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19.1 Mechanics of a
constrained particle

19.1.1 A bead slides on a frictionless
circular hoop . The mass of the bead
mbead = 2 grams, mass of hoop mhoop =
1kg and radius of hoop Rhoop = 3m. Ne-
glect gravity. The center of the circular
hoop is the origin O of a �xed (Newto-
nian) coordinate systemOxyz. The hoop
is on the xy plane. The hoop is kept
from moving by little angels who let the
bead slide by unimpeded. At t = 0, the
speed of the bead is 4m_s, it is traveling
counter-clockwise (looking down the z-
axis), and it is on the +x-axis. There are
no other external forces applied.

a) At t = 0 what is the bead's kinetic
energy ?

b) At t = 0 what is the bead's linear
momentum ?

c) At t = 0what is the bead's angular
momentum about the origin?

d) At t = 0 what is the bead's accel-
eration?

e) At t = 0 what is the radius of the
osculating circle of the bead's path
�?

f) At t = 0 what is the force of the
hoop on the bead?

g) At t = 0 what is the net force of
the angel's hands on the hoop?

h) At t = 27s what is the x-
component of the bead's linear
momentum?

19.1.2 A warehouse operator wants to
move a crate of weight W = 100 lb from
a 6 f t high platform to ground level by
means of a roller conveyer as shown. The
rollers on the inclined plane are well lu-
bricated and thus assumed frictionless;
the rollers on the horizontal conveyer
are frictional, thus providing an e�ective
friction coe�cient �. Assume the rollers
are massless.

a) What are the kinetic and potential
energies(pick a suitable datum) of
the crate at the elevated platform,
point A?

b) What are the kinetic and poten-
tial energies of the crate at the end
of the inclined plane just before
it moves onto the horizontal con-
veyor, point B?

c) Using conservation of energy, cal-
culate the maximum speed at-
tained by the crate at point B, as-
suming it starts moving from rest
at point A.

d) If the crate slides a distance x,
say, on the horizontal conveyor,
what is the energy lost to sliding
in terms of �,W, and x?

e) Calculate the value of the coe�-
cient of friction, �, such that the
crate comes to rest at point C.
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Problem 19.1.2

19.1.3 On a wintry evening, a student of
massm starts down the steepest street in
town, Steep Street, which is of height h
and slope �. At the top of the slope she
starts to slide (coe�cient of dynamic fric-
tion �).

a) What is her initial kinetic and po-
tential energy?

b) What is the energy lost to friction
as she slides down the hill?

c) What is her velocity on reaching
the bottom of the hill? Ignore
air resistance and all cross streets
(i.e. assume the hill is of constant
slope).

d) If, upon reaching the bottom of
the street, she collides with an-
other student of massM and they
embrace, what is their instanta-
neous mutual velocity just after
the embrace?

e) Assuming that friction still acts on
the level �ats on the bottom, how
much time will it take before they
come to rest?
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Problem 19.1.3

19.1.4 Reconsider the system of blocks
in problem 2.3.14, this time with equal
mass, m1 = m2 = m. Also, now, both
blocks are frictional and sitting on a fric-
tional surface. Assume that both blocks
are sliding to the right with the top block
moving faster. The coe�cient of friction
between the two blocks is �1. The coe�-
cient of friction between the lower block
and the �oor is �2. It is known that �1 >
2�2.

a) Draw free-body diagrams of the
blocks together and separately.

b) Write the equations of linear mo-
mentum balance for each block.

c) Find the accel-
eration of each block for the case
of frictionless blocks. For the fric-
tional blocks, �nd the acceleration
of each block. What happens if
�1 >> �2?

19.1.5 An initially motionless roller-
coaster car of mass 20 kg is given a hor-

izontal impulse �
Ç

F dt = P�{ at position
A, causing it to move along the track, as
shown below.

a) Assuming that the track is per-
fectly frictionless from point A to
C and that the car never leaves the
track, determine themagnitude of
the impulse I so that the car �just
makes it� over the hill at B.

b) In the ensuing motion, assume
that the horizontal track C-D is
frictional and determine the coef-
�cient of friction required to bring
the car to a stop at D.
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Problem 19.1.5

19.1.6 Massesm1 = 1kg andm2 kgmove
on the frictionless varied terrain shown.
Initially, m1 has speed v1 = 12m_s and
m2 is at rest. The two masses collide on
the �at section. The coe�cient of restitu-
tion in the collision is e = 0:5. Find the
speed ofm2 at the top of the �rst hill of el-
evation h1 = 1m. Does m2 make it over
the second hill of elevation h2 = 4m?
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Problem 19.1.6

19.1.7 A Scotch yoke is a device for con-
verting rotary motion into linear motion.
In this case it is used to make a horizon-
tal platform go up and down. The mo-
tion of the platform is y = A sin.!t/with
constant !. A dead bug with mass m is
standing on the platform. Her feet have
no glue on them. There is gravity.

a) Draw a free-body diagram of the
bug.

b) What is the acceleration of the
platform and, hence, the bug?

c) Write the equation of linear mo-
mentum balance for the bug.

d) What condition must be met so
that the bug does not bounce the
platform?

e) What is the maximum spin rate !
that can be used if the bug is not to
bounce o� the platform?
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Problem 19.1.7

19.1.8 A bug of mass m walks straight-
forwards with speed vA and rate of
change of speed �vA on a straight light (as-
sumed to be massless) stick. The stick is
hinged at the origin so that it is always
horizontal but is free to rotate about the
z axis. Assume that the distance the bug
is from the origin, l, the angle the stick
makes with the x axis, �, and its rate of

change, ��, are known at the instant of in-
terest. Ignore gravity. Answer the follow-

ing questions in terms of �, ��, l, m, vA,
and �vA.

a) What is ��?

b) What is the force exerted by the
rod on the support?

c) What is the acceleration of the
bug?
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Problem 19.1.8

19.1.9 Anewkind of gun. Assume! =
!0 is a constant for the rod in the �gure.
Assume themass is free to slide. At t = 0,
the rod is aligned with the x-axis and the
bead is one foot from the origin and has
no radial velocity .dR_dt = 0/.

a) Find a di�erential equation for
R.t/. <

b) Turn this equation into a di�eren-
tial equation for R.�/. <

c) How far will the bead have moved
after one revolution of the rod?
How far after two? <

d) What is the speed of the bead af-
ter one revolution of the rod (use
!0 = 2� rad_s = 1 rev_sec)? <

e) How much kinetic energy does
the bead have after one revolution
and where did it come from? <
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Problem 19.1.9

19.1.10 The new gun gets old and
rusty. Reconsider the bead on a rod in
problem 19.1.9. This time, friction can-
not be neglected. The friction coe�cient
is �. At the instant of interest the bead
with mass m has radius R0 with rate of

change �R0. The angle � is zero and ! is a
constant. Neglect gravity.

a) What is �R at this instant? Give
your answer in terms of any or all
of R0, �R0, !,m, �, �e

�
, �e

R
, �{, and �|. <

b) After a very long
time it is observed that the angle �
between the path of the bead and
the rod/trough is nearly constant.
What, in terms of �, is this �? <

19.1.11 A newer kind of gun. As
an attempt to make an improvement
on the `new gun' demonstrated in prob-
lem 19.1.9, a person adds a length l to
the shaft on which the bead slides. As-
sume there is no friction between the
bead (mass m) and the wire. Assume the
bead starts at s = 0with �s = v0. The rigid
rod, on which the bead slides, rotates at a
constant rate ! = !0. Find s.t/ in terms
of l; m; v0, and !0.
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Problem 19.1.11

19.1.12 Slippery bead on straight ro-
tating stick. A long stick with mass
ms rotates at a constant rate and a bead,
modeled as a point mass, slides on the
stick. The stick rotates at constant rate
Ç! = !�k. Neglect gravity. The bead has
mass mb. Initially the mass is at a dis-
tanceR0 from the hinge point on the stick

and has no radial velocity ( �R = 0). The
initial angle of the stick is � = 0, mea-
sured counterclockwise from the positive
x axis.

a) What is the torque, as a function
of the net angle the stick has ro-
tated, �, required in order to keep
the stick rotating at a constant rate
?

b) What is the path of the bead in the
xy-plane? (Draw an accurate pic-
ture showing about one half of one
revolution.)

c) How long should the stick be if
the bead is to �y in the negative x-
directionwhen it gets to the end of
the stick?
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d) Add friction. How does the
speed of the bead over one rev-
olution depend on �, the coe�-
cient of friction between the bead
and the wire? Make a plot of
ð
Çvone revolutionð versus �. [Note,
you have beenworkingwith� = 0
in the problems above.]

19.1.13 Mass on a lightly greased slot-
ted turntable or spinning uniform
rod. Assume that the rod/turntable in
the �gure is massless and also free to ro-
tate. Assume that at t = 0, the angular
velocity of the rod/turntable is 1 rad_s,
that the radius of the bead is one meter,
and that the radial velocity of the bead,
dR_dt, is zero. The bead is free to slide on
the rod. Where is the bead at t = 5 sec?
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Problem 19.1.13

19.1.14 Abead slides in a frictionless slot
in a turntable. The turntable spins a con-
stant rate !. The slot is straight and goes
through the center of the turntable. If the
bead is at radius Ro with �R = 0 at t = 0,
what are the components of the acceler-
ation vector in the directions normal and
tangential to the path of the bead after
one revolution? Neglect gravity.

19.1.15 A bead of massm = 1 gm is con-
strained to slide in a straight frictionless

slot in a disk which is spinning counter-
clockwise at constant rate ! = 3 rad_s.
At time t = 0, the slot is parallel to the
x-axis and the bead is in the center of the
disk moving out (in the plus x direction)
at a rate �Ro = :5m_s. After a net rotation
� of one and one eighth (1:125) revolu-

tions, what is the force
Ç

F of the disk on
the bead? Express this answer in terms of
�{ and �|. Make the unreasonable assump-
tion that the slot is long enough to con-
tain the bead for this motion.
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Problem 19.1.15

19.1.16 Bead on springy leash in a slot
on a turntable. The bead in the �gure is
held by a spring that is relaxed when the
bead is at the origin. The constant of the
spring is k. The turntable speed is con-
trolled by a strong sti� motor.

a) Assume ! = 0 for all time. What
are possible motions of the bead?

b) Assume ! = !0 is a constant.
What are possible motions of the
bead? Notice there are two cases
depending on the value of !0.
What is going on here?
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Problem 19.1.16: Mass in a slot.

19.1.17 A small bead with massm slides
without friction on a rigid rod which ro-
tates about the z axis with constant !
(maintained by a sti�motor not shown in
the �gure). The bead is also attached to a

spring with constant K, the other end of
which is attached to the rod. The spring
is relaxed when the bead is at the center
position. Assume the bead is pulled to a
distance d from the center of the rod and
then released with an initial �R = 0. If
needed, you may assume that K > m!2.

a) Derive the equation of motion for
the position of the bead R.t/.

b) How is the motion a�ected by
large versus small values of K?

c) What is themagnitude of the force
of the rod on the bead as the bead
passes through the center posi-
tion? Neglect gravity. Answer in
terms ofm, !, d, K.

d) Write an expression for the Corio-
lis acceleration. Give an example
of a situation in which this accel-
eration is important and explain
why it arises.
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Problem 19.1.17

19.1.18 A small ball of mass mb =
500 grams may slide in a slender tube
of length l = 1:2m. and of mass mt =
1:5 kg. The tube rotates freely about a
vertical axis passing through its center C.
(Hint: Treat the tube as a slender rod.)

a) If the angular velocity of the tube
is ! = 8 rad_s as the ball passes
through C with speed relative to
the tube, v0, calculate the angular
velocity of the tube just before the
ball leaves the tube. <

b) Calculate the angular velocity of
the tube just after the ball leaves
the tube. <

c) If the speed of the ball as it passes
Cis v = 1:8m_s, determine the
transverse and radial components
of velocity of the ball as it leaves
the tube. <

d) After the ball leaves the tube, what
constant torquemust be applied to
the tube (about its axis of rotation)
to bring it to rest in 10 s? <
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Problem 19.1.18

19.1.19 Toy
train car on a turn-around. The 0:1 kg
toy train's speedometer reads a constant
1m_s when, heading west, it passes due
north of point O. The train is on a
level straight track which is mounted
on a spinning turntable whose center is
`pinned' to the ground. The turntable
spins at the constant rate of 2 rad_s.
What is the force of the turntable on
the train? (Don't worry about the z-
component of the force.) <
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Problem 19.1.19

19.1.20 Due to forces not shown, the cart
moves to the right with constant acceler-
ationax . The ballB hasmassmB. At time
t = 0, the string AB is cut. Find

a) the tension in string BC before
cutting, <

b) the absolute acceleration of the
mass at the instant of cutting, <

c) the tension in string BC at the in-
stant of cutting. <
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Problem 19.1.20

19.1.21 The forked arm mechanism
pushes the bead of mass 1 kg along a fric-
tionless hyperbolic spiral track given by
r = 0:5�.m_ rad/. The arm rotates about
its pivot point atOwith constant angular

acceleration �� = 1 rad_s2 driven by amo-
tor (not shown). The arm starts from rest
at � = 0

ý

.

a) Determine the radial and trans-
verse components of the acceler-
ation of the bead after 2 s have
elapsed from the start of its mo-
tion.

b) Determine the magnitude of the
net force on the mass at the same
instant in time.
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Problem 19.1.21

19.1.22 A rod is on the palmof your hand
at point A. Its length is l. Its mass m
is assumed to be concentrated at its end
at C. Assume that you know � and �� at
the instant of interest. Also assume that
your hand is accelerating both vertically
and horizontally with Çahand = ahx �{ +
ahy �|. Coordinates and directions are as

marked in the �gure.

a) Draw a Free-Body Diagram of the
rod.

b) Assume that the hand is station-

ary. Solve for �� in terms of g, l,

m, �, and ��.

c) If the hand is not stationary but
�� has been determined somehow,
�nd the vertical force of the hand
on the rod in terms of ��, ��, �, g, l,
m, ahx , and ahy .
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êθ êr

m

g

θ

ı̂

ĵ

Problem 19.1.22: Rod on a Moving Sup-
port(2-D).

19.1.23 Balancing a broom. Assume
the hand is accelerating to the right with
acceleration a = a�{. What is the force
of the hand on the broom in terms of
m; l; �; ��; a; �{; �|, and g? (You may not
have any �e

R
or �e

�
in your answer.)
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Problem 19.1.23
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