0
m

d) ¥+ Er=0, where r = |F|
m

e) r = constant
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f) 6 =constant
g) r?0 = constant.
h) m(x? + y2) + kr? = constant

i) The trajectoryis a straight line seg-
ment.

j) The trajectory is a circle.

k) The trajectory is not a closed
curve.

Problem 19.1: Particle on a springy leash.
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Problem 19.3.2

19.3.2 “Yo-yo” mechanism of satellite
de-spinning. A satellite, modeled as a
uniform disk, is “de-spun” by the follow-
ing mechanism. Before launch two equal
length long strings are attached to the
satellite at diametrically opposite points
and then wound around the satellite with
the same sense of rotation. At the end of
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the strings are placed 2 equal masses. At
the start of de-spinning the two masses
are released from their position wrapped
against the satellite. Find the motion of
the satellite as a function of time for the
two cases: (a) the strings are wrapped in
the same direction as the initial spin, and
(b) the strings are wrapped in the oppo-
site direction as the initial spin.
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.



Chapter 19. 3. Multi-... Introduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap Problem...

~

MR se A A A D R
5> — 08 2m (15 -v4) *((RB-46D3 + (45 + 2rEp - R Al -

1k
=3 MR
— (9 + ‘Zm[(AQ)MZ'RMI)G ?1¢\ + R0 - Ri¢]
= ‘\i_R & + 'J.W\R'v'@) —Qleé)’v: O {F’fonr\@]

2

‘_ N
= Jl (V\ +L,rr\> R .0 s quléf = | — @
|

== : 7 w

E.C\m\~10n5 ® and & qoven i motien OQ the disw when

the S\Y:ncls oNe wmypec& in e same Aiveckion as Bhe

nttiel  pin,

b) Slyvings wYapped 3In e opyesile  Aivechion og VA

Spio

.= 4N A
~Ry L2+?Q

N . x
e 19\+l3+QQ o
~5, = 1% +1g0 ~?;’»}2\
Accelenaken,
i@, Ig*ii\*» 10+ A BA ¢m 'R(obm-as})
L= rg -R6
> AR . B e o
i =R = \>\ +¥(G~0\¢Q +9\(¢—¢9\¢[\ AP+
~%, (¢-6) 2 A }:R(ah‘g)
RRUE IR O T ST
= N " 5 ' ‘
~B = ( ?\O ‘\¢)>‘ 4+ (‘ OQR(})B -&R@\n ) 1:R(¢_é>
AV\WA sW ‘{i/ f:'R(ﬂ‘O)
n=H, ik
e éw/A:O / 1’:‘/:0
& N
~ R ' o R
=D * ¥MQap g .\S Xm'{éRB‘]d\é + ()\¢ —2R¢@+?¢> ‘51 "
134 »

H o mUP - 2m R1PO +mR,1¢N =0

= @*2‘2(50 + R —C“J —@

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.



4 Chapter 19. 3. Multi-..

Introduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap

Problem...

A\V\%/O 2 YA,O z \j,o
=N ~
N‘/«T\'\a = D
= MR
=i Okt X, xMA 4+ xMma, =0
AS Y\ - ._\(,L ' O\\,_ ‘Q'L ) m\ ,mz':—'n-\
We Nave PART wyin ,
—— Bkt oM X o)) =p
= WK

y ) A\ AR \ %
= Bhiam (A% RV (ERE-1D A+ (10 -2006+ REID = o

= MR~.~ A

e % 5 - . A
- 08x am(("g - 2vx 86 w8 -2 (-RE-R1P) R = 0
Lk

Pt g o
e M—QB 58 + om0 4 emRIQ =0

{ From@®)
eSS T s WO
| (MMm\R”e + 4MRAP — 0 ‘\ — (&)

Eq’uo\tions @an&@ qovewn e ™Mobon OC e d?31< Cbven
The

Sk\('\‘(\3g oxe

wyapped N the
S "t('\e

opposile divection
snttrel  spin,

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.



Chapter 19. 3. Multi-...

Introduction to Mechanics for Engineers «

© 2026 Andy Ruina & Rudra Pratap

Problem 19.3.3

5

19.3.3 A particle with mass m is held
by two long springs each with stiffness k
so that the springs are relaxed when the
mass is at the origin. Assume the mo-
tion is planar. Assume that the particle
displacement is much smaller than the
lengths of the springs.

a) Write the equations of motion in
cartesian components.

b) Write the equations of motion in
polar coordinates.

c) Express the conservation of angu-
lar momentum in cartesian coor-
dinates.

d) Express the conservation of an-
gular momentum in polar coordi-
nates.

e) Show that (a) implies (c) and (b)
implies (d) even if you didn’t note
them a-priori.

f) Express the conservation of en-
ergy in cartesian coordinates.

g) Express the conservation of en-
ergy in polar coordinates.

h) Show that (a) implies (f) and (b)
implies (g) even if you didn’t note
them a-priori.

i) Find the general motion by solv-
ing the equations in (a). Describe
all possible paths of the mass.

j) Can the mass move back and forth
on a line which is not the x or y
axis?

Y

Problem 19.3

Answer:

(@ —k(xi+yj) =m(i+yj.
(b) —kre, = m(i — r6*)e, + m(ré +
2i6)e,.

(© Z(xy —y%) = 0.

(@) 56 =0

(e) dot equation in (a) with (x j — yf) to
get (xj — yX) = 0 which can be rewrit-
ten as (c); dot equation in (b) with &, to
get (r6 + 27/6) = 0 which can be rewrit-
ten as (d).

(f) %m()'c2 +9) + %k(x2 + y?) = const.
(2) %m(f2 + (0% + %krzzconst.

(h) dot equation in (a) with © = Xi +y j
to get m(X¥x + yy) + k(xx + yy) =
which can be rewritten as (f).

(i) x = A, sin(wt +B,),y = A, sin(wt +
B,), where w = 4/ L The general mo-
tion is an ellipse.

(j) Yes. Consider B; = B, =0, A, =1,
and A, = 2.

L &2 CORTIRUER
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19.3.4 Cart and pendulum A mass
my = 6kg hangs by two strings from a
cart with mass m. = 12kg. Before string
BC is cut string AB is horizontal. The
length of string ABis r = 1m. At time
t = 0 all masses are stationary and the
string BC is cleanly and quietly cut. After
some unknown time ¢, the string AB is
vertical.

a) What is the net displacement of

the cart x. att =¢,,,?

b) What is the velocity of the cart v,
att =t,.."?

¢) Whatis the tension in the string at
b= toe?

vert *

d) (Optional) Whatist = t,,,? [You
will either have to leave your an-
swer in the form of an integral
you cannot evaluate analytically
or you will have to get part of your

solution from a computer.]
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Problem 19.4

Answer:

(a) 0.33mi

(b) O, = 1.82m/si.
(c) T ~ 240N.
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19.3.5 A dumbbell slides on a floor. b) Find the velocity of point A just

Two point masses m at A and B are before it hits the floor

connected by a massless rigid rod with A

length ¢. Mass B slides on a frictionless \ J

floor so that it only moves horizontally. L

Assume this dumbbell is released from gl 14 7

rest in the configuration shown. [Hint: \

What is the acceleration of A relative to B?] /

[ Ny

a) Find the acceleration of point B
just after the dumbbell is released. Problem 19.5
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Problem 19.3.6

19.3.6 After a winning goal one second
before the clock ran out a psychologi-
cally stunned hockey player (modeled as
a uniform rod) stands nearly vertical, sta-
tionary and rigid. The player’s perfectly
slippery skates start to pop out from un-
der her as she falls. Her height is ¢, her
mass m, her tip from the vertical 8, and
the gravitational constant is g.

a) What is the path of her center
of mass as she falls? (Show
clearly with equations, sketches or
words.)

b) What is her angular velocity just
18.3.6

before she hits the ice, a mil-
lisecond before she sticks out her
hands and breaks her fall (first as-
sume her skates remain in contact
the whole time and then check the
assumption)?

¢) Find a differential equation that
only involves 6, its time deriva-
tives, m, g, and ¢. (This equa-
tion could be solved to find 6 as
a function of time. It is a non-
linear equation and you are not
being asked to solve it numerically
or otherwise.)
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19.3.7 Falling hoop. A bicycle rim (no b) Does G move sideways as the hoop
spokes, tube, tire, or hub) is idealized as falls and unrolls?

a hoop with mass m and radius R. G is at

the center of the hoop. An inextensible

string is wrapped around the hoop and

attached to the ceiling. The hoop is re- Y

leased from rest at the position shown at

t=0.

a) Find y; atalater time ¢ in terms of Problem 19.7
any or all of m, R, g, and ¢.
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Problem 19.3.8

19.3.8 A model for a yo-yo consists of a
thin disk of mass M and radius R and a
light drum of radius r, rigidly attached to
the disk, around which a light inextensi-
ble cable is wound. Assuming that the
cable unravels without slipping on the
drum, determine the acceleration a of
the center of mass.
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Problem 19.3.9

19.3.9 A uniform rod with mass m,
pivots without friction about point A in
the xy-plane. A collar with mass m
slides without friction on the rod after
the string connecting it to point A is cut.
There is no gravity. Before the string is
cut, the rod has angular velocity w, .

a) What is the speed of the collar af-
ter it flies off the end of the rod?
Use the following values for the
constants and initial conditions:

mass mg
my = 1kg, m. = 3kg,a = 1m, \
¢ =3m,and w; = 1rad/s v, A collar,
b) Consider the special case m, = 0. mass mc
Sketch (approximately) the path T
of the motion of the collar from Problem 19.9
the time the string is cut until ’
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some time after it leaves the end
of the rod.

string

s

uniform rod,
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19.3.10 Assume the rod in the figure for
problem ?? has polar moment of inertia
Iozz. Assume it is free to rotate. The
bead is free to slide on the rod. Assume
that at t = 0 the angular velocity of the
rod is 1rad/s, that the radius of the bead
is one meter and that the radial velocity
of the bead, dR/dt, is zero.

a) Draw separate free-body diagrams
of the bead and rod.

b) Write equations of motion for the
system.

¢) Use the equations of motion to
show that angular momentum is
conserved.

d) Find one equation of motion for
the system using: (1) the equa-
tions of motion for the bead and
rod and (2) conservation of angu-
lar momentum.

e) Write an expression for conserva-
tion of energy. Let the initial total
energy of the system be, say, E,.

f) As t goes to infinity does the
bead’s distance go to infinity? Its
speed? The angular velocity of the
turntable? The net angle of twist
of the turntable?

Top view

Top view y

Problem 19.10: Coupled motion of
bead and rod and turntable.

Answer:

(b)

R-R§* =
(I,, + mR®)6 + 2mRRO =

(c) The second equation in part
(b) can be rewritten in the form
%[Izz + mRZ)Q] = 0. The quantity
inside the derivative is angular mo-
mentum; thus, it is conserved and
equal to a constant, say, (H /0)0, which
can be found in terms of the initial
conditions.

D ( 0)0 —
@R —R [—U?z+mR2)2] _
1 - 1
() E, = ;mR2 + ;w(H/O)O.
(f) The bead’s distance goes to infin-
ity and its speed approaches a constant.
The turntable’s angular velocity goes to

zero and its net angle of twist goes to a

constant.
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Problem 19.3.11

19.3.11 A primitive gun rides on a
cart (mass M) and carries a cannon ball
(of mass m) on a platform at a height
H above the ground. The cannon ball
is dropped through a frictionless tube
shaped like a quarter circle of radius R.

a) Ifthe system starts from rest, com-
pute the horizontal speed (relative
to the ground) that the cannon
ball has as it leaves the bottom of
the tube. Also find the cart’s speed
at the same instant.

b) Compute the velocity of the can-
non ball relative to the cart.

¢) If two balls are dropped simulta-
183112 \elec: tien m[ Ya
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3
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fy l’ M|'~1‘ 37 e
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neously through the tube, what
speed does the cart have when the
balls reach the bottom? Is the
same final speed also achieved if
one ball is allowed to depart the
system entirely before the second
ball is released? Why/why not?
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19.3.12 Numerically simulate the cou-
pled system in problem 19.3.10. Use the
simulation to show that the net angle of
the turntable or rod is finite.

a) Write the equations of motion for
the system from part (b) in prob-
lem 19.3.10 as a set of first order
differential equations.

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.

b) Numerically integrate the equa-
tions of motion.

Answer:
(a)
= w
. 2mRvw
a) - —_———————
I, + mR?
R = v
U = w’R
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Problem 19.3.13

19.3.13 Two frictionless prisms of simi-
lar right triangular sections are placed on
a frictionless horizontal plane. The top
prism weighs W and the lower one nW.
The prisms are held in the initial posi-
tion shown and then released, so that the
upper prism slides down along the lower
one until it just touches the horizontal
plane. The center of mass of a triangle
is located at one-third of its height from
the base. Compute the velocities of the
two prisms at the moment just before the
upper one reaches the bottom.

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.

1 a |
Problem 19.13

Answer:
2g(a—b)tan
P2 = 1(g n+1)2 ¢z » Uy =
X (1+;+(T) tan® ¢) Y
1))
n+1 2
v, —tan¢, v, = ——=, v, = 0,
X X n

n y
where 2 refers to the top wedge and 1
refers to the lower wedge.




Chapter 19. 3. Multi-...

Introduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap

Problem 19.3.14

35

19.3.14 Mass slides on an accelerating
cart. 2D. A cart is driven by a powerful
motor to move along the 30° sloped ramp
according to the formula: d = d, + v,t +
a,t*/2where d,, v,, and q, are given con-
stants. The cart is held from tipping over.
The cart itself has a 30° sloped upper sur-
face on which rests a mass (given mass
m). The surface on which the mass rests
is frictionless. Initially the mass is at rest
with regard to the cart.

a) What is the force of
the cart on the mass? [in terms of
g.dy, vy, t,a,,m,g,1i,and j.

b) For what values of d, v, t and q,

is the acceleration of the mass ex-
actly vertical (i.e., in the j direc-
tion)?

7 motor driven
Jl “{ 0 wheels

~>

Problem 19.14

Answer:

(@ F =m(g+ a,) [gi + %j].

(b) For a, = —g, the acceleration of

the mass is exactly vertical; d, v,, and
t could be anything.

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 19.3.15

19.3.15 A thin rod AB of mass W, =
101bm and length L, = 2ftis pinned to
a cart C of mass W = 101bm, the latter
of which is free to move along a friction-
less horizontal surface, as shown in the
figure. The system is released from rest
with the rod in the horizontal position.

a) Determine the angular speed of
the rod as it passes through the
vertical position (at some later
time).

b) Determine the displacement x of
the cart at the same instant.

c) After the rod passes through ver-
tical, it is momentarily horizon-

tal but on the left side of the cart.
How far has the cart moved when
this configuration is reached?

not to scale

some later time

released
from rest A

Problem 19.15

Answer:
(a) angular speed = 8.8 rad/s.
(b) displacement = 0.5 ft.
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19.3.16 As shown in the figure, a block
of mass m rolls without friction on a rigid
surface and is at position x (measured
from a fixed point). Attached to the block
is a uniform rod of length ¢ which piv-
ots about one end which is at the center
of mass of the block. The rod and block
have equal mass. The rod makes an an-
gle 6 with the vertical. Use the numbers
below for the values of the constants and

variables at the time of interest:

¢

m

6

dé/dt
d26/dt?
X
dx/dt
d*x/dt?

1m
2kg
/2
1rad/s
2rad/s?
1m
2m/s
3m/s?

a) What is the kinetic energy of the

system?

b) What is the linear momentum of
the system (momentum is a vec-

tor)?

frictionless, massless rollers

Problem 19.16

dready ion

we Hready now

R
(v hae esladded ] V.

fur the ved 1 slack:

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Disclaimer: We have lost track of the many people who wrote these solutions.

They are not official and have not been reviewed by the authors for correctness.
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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19.3.17 A pendulum of length ¢ hangs I |
from a cart. The pendulum is massless mc  \C | ;

except for a point mass of mass m,, at the

end. The cart rolls without friction and

has mass m,. The cart is initially station-

ary and the pendulum is released from

rest at an angle 6. What is the acceler- 0

ation of the cart just after the mass is re-

leased? [Hints: a, = d. + d,/C. The P
answer is a, = (g/3)iin the special case mp
whenm, =m,and6 = /4. Problem 19.17
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Problem 19.3.18

6.)
19.3.18 Due to the application of some
unknown force F, the base of the pen-
dulum A is accelerating with @, = a,1.
There is a frictionless hinge at A. The an-
gle of the pendulum 6 with the x axis
and its rate of change 6 are assumed to be
known. The length of the massless pen-
dulum rod is . The mass of the pendu-

lum bob M. There is no gravity. What is
0?7 (Answer in terms of a,, ¢, M, 6 and

Problem 19.18
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Problem 19.3.20
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19.3.20 Using free-body diagrams and
appropriate momentum balance equa- M
tions, find differential equations that
govern the angle 6 and the vertical de-
flection y of the system shown. Be clear
about your datum for y. Your equations

should be in terms of 8, y and their time- 0
derivatives, as well as M, m, ¢, and g.
Problem 19.20
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Problem 19.3.21

19.3.21 The two blocks shown are re-
leased from rest at t = 0. There is no
friction and the cable is initially taut. (a)
What is the tension in the cable immedi-
ately after release? (Use any reasonable
value for the gravitational constant). (b)
What is the tension after 5 s?

30°

rigid surface —__
(Newtonian frame)

2kg

2m

\/ _130°

horizontal line

2kg ™
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19.3.22 Carts A and B are free to move me = 10kg.
along a frictionless horizontal surface, After Collision Before collision
and bob C is connected to cart B by a (dotted lines)
massless, _1nexten51ble cord of length ¢, ¢=9.81 m/sec Frictionless
as shown in the figure. Cart A moves to %
the left at a constant speed v, = 1m/s <—°
and makes a perfectly plastic collision A
(e = 0) with cart B which, together with ‘oo
bob C, is stationary prior to impact. Find
the maximum vertical position of bob C,
h,... after impact. The masses of the
carts and pendulum bob are m, = m, =  Problem19.22
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Problem 19.3.23

19.3.23 A double pendulum is made of
two uniform rigid rods, each of length ¢.
The first rod is massless. Find equations
of motion for the second rod. Define any
variables you use in your solution.

Problem 19.23
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19.3.24 A model of walking involves
two straight legs. During the part of
the motion when one foot is on the
ground, the system looks like the pic-
ture in the figure, confined to mo-
tion in the x — y plane. Write two
equations from which one could find
6,, and 6,given6,,6,,6,,6, and all
mass and length quantities.

Hint:
YM,, = H, wholesystem
Zﬂ/B = ﬁ/B for bar BC

Problem 19.24
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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19.3.25 A pendulum is hanging from a a) with no gravity and assuming the
moving support in the xy-plane. The pendulum rod is massless with a
support moves in a known way given by point mass of mass m at the end,
?(t).= r(t)i: For the following cases, ﬁnd b) as above but with gravity,

a differential equation whose solution
would determine 6(t), measured clock-
wise from vertical; then find an expres-
sion for d?6/dt? in terms of 6 and r(t):

c) assuming the pendulum is a uni-
form rod of mass m and length ¢.
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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19.3.26 Robotics problem: balanc-
ing a broom stick by sideways mo-
tion. Try to balance a broom stick by
moving your hand horizontally. Model
your hand contact with the broom as a
hinge. You can model the broom as a
uniform stick or as a point mass at the
end of a stick — your choice.

a) Equation of motion. Given the
acceleration of your hand (hori-
zontal only), the current tip, and
the rate of tip of the broom, find
the angular acceleration of the
broom.

b) Control? Can you find a hand
acceleration in terms of the tip
and the tip rate that will make the
broom balance upright?

5 A
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¢ /
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L
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Problem 19.26
Answer:
(a) For point mass: ¢ = (g/L)sin¢ —
(ayqna/L) cos ¢.

(b) There are many correct solutions.
Test your solution with a computer sim-
ulation. Show your result with appro-
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Disclaimer: We have lost track of the many people who wrote these solutlons
They are not official and have not been reviewed by the authors for correctness.
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19.3.27 Balancing the broom again:
vertical shaking works too. You can
balance a broom by holding it at the bot-
tom and applying appropriate torques, as
in problem ?? or by moving your hand
back and forth in an appropriate man-
ner, as in problem 19.3.26. In this prob-
lem, you will try to balance the broom
differently. The lesson to be learned here
is more subtle, and you should probably
justwonder at it rather than try to under-
stand it in detail.

In the previous balancing schemes,
you used knowledge of the state of the
broom (6 and ) to determine what cor-
rective action to apply. Now balance
the broom by moving it in a way that
ignores what the broom is doing. In
the language of robotics, what you have
been doing before is ‘closed-loop feed-
back’ control. The new strategy, which
is simultaneously more simple minded
and more subtle, is an ‘open loop’ con-
trol. Imagine that your hand connection
to the broom is a hinge.

a) Picture and model. Assume
your hand oscillates sinusoidally
up and down with some frequency
and some amplitude. The broom
is instantaneously at some angle
from vertical. Draw a picture
which defines all the variables you
will use. Use any mass distribu-
tion that you like.

b) FBD. Draw a FBD of the broom.

¢) Momentum balance. Write
the equation of angular momen-
tum balance about the point in-
stantaneously coinciding with the
hinge.

d) Kinematics. Use any geome-
try and kinematics that you need
to evaluate the terms in the an-
gular momentum balance equa-
tion in terms of the tip angle
and its time derivatives and other
known quantities (take the ver-
tical motion of your hand as
‘given’). [Hint: There are many
approaches to this problem.]

e) Equation of motion. Using
the angular momentum balance
equation, write a governing differ-
ential equation for the tip angle.

f) Simulation. Taking the hand
motion as given, simulate on the
computer the system you have
found.

g) Stability? Can you find an am-
plitude and frequency of shaking
so that the broom stays upright if

started from a near uprighisqlaiiner: W&y

linear equations to solve that will

give you a control strategy. So, this
problem might best be solved by
guessing on the computer. Suc-
cessful strategies require the hand
acceleration to be quite a bit big-
ger than g, the gravitational con-
stant. The stability obtained is like
the stability of an undamped un-
inverted pendulum — oscillations
persist. You improve the stability
a little by including a little friction
in the hinge.

h) Dinner table experiment for
nerdy eaters. If you put a table
knife on a table and put your fin-
ger down on the tip of the blade,
you can see that this experiment
might work. Rapidly shake your
hand back and forth, keeping the
knife from sliding out from your
finger but with the knife sliding
rapidly on the table. Note that
the knife aligns with the direction
of shaking (use scratch-resistant
surface). The knife is different
from the broom in some impor-
tant ways: there is no gravity try-
ing to ‘unalign’ it and there is fric-
tion between the knife and table
that is much more significant than
the broom interaction with the
air. Nonetheless, the experiment
should convince you of the plau-
sibility of the balancing mecha-
nism. Because of the large acceler-
ations required, you cannot do this
experiment with a broom.

6 se

<

Shake knife
/ —back-&-forth

in this direction

Press finger here
Problem 19.27: The sketch of the knife
on the table goes with part (h).

Answer:

vertical acement of you
¢(¢) is the angle of the broom from the
vertical.

Problem 19.3.27

Litabkief ghenourneeply (phostase these solutions.
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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For the following parameters:

g=10; m=1; Ig=1; d =1; A =1; w=1; % arbitrarily selected
parameters

and the following initial conditions:
th0 = pi/6; w0 = 0;
this is the pendulum after 10 units of time. The solid line is the pendulum itself, the circle is point G, the square

is point A, the thick dashed line is the path of point G, and the thin dashed line is the path of point A
(sinusoidal vertical)

HW Solutions Page 4

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem...

Pseudocode for MATLAB animations:

)

2)

3)

4)

5)

6)

Obtain a "soln" object as the singular output of ode45. This struct contains
information about the integrated time array (the x parameter) and the integrated state
(each state variable is contained in each row of the y parameter).

Evaluate the state over a time array of your choosing (for example, you may choose
to plot use an evenly space time domain, from 70 to ¢ end). This can be done using
deval(soln, t_plot, i), where i is the index of the variable in the state you are
evaluating (ie. 8 would be 1, and w would be 2 in this problem). Other relevant
arrays, like x_G and y_G can be evaluated as well.

Set up the initial plot window. You may choose to plot the x G and y_G arrays you
just computed to show the path of the points under your animation. Initialize the
handles for each item you are animating (ie. the rod, each point), and store in
variables.

Start a clock using tic. You may also define an anim_speed, which is the factor by
which the animation speed is increased (or decreased) relative to the clock's time.
Set up the animation as a while loop, that continues until the criterion

toc <t _end/anim_speed is satisfied. Each cycle in the loop, the animation time can
be obtained as ¢ _cur = toc*anim_speed, which polls and scales the clock time.
Then, evaluate all relevant points using deval(soln,t _cur,i).

Update the animation plot handles, by updating the XData and YData attributes of
each handle. Once updated, use drawnow to refresh the plot axes.

These steps are enumerated in the attached code for reference.

HW Solutions Page 5

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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For the following parameters:

g=0; m=1; Ig=1; d =1; A =0; w=1; % no gravity or shaking
and the following initial conditions:

th0 = 0; wO = 0;

this is the pendulum after 10 units of time. The solid line is the pendulum itself, the circle is point G, the square
is point A.

o

0.8

0.6

0.4

As expected, the rod experiences no motion without gravity of shaking, and remains in its upright position.

HW Solutions Page 6

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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For the following parameters:

g=10; m=1; Ig=1; d=1; A =0; w=1; % no shaking only
and the following initial conditions:

th0 = pi/6; w0 = 0;

this is the pendulum after 10 units of time. Again, the solid line is the pendulum itself, the circle is point G, the
square is point A. The thin black line now represents the motion of point G.

This acts like a "normal" pendulum acting under gravity, since the base is not undergoing any shaking.

HW Solutions Page 7

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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For the following parameters:

g=10; m=1; Ig=1; d =1; A = 0.5; w=1; % large amplitude, low
frequency shaking

and the following initial conditions:
th0 = pi/6; w0 = 0;

this is the pendulum after 10 units of time. In addition to the previous lines, the thin dashed line is the path of
point A.

-1.5 -1 -0.5 0 0.5 1 1.5

This acts largely like a normal pendulum under gravity, but with a time varying offset in the path due to the
low frequency motion of point A.

HW Solutions Page 8

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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We can then try increasing the frequency, and decreasing the amplitude of the oscillation. I will decrease the
initial angular offset as well to more easily promote stabilization.

g=10; m=1; Ig=1; d=1; A = 0.01; w = 100; % higher frequency
th0 = pi/l6; w0 = 0;

this is the pendulum after 10 units of time:

The rod still does not want to stabilize, so we can increase the frequency further.

g=10; m=1; Ig=1; d =1; A = 0.01; w = 500; % even higher
frequency

th0 = pi/l6; w0 = 0;

Though the rod does not stabilize, it is seen that it now completes a complete rotation. This must mean that the
frequency needed for stabilization is near.

HW Solutions Page 9

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Lastly, for the following parameters:

g=10; m=1; Ig=1; d =1; A = 0.01; w = 1000;
and the following initial conditions:

th0 = pi/1l6; w0 = 0;

this is the pendulum after 10 units of time.

It can be seen that under these conditions, the rod remains upright, oscillating about 8=0! Stabilization
therefore requires a high base oscillation frequency. The exact cutoff frequency needed could be obtained from
a stability analysis.

HW Solutions Page 10

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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5/17/21 10:24 AM C:\Users\mjzl7\Docume...\hwl4g75 soln.m 1 of 2

$ MAE 2030
HW 14, Q75 part d Solution
Solution by Michael Zakoworotny

o do oo

clear all; clc; close all;
set (0, 'DefaultAxesFontSize',14); % set plot font size

o

Define parameters

$g=0;, m=1; Ig=1; d =1; A =1; w = 1; % arbitrarily selected parameters
$g=0; m=1; Ig=1; d=1; A =0; w=1; % no gravity or shaking

%$g=10; m=1; Ig=1; d =1; A = 0; w = 1; % no shaking

$g=10; m=1; Ig=1; d=1; A =0.5; w=1; % large amplitude, low frequency ¥
shaking

$g=10; m=1; Ig=1; d=1; A = 0.01; w = 100; % higher frequency

$g=10; m=1; Ig=1; d=1; A = 0.01; w = 500; % even higher frequency

g=10; m=1; Ig=1; d = 1; A = 0.01; w = 1000; % stable solution

p.g = g; p.m =m; p.Ig = Ig; p.d =d; p.A =A; p.w = w;

% Set initial conditions
th0 = pi/l16; w0 = 0;
z0 = [thO, wO0]';

% Time span
t0 = 0; tend = 10;
tspan = [t0, tend];

% 1) Solve with ode45

fun = @(t,z)myrhs(t,z,p);

tol = le-6;

opts = odeset('RelTol',tol, 'AbsTol',tol);
soln = oded5 (fun, tspan, z0, opts);

% 2) Get position vectors for point G over time of simulation

N = 1000;

t_ = linspace(t0, soln.x(end), N);

th_ = deval(soln, t_, 1);

y_A = A*sin(w*t_);

x = -d*sin(th ); % x coord to plot

y_ = d*cos(th_) + y A; % y coord to plot

% 3) Set up plots

fig = figure; box on; hold on; axis equal;
% Scale window size to your computer screen

scrn = get (0, 'ScreenSize');

set (gcf, "Position', [0.1*scrn(3), O0.l*scrn(4), 0.4*scrn(3), 0.7*scrn(4)1);
% Plot - path of point G, path of point A, the pendulum, point G itself,
% and point A. Store each plot handle in a variable

plot(x , y , '--k', 'LineWidth', 1);

plot ([0,0], [min(y A),max(y A)], '-.k', 'LineWidth', 0.5);

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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5/17/21 10:24 AM C:\Users\mjzl7\Docume...\hwl4g75 soln.m 2 of 2

pend = plot ([0, 2*x (1)],[y A(l), y (l)+d*cos(th (1))], '-k','LineWidth',2);
pt_G = plot(x_(l),y_(l),'ok','MarkerSize',lO);
pt A = plot(0,y A(l), 'sk','MarkerSize',8);

’
xlim([min(x_)-d,max(x_)+d]);
ylim([min(y )-d,max(y )+d]);

% 4) Start clock

anim_speed = 1; % animation speed

tic;
% 5) Create an animation by interpolating the angle theta at the given
% animation time (obtained using the tic and toc functions) in a loop
while toc < t_(end)/anim_speed

% Scale current time by animation speed, and compute pos. of A and G

t_cur = toc*anim speed;

th cur = deval(soln,t cur,1);

y A cur = A*sin(w*t cur);

x_cur = -d*sin(th_cur);

y_cur = d*cos(th cur) + y A cur;

% 6) Update pts in plot handles through the XData and YData attributes
pend.XData = [0, 2*x cur]; pend.YData = [y A cur, y cur+d*cos(th cur)];
pt_G.XData
pt_A.YData = y_A cur;

x_cur; pt_G.YData = y_cur;

drawnow;

$Ends loop if figure is closed
if ~ishghandle (fig)

break
end

end

o

Return state derivative. Note that this in this problem, time is relevant
% in the solution

function zdot = myrhs(t,z,p)

g =p.g; A =p.A; w=p.w; d=p.d; Ig = p.Ig; m = p.m;

th = z(1);

thdot = z(2);

thddot = (g-A*w”"2*sin(w*t))/d * 1/(1+Ig/(m*d”*2)) * sin(th);

zdot = [thdot, thddot]';
end

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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19.3.28 Double pendulum. The dou-
ble pendulum shown is made up of two
uniform bars, each of length ¢ and mass
m. The pendulum is released from rest at
¢, = 0and ¢, = 7 /2. Just after release
what are the values of $, and ¢,? Answer
in terms of other quantities.

Problem 19.28

Answer:

¢, =0, 4'52 = —3g/2¢t.
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Disclaimer: We have lost track of the many people who wrote these solutions.
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Problem 19.3.29

19.3.29 A rocker. A standing dummy
is modeled as having massless rigid cir-
cular feet of radius R rigidly attached to
their uniform rigid body of length L and
mass m. The feet do not slip on the floor.

a) Given the tip angle ¢, the tip rate
¢ and the values of the various pa-
rameters (m, R, L, g) find ¢. [You
may assume ¢ and ¢ are small.]

b) Using the result of (a) or any other
clear reasoning find the condi-
tions on the parameters (m, R,
L, g) that make vertical passive
dynamic standing stable. [Stable
means that if the person is slightly
perturbed from vertically up that
their resulting motion will be such

that they remain nearly vertically
up for all future time.]

Problem 19.29

Answer:

@ +[3R-HE]¢=0.

(b) This first-order approximation
show that stable standing requires
R > g R = % is neutrally stable (like
a wheel). (Someone questions this
answer, so don’t trust it too much.)

e %
18.3.29 ‘; /
Obtas cauation of & 3
Ob ia} €quation ,| Moo and Eondilaon
fox Alabsle  m™ation,

~

“to/a

= Lok (vi,

Ly K ¥Ry 4

it = R S ey A

i n ~ 230G . + Cea@ §
% x (wk xox, 3
Tliga

o< —Cok@ i - angd

(% -RY €,) i
? el S <+ tak A 2 %
£ ¥ LW iR ok D &)
Yl L N\ A A
G5 R )

"
+ Wk \{ Wwr i N
5 -~ + WL g .sl
‘.,-‘«\~6

=5 QC = P i Ve d
3y = WKy R & (L 3 A »
J Wi 5 -R) €g + = v
Z =6 o H R &, (eile ll‘,‘
A pol w =7
.ijme‘ Avaq, Aot A . o e
SRR SR
=5 »(rz? fL . 5
325 Ry Y mg? . [g? N F 2 A
¥ \"\'m'f |P\J<(L7,T<>rf)\*-‘“ Qe o R
26 = 3

~

- \ g - X
=emMg = R Sing k =

= mg{Lt g

o A8 e X My s e S . ~
MR e+ mORE ) Con ks td RIS -R)mContk » Ml 7 %

ol
T

TRt GRS A
(‘):; Ry R -&]
A SSume @ B
it =X "= nd Loa@ 1
D maflt o\ e Sl 5 3
A .-w.f!w!'-_?.-;\_,g,./.__?iv+yl oo o
. v 2 ™M ',.—z| () Laales Bl
A [g}
— = 2 L
g = S (;-'P\\Z
[
b At 5Ll oy
) Tox the tockes o be alodle e (‘7; -R) 20
C
=% [l (R e
)
=2 R > _L %
2 7

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 19.3.30
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19.3.30 Consider a rigid spoked wheel
with no rim. Assume that when it
rolls a spoke hits the ground and doesn’t
bounce. The body just swings around the
contact point until the next spoke hits the
ground. The uniform spokes have length
R. Assume that the mass of the wheel is
m, and that the polar moment of inertia
aboutits centeris I (use I = mR?/2ifyou
want to get a better sense of the solution).
Assume that just before collision num-
ber n, the angular velocity of the wheel
is w,,_, the kinetic energy is T,_, the po-
tential energy (you must clearly define
your datum) is U,,—. Just after collision n
the angular velocity of the wheel is w,, .
The Kinetic Energy is T, , the potential
energy (you must clearly define your da-
tum) is U,,. The wheel has k spokes
(pick k = 4 if you have trouble with ab-
straction). This problem is not easy. It
can be answered at a variety of levels.
The deeper you get into it the more you
will learn.

a) What is the relation between w,_
and T,_?

b) What is the relation between w,_
and w,,?

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.

©)

d)

e)

f)

Problem 19.30

i %

Assume ‘rolling’ on level ground.
What is the relation between w;}
and ., (the angular velocities
just after two successive colli-

sions?

Assume rolling down hill at slope
0. What is the relation between
w,, and w,,,?

Can it be true that w,, = @1y, ?
About how fast is the wheel going
in this situation?

As the number of spokes m goes
to infinity, in what senses does
this wheel become like an ordi-
nary wheel?

k evenly spaced spokes

o Yy b
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