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18.4 Kinematics of 2-D mechanisms

An ideal mechanism or linkage is a collection of rigid objects constrained
to move relative to the ground and each other by hinges but which still has
some possible motion(s). People also use the word mechanism or linkage
more loosely to include any collection of machine parts connected by any
means.

The analysis of the kinematics of mechanisms is an important part
of machine design. Mechanisms synthesis, coming up with a mechanism
design which has desired motions, is obviously key in creative design, and
nowadays in computer aided design.

Finally, the determination of the dynamics of a mechanism, how it
will move and with what forces, is completely dependent on understand-
ing the kinematics of the mechanism. The whole subject of mechanism
kinematic analysis, although in some sense a subset of dynamics, is ac-
tually a huge and infinitely complex subject in itself Dand also a useful
subject in itself. Often kinematics is the central interest in machine de-
sign, and mechanics (force and acceleration) analysis is only carried out
if something that shouldn’t do so, breaks or shakes. This section presents
some of the basic ideas in kinematic analysis. The overall question in
mechanism kinematic analysis is this:

Given a collection of parts and a description of how they are con-
nected, in what ways can they move?

Without getting into the details of the motions yet, the first question to
answer is simpler than finding the motions, but just counting them: In
how many ways can the mechanism move?

Degrees of freedom (DOF)

The number of degrees of freedom (DOF) np of a mechanism is the
number of different ways it can move. More precisely

The number of degrees of freedom np,, of a mechanism is the min-
imum number of configuration variables needed to describe all pos-
sible configurations of the mechanism.

The minimum number of configuration variables np is a property of
the mechanism. The choice of what these variables are, however is not
unique to a given mechanism.

Example: A particle in a plane has 2 degrees of freedom.

The set of ‘configurations’ of a particle in a plane is the set of positions of the
particle. This is fully described by its x and y coordinates. Thus npor = 2.
But the configuration is also determined by the particle’s polar coordinates R
and 6. And there are an infinite number of other pairs of numbers that could
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®Very advanced aside. The gen-
eral kinematics of planar linkages
is as complicated as the classifica-
tion of closed surfaces in any num-
ber of dimensions: spheres, donuts,
spheres with two holes, etc. For
every surface there is a correspond-
ing 2D mechanism. In impenetra-
ble math-speak: Any orientable mani-
fold is a connected component of the
configuration space of some planar
linkage. This idea was proposed by
Bill Thurston in the 1970’s and later
proved by Kapovich and Millson. We
report this just so you don’t feel bad
that you don’t know now, and never
will know, all there is to know about
planar mechanisms.



a) Hinge (2 constraints)

b) Weld (3 constraints) 2 or
more bolts

[ —~weld ?:\‘_\I

c) Sliding contact
(1 constraint)
ideal massless

d) Keyed sliding
(2 constraints)

:E.'.é.:*-

N L

e) Inextensible link (1 constraint)

{\massless
mextensible link
f) Rolling contact (2 constraints)

@

Figure 18.50: The number of degrees
of freedom that are eliminated by var-
ious constraints. See text for explana-
tion.
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be used to describe the configurations (e.g., the x’ and )’ coordinates, the w
and z coordinates with w = e* and z = ¢”, etc). The minimum number of
configuration variables, 2, is unique, but the choice of variables is not.

For planar mechanisms one can often determine the number of degrees
of freedom by the following formula

3-(# of rigid objects) +2- (# of particles)— (# of constraints) = npp
—_—

n
Mpod npart Comy

(18.36)

The formula starts with the number of ways one rigid object can move
(2 translations and a rotation makes 3) and one particle can move (just
2 translations) and then subtracts the restrictions to the motion. In
eqn. (18.36) the number n_, of constraints is counted as the number of
degrees of freedom restricted by the connections.

Examples of connections and their effect on npp

See fig. 18.50 for some standard idealized connections and their number
of constraints (assuming they are already constrained to a plane).

a) 2 for a pin joint: a pin joint restricts relative motion in 2 directions
but still allows relative rotation. If three objects are connected at one
pin then it counts as two pin joints and thus 2 X 2 = 4 reductions
in the number of degrees of freedom. There are 6 reductions for 4
objects connected at one pin, etc.

b) 3 for a welded connection: a weld restricts relative translation in
two directions as well as relative rotation (2 + 1 = 3). So two parts
that are welded together have 2 - 3 — 3 = 3 degrees of freedom. That
is, any collection of rigid objects welded together is the same as one
rigid object. The word ‘weld’ is meant to include any collection of
bolts, glue, string, rivets or bailing wire that prevents any relative
motion.

c) 1 for a sliding contact: the sliding contact restricts relative trans-
lation normal to the contact surfaces and allows translation tangent
to the surfaces. Relative rotation is also allowed.

d) 2 for a keyed sliding contact: allows relative translation in one di-
rection but disallows translation in one direction as well as rotation.

e) 1foramasslesslink hinged at its ends to two objects: this keeps
the distance between two points fixed which is one restriction (alter-
natively the bar adds 3 degrees of freedom and each hinge subtracts
2 (+3 — 2x 2 = —1 degree of freedom).

f) 2 for a rolling contact: relative slip is not allowed nor is interpen-
etration.
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Be warned

If some of the constraints are redundant then a system can have
more degrees of freedom than eqn. (18.36) indicates. But a mecha-
nism never has fewer degrees of freedom than eqn. (18.36) indicates.

Some simple mechanisms

Figure 18.51 shows some examples of simple mechanisms and the num-
ber of degrees of freedom. In each case we look at eqn. (18.36): 3 - ny 4 +

2- Rpart = Peon = Mpor-

a)

b)

©)

d)

f)

g)

An object connected to ground by a hinge has 1 degree of free-
dom; the set of all possible configurations can be described by the
angle of the object: ny 4 =1,n,,, =2 = npop =1

An unconstrained object has 3 degrees of freedom; the set of all
configurations can be described by the x and y coordinates of a refer-
ence point and by the rotation 6: n, 4 = 1,n,,, =0 = npop =
3.

A bead on a wire has 1 degree of freedom; its configuration is fully
determined by the distance the bead has advanced along the wire

relative to a reference mark: n, . =1,n, =1 = npgr=1

con

part
A statically determinate truss has 0 degrees of freedom; a stati-
cally determinate truss has no way to deform: nyq = My Ny =
0, Meon = 2+ Mping+HMground const = Mpor = 0- Note that the number
of pin restrictions in our count here is more than twice the number
of joints in the study of trusses in statics. In statics, we focussed
on joints as restricted by bars. Here we look at bars as restricted by
joints. A given joint counts 2, 4 or 6 pin restrictions depending on
whether it connects 2, 3 or 4 bars. Thus the 11 bar truss shown has
7 joints (by truss-analysis counting) but, by the counting here it has
2X2+2X4+ 3 X6 =30 pin restrictions plus 3 ground restrictions
for 33 restrictions in all. Without restrictions the 11 bars had 33 de-
grees of freedom. So, because 33-33 = 0, and none of the restrictions
is redundant, the truss has zero degrees of freedom.

A rolling wheel has 1 degree of freedom; its configuration is fully
determined either by the net angle € it has rolled or by the x coordi-
nate of its center: Npoga = LNy, =2 = RApgp=1.

A double pendulum or two-link robot arm has 2 degrees of free-
dom; its configuration is determined by the net rotations of its two
links (or by the rotation of the first link and the relative rotation of
the second link): n, .y =2,n,,, =4 = npop=2.

A cart with two rolling wheels has 1 degree of freedom; given
the position of the cart, say x, the rotation of the wheels is deter-
mined. Similarly for a bicycle. For this model of a bicycle we are

Introduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap 3



) n=1 gear pendulum
U/

b) n=3

hockey puck 2D plane
on plane '!
4

c)n=1 bead

/Wire

d) n=0 Statically determinate truss

A

f) n=2
double robot arm

pendulum W@;

g)n=1
cart w/ wheels

i)n=1
slider crank

k)n=1

redundant T, T .
pendulum [
L L CJ
D n=10
2-D, 10 link
model of a
person

Figure 18.51: Some simple mecha-
nisms and their number of degrees of

freedom, n (called npop in the text).
4
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neglecting the steering degree of freedom and also the freedoms of
the crank and pedals. For a vehicle with 2 wheels in 2D we have:
Npoa = 3,Men = 4 X 2 = 8 (2 hinges and 2 rolling contacts)
= Npop=9-8=1

h) A “four” bar linkage has 1 degree of freedom; the angle of any
one of the bars determines the angles of the others: n, 4 =4,n., =
2X4+2+1 = 11 (there are 4 pin joints between the bars, one pin joint
to ground and one roller connection to the ground) = npoe = 1.

i) A slider crank has 1 degree of freedom; the rotation of the crank
determines the configuration of the system ny 4 = 3,n,,, =3-2+2
(there are 3 pins and one keyed connection) = npop=1.

j) Anideal gear train (with all gears pinned to ground) has 1 degree of
freedom; the amount of rotation of any one gear determines the ro-
tation of all of the gears: In this case the counting formula is wrong.
Say there are 2 gears, then n, 4 = 2,n,,,, = 3 -2 = 6 (two pins and
one rolling contact) =  npgp = 0 # 1. The rolling constraint pre-
vents interpenetration, but this was already prevented by the hinges
at the center of the gears. The constraints are redundant and the
system has more degrees of freedom than eqn. (18.36) indicates.

k) A redundant swing with one horizontal bar suspended by 3 par-
allel struts has 1 degree of freedom; the angle of one upright link
determines the full configuration of the mechanism. The counting
formulais again wrong: ny 4y = 4,n,,, =6-2=12 = npep=0
underestimates the number of degrees of freedom because the con-
straints are redundant.

1) A 2-D10-link model of a person with one foot on the ground has
10 degrees of freedom; the angles of the 10 links (4 arm links, 4 leg
links, a body and a head) determine the full configuration of the
mechanism. There are no redundant constraints so the counting
formula also works using 1,4 = 10, Ryjee = 10:

Npor = 3 * Npoq — Neon (18.37)

What are the 10 hinges? One at the ground, 1 at each knee and
elbow, 2 at the hip and 3 at the shoulders (one hinge for each object
linked to the trunk).

Configuration variables

Once we know the number of degrees of freedom np of a system it is
often useful to settle on one set of ny, configuration variables. In this
book npop will be 1, 2 or at most 3. Thus we pick 1,2 or 3 variables.
Example: Straight line motion
Chapter 14 on straight line motion was mostly about one-degree-of-freedom sys-

tems (1o = 1). These systems could all be characterized by the single config-
uration variable x, the displacement along the line of a reference point on the
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object relative to a reference point on the ground. All the positions,velocities
and accelerations of all points in the system could be found in terms of x, X and
X (in fact all points had © = xi and a = Xi).

Example: Circular motion about a fixed axis

In chapters 15 and 16 we were almost entirely focussed on systems with one
degree of freedom well characterized by the one configuration variable, the ro-
tation angle 6. For such motions positions, velocities, and accelerations of all
points were determined by the initial positions of the points 8, and & by equa-
tions which you know well by now.

For more general motions we almost always take inspiration from the two
examples above. We use the translation of a conspicuous point, or we
use the rotation of a conspicuous object for a configuration variable. And
more of the same if the system has more than 1 degree of freedom. The
natural choice of configuration variables for some simple mechanisms is
given in the text discussing fig. 18.51.

Often our main kinematic task is to express the full configuration of
the system as well as all the velocities and accelerations of all its parts in
terms of the positions of the parts, the configuration variables, and their
first and second time derivatives.

Adding relative angular velocities

One last simple kinematic fact is needed before we can plug and chug with
the theory we have so far and apply it to general kinematic mechanisms.
It concerns the addition of rotations and rotation rates. The following
example basically tells the whole story

Example: Double pendulum and the addition of rotation rates

The commonly used configuration variables for the double pendulum shown

in fig. 18.52 are 9, and 6,. To actually know the configuration of the system
obviously we need to know ¢ which is given by

$=0,+6, so ¢=06+6, andso ¢=08, +0,.

[Aside: One reason for choosing 8, instead of ¢ as a configuration variable
is that if one was measuring or controlling the second link, say as a robotic arm,
the angle 6, can be measured more easily than ¢. Also, it turns out (in hindsight)
that the differential equations of motion are slightly simpler using 6, instead of

¢.]

Looking at the bars as being glued to reference frames (¥ for the fixed
frame, B for bar AB, and € for bar BC), the above example shows that

which is often written with the simple notation
@ = @ +o,

Which can only be given strict meaning by the more elaborate eqn. (18.39)
above it.
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Figure 18.52: A double pendulum’s
configuration variables are most often
taken to be 6, and 6,. But one then
needs to know that ¢ = 6, + 6, and
that$ =6, +6,and § = 8, + 6,.
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Example: Double pendulum (see previous example)
Take &y, = 0,k, @¢)y = 6,k and &, = $k and eqn. (18.39) is self evident
from the addition of angles.

Similarly we have

which is often written with the simple notation
@& = a,+a,.

For those going on to study 3-D mechanics, one should note that, unlike
eqn. (18.39), eqn. (18.40) does not hold in 3-D.

Kinematics of mechanisms
One approach to mechanisms is to do what one can with high-school ge-
ometry and trigonometry, the laws of sines (see page 110), and so on.

Example: Rod on step using geometry and trigonometry
One end of a rod slides on the ground. The other end slides on a corner at A
(see fig. 18.53). Given that U = v;i we can find ¢ as follows:

L =tan¢ => Efﬁ = COS¢E

€ o h sin ¢

il 125

Ug sin” ¢

As the above calculation shows, this problem doesn’t need the heavy ma-
' chinery of our moving-frame vector methods. But it provides an instruc-
tive example.

C
‘ A
h Example: Rod on step using moving-frame methods (see previous exam-
ple)
We look at point A and note that we can think of it as a fixed point in the fixed
— frame F and also as a point that is moving relative to the translating and rotating
o frame B. We evaluate its velocity both ways.

Figure 18.53: A rigid rod slides so that

it always touches the ground and the
corner at A. One would like to know
the relation between ¢ and ¥y.

Vy, = Uy

0

Ug + @y XTFy 5+ 0y /p (eqn. (18.28))

0 = vgi—Pkx(€pudpa) + Vaysdpat
=0 = vgi-fig, +¢ly, ({-hp,)
——
sing
. 22
L vpsing  ugsin’ ¢ .. h
=9 = —S == (sing = 7—)

as we had before. The key equation was the ‘three term velocity formula’
eqn. (18.28) on page 959 and the observation that relative to frame B point A
slides along the rod. Note that we never had to explicitly use the rotating coor-
dinates associated with frame B to do this calculation.
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You should understand the examples above, and the needed background
material, before going on to the following examples.

Example: Slider Crank using geometry and trigonometry

The slider crank mechanism (fig. 18.54) was briefly introduced in the context
of statics where its forces could be analyzed assuming inertial terms were neg-
ligible (see 418). But it is a commonly used mechanism (e.g., in every car) and
its motions are of central interest. The angle 8 is the most natural configuration
variable for this np,; = 1 system. One would like to know the position, velocity
and acceleration of the slider (x, X, and X..) in terms of 8, 6 and 8.

Xe = Xp+Cphc

= dcos@+VE2—h?

= dcosf@+ V2 —(dsinb)
= d(cos@+\/(€/d)2—sin29>

- d <cose +1/(€/d) + (cos26 — 1)/2) (18.41)

The positive Na corresponds to C being to the right of 0. The negative |/ corre-
sponds to point C being to the left of 0. The mechanism just doesn’t work for a
full revolution of the link 0A if ¢ < d as you can see from the picture or from
that the Na above giving imaginary values for cos 26 near -1, sin © near 1, and 0
near 7z /2.

To get the velocity of point C we just take the derivative of eqn. (18.41) above.

Ve = X (18.42)

= % {d (cos@ + \/(f/d)2 +(cos20 — 1)/2)}

1

= 6d{—sin(6) —sin(26)

\/4;—22 +2 cos(20) — 2
To get the acceleration we differentiate once again. For simplicity let’s assume
the crank rotates at constant rate, so 6 is a constant and 6 = 0. Cranking out
the derivative of eqn. (18.42), so to speak, we get

a =V, = % {the mess on the right of eqn. (18.42)} (18.43)

= —dé{ cos()

) -3/2
+2 sin’(20) (4 % +2 cos(20) — 2)

1

+2 cos(26)

2
\/4§ +2cos(260)—2

So we now know the position, velocity and acceleration of point C in terms of
6,6 and 8. You should commit the solution eqn. (18.43) to memory. Just kid-
ding.

Plots of x.,v., and a, from these equations are shown in fig. 18.55ab for
two different extremes of slider crank design: one with a very long connecting
rod that gives sinusoidal motion, and one with a connecting rod just barely long
enough to prevent locking that gives intermittent motion.
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Figure 18.54: The slider crank mecha-
nism.

(@ (b)

d=1/\1=1.01
=1, =10 ¢ /\c
11 2
x \ /
9 0

angle 0, degrees

Figure 18.55: Position x of the slider,
its velocity v, and its acceleration a,
(Strictly, e.g, @, = a.i). Two sets of
curves are shown. (a) a long connect-
ing rod, and (b) a connecting rod a
hair longer than the crank. In case (a)
the connecting rod is nearly horizon-
tal at all times and the displacement
of point C is almost entirely due to the
horizontal displacement of the end of
the crank arm. Thus point C moves
with almost exactly a cosine wave with
amplitude equal to the length of the
crank. The velocity and acceleration
curves are thus also sine and cosine
waves. In case (b) the motion is close
to a cosine curve approximately when
—-60" < 6 < 60°. That is, the dis-
placement of C is about twice the hor-
izontal displacement of the end of the
crank arm when the end is to the right
of its base bearing. When the end of
the crank arm is to the left of the bear-
ing point C is nearly stationary and is
just to the right of the crank base bear-
ing. The transition between these two
cases involves a sudden large acceler-
ation.



Figure 18.56: A four bar linkage.
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Unlike some more complex mechanisms, the slider crank is solvable in
that one can write a formula for the position of any point of interest in
terms of the single configuration variable 8. For more complex mecha-
nisms this may not be possible. Further, even if possible the above exam-
ple shows that the differentiation required to find velocity and accelera-
tion can lead to a bit of a mess.

A different approach is to assume that at some value of the config-
uration variable (6 for the slider crank) that the full configuration of the
system is known. That is, that the locations of all points are known. Then
we can use our vector methods to find velocities and accelerations of all
points of interest.

Example: Slider crank using vector methods (see previous example)
Take the slider crank of fig. 18.54 to be in some known configuration. We now
try to find the velocity and acceleration of point C in terms of the positions of
the points 0, B, and C as well as 6 and 6.

The basic approach is to write true things, and then solve for unknowns.
First work on velocities. The basic idea is to look at the closure condition. That

is, the velocity of point C as calculated by working down the linkage from 0 to A
to C has to be consistent with the velocity of C as calculated in the fixed frame.

U, = U
Vel = ﬁA/O + 6C/A
vel = (k)X F, )+ (k) X Ty (18.44)

eqn. (18.44) is a 2-D vector equation in the 2 unknown scalars v and é. It could
be solved as a pair of equations, or solved directly by first dotting both sides with
Jj to find ¢ and dotting both sides with ¥ /a to find vc. These yield

(@) x 7y 0) - g

$ = —————— and
(lexFeyn) - g "
6 (e xFyjo) - Fesa
Ve = —
i-Tg/

where everything on the right of these equations is assumed known. Without
grinding out the vector products in terms, say, of components, we can just use
that we know ¢ and v,..

We proceed to find the accelerations by similar means, assuming 6 is a con-
stantso &, = O:

i, = d,
ai = &A/O +ag,,
ack = 6%, + (—Pk) X ¥ )y — P s (18.45)

eqn. (18.45) is a 2-D vector equation in the two scalar unknowns a, and é. We
can set this up as two equations in two unknowns. Or we can solve for ¢ directly
by dotting both sides with j and we can solve for a. directly by crossing both

sides with 7, or by dotting with a vector perpendicular to 7, (e.g., ii/A =

kx7c,s)

Although we have presented an algorithm rather than a formula, we have
found the velocity and acceleration of C without writing any large equations of
the type needed in the previous example. The shortcoming is that this method
depends on knowing the full configuration at the time of interest.
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Example: Four bar linkage using geometry and trigonometry
fig. 18.56 shows a “four-bar linkage”. Please see 417 for an introduction to 4-bar
linkages in the context of statics. Four bar linkages are solvable in the sense that
one can write equations for the positions of any point of interest in terms of the
single configuration variable 6 marked in fig. 18.56. But the formulas are really
a mess. And the first and second time derivatives are an unbelievable mess.
The four-bar linkage is about as complex a system as can be solved in this
sense, and it is probably too-complex for this solution to be useful in the kine-
matic analysis of accelerations.

For complex mechanisms one is often stuck using vector methods, like
we are for practical purposes stuck with the 4-bar linkage. But the vector

methods based on the current configuration are not crippled by complex-
ity.
Example: Four-bar linkage using relative velocities and accelerations
Assuming the configuration is known (i.e., that 6, ¢,, and ¢, are known), we can
proceed with the 4-bar linkage just as we did for the slider crank. We enforce
closure by picking a point and thinking about its velocity two different ways
‘We could pick any point, say C. From the fixed frame we know that the velocity
of C is zero. Working around the linkage, link by link, we know it is the sum of
relative velocities as

Uc
0

Uc

Uy + Ogja + ¢y
(éi{) XTp + (é,k) x Fya t+ (¢,k) x Tess

which is equivalent to two scalar equations in the two unknowns é, and ¢,.
This equation can be solved directly for ¢, by taking the dot product of both
sides with a vector perpendicular to 7/, (such as j” or kx7, ,a) and for ¢, by

taking the dot product of both sides with for a vector perpendicular to 7. 5 (such
s

as j or k X ¥, y) to get
¢ = QE: f 3{:’, and
Xy ) J
PR G
(erC/B) . ju

The dot product with k is used to get a scalar on the top and bottom of the
fraction, both vectors are already only in the k direction. Now that ¢, and ¢,
are known the velocity of any point on the mechanism is known. For example

O = (¢2i‘) X?B/C‘

The angular accelerations of the two links are found by the same method.
For simplicity let’s assume that the driving crank OA spins at constant rate so
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@Relative vs absolute angles. In
this example, and the examples above,
we use the absolute rotations of the
links. However, we could also have
done the calculations using the rela-
tive rotations and then used the for-
mulas for velocity and acceleration rel-
ative to a rotating frame. For these
examples this would make the cal-
culations slightly, but not intractably,
longer.
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@ = 0. Looking at the acceleration of point C two ways we have

Ql
o)

Sl

a

c

a0ty Tag,
(68) sy~ 75y,
——

0
+(¢,k) x Fy/n — d)fi:B/A
+(¢,k) x Tep— d’%FC/B

Because ¢, and ¢, are already known, this is one equation in the two unknowns
$, and §,. They can be solved for ¢, by taking the dot product of both sides with
j"" and for §, by taking the dot product of both sides with j".

At this point you know 6, 6, b1, b1> $1» b5 by, and $, and can thus calculate
the position, velocity and acceleration of any point in the mechanism.
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Chapter 18.

SAMPLE 18.12 Two rods connected in a one-DOF mechanism. A
mechanism consists of two rods AB and CD connected together at P with
a collar pinned to AB but free to slide on CD. Rod ABis driven with @ ,, =
10rad/sk and @ ,, = 4rad/s?k. At the instant shown, 6 = 45" and § =
30°. The length of rod AB is R = 0.4 m. At the instant shown,

1. Find the angular velocity and angular acceleration of rod CD.

2. Find the velocity and acceleration of the collar with respect to rod
CD.

Solution Here, we are interested in instantaneous kinematics of this mechanism. Since
point P is on rod AB as well as on rod CD, its velocity and acceleration can be expressed in
terms of the angular motion of rod AB or that of rod CD. Let us consider rod AB first. Let
é, and é, be basis vectors attached to rod AB that rotate with the rod. Since P is fixed on
rod AB, it executes simple circular motion about A with &@,, = 8k and @,, = 8k where
6 = 10rad/s and § = 4rad/s?, respectively. Then

(18.46)
(18.47)

0, = Rée,

a, = -RO%,+Rfe,.

Now let us consider rod CD and express the velocity and acceleration of point P in terms
of motion of rod CD. Let the angular velocity and angular acceleration of rod CD be &, =
Bk and a’cp = [k, respectively. Let A and 7 be basis vectors attached to rod CD. Let the
instantaneous position of point P on CD be 7, = rA. Since the collar can slide along CD,
we can write the velocity and acceleration of point P as

Uy
. F = rf)OA + 2 + rp)h.

From eqn. (18.46) and 18.48 we get,

FA +rfh (18.48)

a (18.49)

FA+rpa = Roe,
= F = RO@-A)
B = (1/r)RE(, - i)

Similarly, from eqn. (18.47) and 18.49 we get,
i — rﬁz = —RO%e,-A)+Rbe - 1)
rf+2if = —RO*e,-n)+RA@,-n).

Thus, to find all kinematic quantities of interest, all we need now is to figure out a few dot

products between the two sets of basis vectors. This is easily done by writing out &, é,, 4,

and 7. & Substituting the dot products in the expressions for 7, 5, #, and B we get
7 = REsin(B -0),
8 r~ RO cos(6 — B)
i = rB*—R6*cos(B —0)+ RYsin(B —0),
B = r[—RE%*sin(6 — B) + R cos(6 — B) — 278].

Substituting the given values of R, 8,8, R, 6, 8, and r = Rsin 8/ sin 8, we get

F=-1.04m/s, f =6.83rad/s, = —12.66m/s?, f=9.43rad/s?.

Wep = 9.431ad/s’k
), = —12.66m/s?4

(@) @y = 6.83rad/sk,
(b) Ujep =-1.04m/sd,

Introduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap

Figure 18.57

Figure 18.58: The position of point P
can be written as Ré, or rA where r =
Rsin 6/ sin B (since rsin § = Rsin 6).

y .

er

&>

>

%/%
O_ﬁ/\-// \\9\/3

X

Figure 18.59: Geometry of the unit
vectors.

@® ‘We have,
é =cosfi+sinbj,
é, = —sin6i +cos0j,

A = cosfi+sinfj,
i = —sinBi + cos 3.

Therefore,

é, - A = cos(8 - 6),
é,-n=sin(® - p),
é,- A =sin(f —0),
é, - = cos(6 — f).
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Figure 18.60:

SAMPLE 18.13 Kinematics of a Link rod in a one-DOF mechanism.
In machines we often encounter mechanisms and links in which the ends
of a link or a rod are constrained to move on a specified geometric path.
A simplified typical link AB is shown in Fig. 18.60.

Link AB is a uniform rigid rod of length ¢ = 2m. End A of the rod
is attached to a collar which slides on a horizontal track. End B of the
rod is attached to a uniform disk of radius R = 0.5 m which rotates about
its center O. At the instant shown, when 6 = 30° and ¢ = 6,end A is
observed to move at 2m/s to the left.

1. Find the angular velocity of the rod.

2. Find the angular velocity of the disk.

3. Find the velocity of the center-of-mass of the rod.
Solution Let the angular velocities of the rod and the disk be @, = 0k and @, = ¢k
respectively, where 6 and ¢ are unknowns. We are given v, = —v,i wherev, = 2m/s.

1. Point Bis on the rod as well as the disk. Hence, the velocity of point B can be found
by considering either the motion of the rod or the disk. Considering the motion of
the rod we write,

U, = TJA+T)B/A

= ﬁA+cT)ABx?B/A

= —u,i+ 6k x ¢(cos 6i + sin 6 j)

= —(v,+ 6¢ sin 6)i + 6¢ cos 6. (18.50)

Now considering the motion of the disk (and noting that ¢ = 6 ), we write,

Uy = pX 73/0
¢k x R(—sin 6i + cos 6j)
—¢RsinBj — ¢R cosbi. (18.51)

But U = Uy, therefore, from equations (18.50) and (18.51) we get
—(v, +6¢sin6)i +6¢ cos6j = —PRsin6j — R cos Hi

By equating the i and j components of the above equation we get

—(v, +6¢sin8) = —¢$Rcosh, (18.52)
and 6¢cos6 = —¢Rsinb
= 6 = —é;tane. (18.53)
Dividing Eqn. (18.52) by (18.53) we get
2
—<U—_A+€sin9) _ ¢ cos@ =fcc.)s 0
tan @ sin 6
2 2 .2
N _U_.A _ €<c<?s 6+sin9)=€ cos 9.+sm6 _ .f
2] sin @ sin 6 sin@
> 6 = —U?Asin9=—v7Asin30o
2m/s 1
= —H . 5 = —O.Srad/s.

®,, = —0.5rad/sk

Introduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap
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2. From eqn. (18.53)
9
———
: D gnge
$ = - o __ £ = 2 cos6
~  Rtanf P
cos 9
2m/s \/5
= “wsm 2z - 2V 3rad/s.
Thus &, = dk = 3.46rad/sk.
@, = 3.46rad/sk
[At this point, it is a good idea to check our algebra by substituting the values of 8 _
and ¢ in equations (18.50) and (18.51) to calculate .] @ Substituting 6 = -—0.5rad/s in

3. Now we can calculate the velocity of the center-of-mass of the rod by considering
either point A or point B as a reference:

Ug = U,+0g,

= D, + @, X Py,
= —v,i+08kx g(cos 01+ sin 6 j)
= —(UA+6'§sin6)i+6écos€j

YN
2

= _(zm/s_o'srad/S‘ZTm'%)i+(—0.5rad/s-27m. )j
7 R 3 .
- _Zm/Sl_Tm/S].

O, = —(1.751 + 0.43j) m/s

We could easily check our calculation by taking point B as a reference and writing

Uy = Uy+Ug,

= Uyt @, X
By plugging in appropriate values we get, of course, the same value as above.
Comment: We used the standard basis vectors i and j for all our vector calculations

in this sample. We can shorten these calculations by choosing other appropriate basis
vectors as we show in the following samples.

Introduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap

Eqn. (18.50) and plugging in the given
values of other variables we get

_ 3., V3.
Uy = —(El + TJ)III/S.
Similarly, substituting ¢ = 2y/3rad/s

in Eqn. (18.50) and plugging in the
other given values we get

o3 V3
Uy = —(§l+ TJ)III/S,

which checks with the ¥, found above.
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Figure 18.61

Figure 18.62

y éR }7

&>

é o-p
A

0-p
Figure 18.63

SAMPLE 18.14 A two-DOF mechanism. A two degree-of-freedom
mechanism made of three rods and two sliders is shown in the figure.
At the instant shown, the crank AB is rotating with angular velocity
@, = 12rad/sk and angular acceleration @,, = 10rad/s2k. At the
same instant, the collar at end C of the link rod CD is sliding on the ver-
tical rod with velocity 0. = 0.5m/sj and acceleration @, = 10m/s?}j.
Find the angular velocity and angular acceleration of the link rod CD.

Solution Once again, we are interested in instantaneous kinematics — we wish to find
the angular velocity and acceleration of rod CD at the given instant. This problem is just
like the previous sample problem except that end C of the link rod CD is not fixed but
free to slide on the vertical bar. But the velocity and acceleration of point C is given;
so it is exactly like the previous sample (there, the velocity and acceleration of point C
was identically zero). So, we adopt the same line of attack. We figure out the velocity
and acceleration of point B using the kinematics of rod AB. We then write the velocity
and acceleration of the same point using the kinematics of rod CD (this will involve the
unknown angular velocity and acceleration of CD that we are interested in). Equate the
two and solve for the unknowns we are interested in.

Let the angular velocity and acceleration of rod CD be &, = fk and @., = fk,
respectively. Let &, and &, be base vectors rotating with rod AB, and 4 and 7 be the base
vectors rotating with rod CD (see fig. 18.62). Considering rod AB, we have

b, = ROe (18.54)
a, = -—RO%,+Rde, (18.55)
Considering rod CD, we have
Uy =D +Dyc = vcj+FA+rpn (18.56)
G, =G +ay, = acj+F—rf)i+ @+ . (18.57)

Now equating eqn. (18.54) and (18.56), and dotting both sides with A and i, we get

—sin(6—p) sin 8
.7 N N .
F = RO(&-A) —v.(j-1)=—-ROsin(0—p)— v sinf (18.58)
r6 = RO @ -n—-v.(j-n= R6cos(6 —B) — Uc cos B (18.59)
N—— N———
cos(6—f) cosf

where the dot products among the basis vectors are easily found from either their ge-
ometry (see fig. 18.63) or from their component representation (see previous sample).
Following exactly the same procedure, we get, from eqn. (18.55) and 18.57,

—R6? cos(6 — B) + RE(—sin(6 — B)) — a sin § + rf> (18.60)
—R&?sin(6 — B) + R cos(6 — B) — a,. cos f — 27f. (18.61)

;
rp

Now, note that although we are only interested in finding # and 5. So, we only need
eqn. (18.59) and eqn. (18.61). But, eqn. (18.61) requires i* on the right hand side and,
therefore, we do need eqn. (18.58). We can, however, happily ignore eqn. (18.60).

Now, to find the numerical values of  and f, we need to find r and 6 in addition

to all other given values. Consider triangle ABC in fig. 18.62. Using the law of sines

2 =L =2 ) wegetr=07mand6 = 79.45". Now, substituting all known
sin B sin @ sin(6—p)

numerical values in eqns. (18.58), (18.59), and (18.61), we get

F=-3.75m/s, [ =6.61lrad/s, S =8.43rad/s’.

@ep = (6.61 rad/s)k, C_ba) = (8.43rad/s?)k

Introduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap
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Ch 18 Section 18.4

18.4 Kinematics of 2-D
mechanisms

18.4.1 Slider crank kinemat-
ics (No FBD required!). 2-D . Assume
R,¢,0,0,06 are given. The crank mecha-
nism parts move on the xy plane with the
x direction being along the piston. Vec-
tors should be expressed in terms of i, j,
and k components.

a) What is the angular velocity of the
crank OA? *

b) What is the angular acceleration
of the crank OA? *

¢) What is the velocity of point A? *

d) What is the acceleration of point
A?*

e) What is the angular velocity of
the connecting rod AB? [Geome-
try fact: #,, = V€2 — R2sin’ 01 —
Rsin6j]*

f) For what values of 6 is the angu-
lar velocity of the connecting rod
AB equal to zero (assume 6 # 0)?
(you need not answer part (e) cor-

rectly to answer this question cor-
rectly.) *

crank A rod

iston
motor P

Problem 18.4.1

18.4.2 Slider-Crank. Consider a slider-
crank mechanism. Given 8, 6, 8, L, and
R, can you find the velocity and accelera-
tion of B? There are many ways to do this
problem.

crank A rod

motor

Problem 18.4.2

Introduction to Mechanics for Engineers «

18.4.3 The crank AB with length L, =
linch in the crank mechanism shown
rotates at a constant rate 6,;, = w,; =
2z rad/s counter-clockwise. The initial
angle of rotation is 6 = O att = 0.
The connecting rod BC has a length of
Ly.=2¢€.

a) What is the velocity of point B at
the end of the crank when 6 =
m/2rad?

b) What is the velocity of point C

at the end of the connecting rod
when 6 = 7 /2rad?

c) What is the angular velocity of
the connecting rod BC when 6 =
m/2rad?

d) What is the angular velocity of the
connecting rod BC as a function of
time?

wpp = 2m rad/s

Problem 18.4.3

18.4.4 The two rods AB and DE, con-
nected together through a collar C, ro-
tate in the vertical plane. The collar C is
pinned to the rod AB but is free to slide
on the frictionless rod DE. At the instant
shown, rod AB is rotating clockwise with
angular speed w = 3rad/s and angular
acceleration o« = 2rad/s. Find the an-
gular velocity of rod DE. *
- B

_ PN

——{E\wﬂ LO/ ; E

Problem 18.4.4

18.4.5 Reconsider problem 18.4.4. The
two rods AB and DE, connected together
through a collar C, rotate in the vertical
plane. The collar C is pinned to the rod
AB but is free to slide on the frictionless

© 2026 Andy Ruina & Rudra Pratap

rod DE. At the instant shown, rod AB
is rotating clockwise with angular speed
w = 3rad/s and angular acceleration
a = 2rad/s?. Find the angular acceler-
ation of rod DE. *

b —B

A\

*f(;\a),a LO/ ; E

Problem 18.4.5

18.4.6 Collar A is constrained to slide on
a horizontal rod to the right at constant
speed v,. It is connected by a pin joint
to one end of a rigid bar AB with length
¢ which makes an angle 6 with the hori-
zontal at the instant of interest. A second
collar B connected by a pin joint to the
other end of the rigid bar AB slides on a
vertical rod.

a) Find the velocity of point B. An-
swer in terms of v,, 6, ¢, f and j.

b) Find the angular speed 6 of the
rod? Answer in termsofv,, 6, ¢, i
and j.

Problem 18.4.6

18.4.7 A bar of length ¢ = 5ft, body D,
connects sliders A and B on an L-shaped
frame, body £, which itself is rotating at
constant speed about an axle perpendic-
ular to the plane of the figure through
the point O and relative to a fixed frame
F, @, = 0.5rad/sk . At the instant
shown, body £ is aligned with the x — y
axes, slider A is x, = 4ft from point
O, slider B is y; = 3ft from O. The
speed and acceleration of slider B relative
to the frame £ are Uy,, = —2ft/sj and
a,,, = —2ft/s’j, respectively.
Determine:
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a) The absolute velocity of the slider
A, D, /> and

b) The absolute angular velocity of
bar AB, body D, cT)D/f.

Problem 18.4.7

18.4.8 The link AB is supported by a
wheel at D and its end A is constrained
so that it only has horizontal velocity. No
slipping occurs between the wheel and
the link. The wheel has an angular veloc-
ity w and radius r. The distance OA = ¢.

Given: w, r, and ¢. (B = sin”* ;).
Determine the angular velocity of the
link AB and velocity of the point A.

B

o
Problem 18.4.8

18.4.9 A solid cylinder of radius R and
mass M rolls without slip along the
ground. A thin rod of mass m and length
L is attached by a frictionless pin P to the
cylinder’s rim and its right end is dragged
ataconstant speed 0, along the (friction-
less) horizontal ground.

a) For the position shown (where P is
directly above the contact point),
find P’s velocity 0, and the rod’s
angular velocity @.

b) Find P’s acceleration @, and the
angular acceleration & of the rod.

Problem 18.4.9

Introduction to Mechanics for Engineers «

18.4.10 The slotted link CB is driven
in an oscillatory motion by the link ED
which rotates about D with constant an-
gular velocity & = w,. The pin P is at-
tached to ED at fixed radius d and en-
gages the slot on CB as shown. Find the

angular velocity and acceleration ¢ and

¢ of CBwhen 0 = 7/2.

C| ¢ |

Problem 18.4.10

18.4.11 The rod of radius r = 50mm
shown has a constant angular velocity of
w = 30rad/s counterclockwise. Know-
ing that rod AD is 250 mm long and dis-
tance d = 150 mm, determine the accel-
eration of collar D when 6 = 90°.

r

A

Problem 18.4.11

© 2026 Andy Ruina & Rudra Pratap
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Ch 18 Section 18.4

18.4.1 Slider crank kinemat-
ics (No FBD required!). 2-D . Assume
R,¢,6,6,8 are given. The crank mecha-
nism parts move on the xy plane with the
x direction being along the piston. Vec-
tors should be expressed in terms of i, j,
and k components.

a) What is the angular velocity of the
crank OA?

b) What is the angular acceleration
of the crank OA?

¢) What is the velocity of point A?

d) What is the acceleration of point
A?

e) What is the angular velocity of
the connecting rod AB? [Geome-

try fact: ¥, = V€2 — R2sin’ 01 —

Rsin 6 j]

f) For what values of 0 is the angu-
lar velocity of the connecting rod

AB equal to zero (assume 6 # 0)?
(you need not answer part (e) cor-
rectly to answer this question cor-
rectly.)

crank

rod

Problem 18.1

Answer: )
() @y, = k.
(b) &,, = bk.

()0, = —ROsin6i + RO cos 6j.

(d) a, —(R®?cos € + ROsin6)i +
(RO cos6 — RO*sin0) j.

(e) aAB — —ROcos 6 .

\/ ¢2-R? sin’ 0

6=02n+ 1)%, n=0,+1,%2, ...

d,+ G kx(Resd?s

»_lLA Slis  crank.. pb
W an)

0 0

ko 57

d) /‘Tnc/ w

b) Fnd &)
Fi V .

c) nd V4! Jas W, x LB g

@Kx(/?omestnG(/) gg(wxajs,,gb

J) - g
L4z ,{JxrA/f wxwxf%)

s -w?

25m9 /\) 9 /wl@x +

Cy,
258

\

3, ~R(6sn6+6*

oos@):, + R (bcos i Lhﬁ)/

0:3V1

Disclaimer: We }

They are not official and have not been reviewed by the authors for correctness.
Introduction to Mechanics for Engineers «

@) Fmd r[\‘,)’\B 3 Note. ,L\‘,)kB :LUAQE_;
) AL
~8 7 Jh8 XMQ/A f,\\‘/A Sinee g L@ constrained
4 to move Laorl ont; onl,
A A 4 .;17 )
Vab = Wk x(/’rgzw 9'95"8‘/)*4
=>/\ R&(cos6 4 —:m&)
A e / cn
Vg ¢ =-Ru1wylr19£ /Q@M@Z\ Vi
T Wig Vit gism J* ed “"61
«dot ‘ﬂu_ shove o ? iJ
Vg = - Ry sind - 295m9
0- Wi Ve + €625
0, from the 2od g, [wyg = = ROcosB K
f) P Wip=0 ot O
3 e e
d=4 becanse the canneding
rod is wadegoind €
Striet Lna 3 motion.

(Yx 4 Vg both I x-
d.fzzfyom).

solutions.
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18, 4.\ M.R. Buche 5/6/2)

(5 nen @ Q @ @ G r a ceank
Mec‘nw\\&r’\ i 20.

C\\ Find WoA |, s, = é’\,_\:\
b) Find oa. Aop = © K

‘ C\ Fiod Va. Ya = Wea X Lay
| A Al
= P J
; Ca = R (- Cos@-&@&m@\ O@%B L{L‘
VA = RO (@m&@-’isw@\( Vo = O
: 2
'd) Find  Qa, An = SKeaXEhk = Ulon She

RO ( 3 cos @ ~Pan 9\ -R6* (’icm@ «S_smey

?\ A ¢ Siace lg-Q:O,
3 e IR have  Wag =9
: =S =, wWhen s

L VA<l = RO cw®

=

F—

‘\AXSU(O'\S(\S S #0 and Q>Q l
Wag ="0  When O = T/2 'and 37/2

Pageto—2

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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We Koow VA (Po\rlv ¢\ and Ve = ]\./.B\/\l.

A
Also: Ve = Va + Wag % EQ/A, wAs=\‘i/Ae\.‘<.

|vel? = Va + Wag = Cera

~ ANV
L does s Sgo(‘\A [30\,? (do* with Q)
YA'S_ = Qé cos O

Wae X Y8/n = \UL)AB\(Q Rain© + d l[’- Rsing )M

<WABXEQ’A\'3 = 1WAB\\I1Q—@QSH\Q@—'

[ So\\/ms Va<d + (@Ae X Ee/A\ 06_\— =0

7
= -:_@ oG Q
\R LN =g g

Obszerve that for =R

g we (eceive
Smgu\o\r wa@sgwoéﬁons (0\\30 ca '\l ed

de otitiony ) ar ©=0 ond .

ote genecall \We  (eCeive Them
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem...

17.4.1

Saturday, May 4, 2019 5:29 PM

Gven: R,1.6,6.9

ra 1
i \‘

Ep= w0501 45he ]
A " ’\\
€y = =B + 56

Ft‘nd :

a)

b)

i)

wju,laf v&[ou‘fJ oT oA
woA = él‘
mnjw(ur acceleralon -r[ 0A
@ = OF
velau‘t] 01’ /l
. - 1
Vo = OpGy = QR (5@ +w07)
Aceleration of A
_— = [ -2 A
OrREy - OR Cp

aA = VA =
= b‘ﬁ (-s.‘neT + "’593\) -6°R {_mef'{.s.'nes\)
B ] i ta [ ’;‘
( = {—9 R she 'e"rl“’ﬁe) - (g p.tos® :‘@ F’-ne)J
dng woar vefoc.‘fj 0"’ AB? wAB - WRBL
VA = _\7;

Disclaimer: We have lost track of the many people who wrote these solutions.
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Problem 18.4.4

18.4.4 The two rods AB and DE, con-
nected together through a collar C, ro-
tate in the vertical plane. The collar C is
pinned to the rod AB but is free to slide 0.5m
on the frictionless rod DE. At the instant
shown, rod AB is rotating clockwise with
angular speed w = 3rad/s and angular /]

acceleration ¢ = 2rad/s?. Find the an- A :\w / E
gular velocity of rod DE. U—Q—
Problem 18.4

Answer:
@pp = —gk = —1.5rad/sk

(7/V6V1 'b\),\g 3,#/5
FlV\d w

me fnd ¥, from
mo/‘,o». gf rod AB:

Chbeie. a oéord:’\efﬂ
rodl ij its owdm pf‘ E d‘% The %x'y’3 "
Coor mai“c Systln s &(Ld/\w/ /th .

Wrdinge sty e o B :;Tﬁ /:/ig

’L\n,.,\ -

o Vc e
WL\L/Q < & we kan
- Yrer : c/e/ ;LCG y@( .(‘.7“-41)}1&_ d,::}} ol
V 2 V,-&L Sihce]
~C '\Y /& _'w «,C/ . k‘:"l"’f—dﬂ/dgs hore

0 e Jocmf move, r(lﬁ,vz_ to the fxeol poink E
9V = Wy R %/05ML e 5“"(/‘)

3o Ju (f £) i 22 )
now ; Ve 2V, (We oF @) ol |
8807 cactnsd .10
’-‘)Ag % i o 5) e (f w) TJL/A/)C
Sl . osn,/wﬁg),‘l,i %
7@ 0 =0k tug) il ©
D@ > 5= /m,/zdg) Dty = 1579
o s 8N £, lz‘)os - /-5 s ﬁ\

(Uo‘f'e. @ ">
@ /5 /5‘ Z\‘//rz( l//qj,: 0?5/‘!-‘/1

=2 Vret, = Vi ;L e 75'/-“/!((7_’;
o- ?S"‘/s{t } =Vrel %(M ) pmbg 30)

Disclaimer. We have lost track of the many people who wrote these solutions.

They are not official and have not been reviewed by the authors for correctness.
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Problem...

17.4.4

Saturday, May 4, 2019 6:11 PM
. B

4D >c

N

e

0.5m

/TN 45"/ SR
7A[°]a),a —mE - - -
C o pl‘nnu( © AR bw free on DE.

Av ths instant |, given: .
aanlar veloe \-1 ot AB - Whg

auju.lav‘ accelemtion V[’/’fB: &';B -
Find anjv,lar V&lol.‘“\lj o DE. Wo, = 0 K

B e 4
— — — —
{ @mxr, - e X Tge + Verlr |
al ~

i
S
<
m
|
< -

Disclaimer: We have lost track of the many people who wrote these solutions.

They are not official and have not been reviewed by the authors for correctness.
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Problem...

#69 Solution wichelle desouza

18.4.4 The two rods AB and DE, con-
nected together through a collar C, rotate

in the vertical plane. The collar C is pinned .
to the rod AB but is free to slide on the Gl\/elﬁ: T(_/A: 0'5 all Fma (ﬂ)oc
frictionless rod DE. At the instant shown, ~ ~
rod AB is rotating clockwise with angular CU ?)k \fwl /S = - W k
speed @ = 3rad/s and angular accelera-
tion @ = 2 rad/s’. Find the angular veloc- -
ity of rod DE. * A Ak wadfs* = (X"‘&k
‘)Lﬁ @ = [39°
|\ B
_ONES b - 90°
Cr
> Thotantaneovs vat veckors®
LhoTanianicvs NI A=
~ 0. 2 -~ . N
8(‘2 5m ] erc-.- 6054’ Tt Slv’ld’j =)
J qj o 5 Coan Az A
~ = - + (s = T\
&% /ﬁ\’ s/ NEN €7 —singT + ot
u’ s " 1, 1,
Problem 18.4.4 Ey - CDSQ] + 5\/\9) =t KJ
+. )
= ‘SMQT’W-%Q =V T3
Hind: Ve o i =)
Note * ‘P ~W, P= ok
fod fom BB Bl From DE

Fom AB: C s pined b AB

30 @ag=

Fr

UUA&‘R 4’\’\ )

Klaw‘ object kinematics: =0 + b,
\/L-\/A-l'\/o/,q ® < © <A ~
Vo= Ve + 0y o0t (o @y 8o
\/L ‘&_f_ 43k x ‘(\C/A Ne 13 E 43
—w%k X ﬁz/A ef
© Ve Wi (1a L4
® \—7& :—\70®
~he oy b = T v + Vo Wee Co dot with & b isdlale (e
f%'é@ —a)Agrm(évéJ: (e/e Woe _'r&/A
Con 1n U &nd
Wog = -Whe (e e¢‘89> Corbo= -1+ Eo = Sind
Vo
Woe =-@)ng 7‘;,6’/6;,‘@ SVE ~(Whesinfh= -5 (‘l:ﬂ =H.9 mc{/s
e e T for more // vods
Woeg = CUABEIIA? (eq,'ee) \(er( Jrvmdﬁ’. T for h\‘?)b\u Wre
T b lomge/ Vun

Y longer ferp

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.

(wap, e defined 05 O e, We wy” Use, d7 defined CLW +,

om VE: Cis free h slde, © Qo X consh
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15.32, 15.38, 1.1, 16.12,16.2|

Kim Dunphy

HW ¥1-5 due iz |20
TAM 2030

secnon 2 at 1125
TA=ROW3 Long

) 15.32 SOLUT 10N
_Two rods BB % DE connected at collar C (pinned to AB, can
slide on DE frichionlessly); AB roating CCW W 3radls,

5 21adl/s?, find anquiarvelocity of DE

, L=0.5sm
Wp,Xp 6:4_50

W*%me\ )/c}n‘%w* (A)DX\Q'}E""VCJKQ '
(- (DBK)X(,I{}) wpKX(J)uJ} )+ Vei (cosoL~ Sme@)
-We Al = -Wof(L+] )+ e (COSO L - 5in6 )
— (3)0:5)E:= -~ wp (0.3Lr0, S@)WVM (003483 6m48°4)
- 1.51=-wn (o, Swosyf cld (5158
13:0=>-15= -05ws + ZVejuo |

(7 A 503 2 \/c
13" é~7 O““OS(A):; z\/clo(Q

Wy = - Z Vc,“(Q

chﬂ"'ﬁWD :

P W = 3 +VZ (FWe)
Wwp =3-0p
2Wp = 3

Wo = 1S rad]S n -E direchon
| @e = ~1.5 rad)s B

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 18.4.5

18.4.5 Reconsider problem 18.4.4. The
two rods AB and DE, connected together
through a collar C, rotate in the vertical
plane. The collar C is pinned to the rod
AB but is free to slide on the frictionless
rod DE. At the instant shown, rod AB
is rotating clockwise with angular speed
w = 3rad/s and angular acceleration
a = 2rad/s?. Find the angular acceler-
ation of rod DE.

/TN

l

Au
Problem 18.5

Answer:
&pp = 3.5rad/s’k

d(=

7& = "/5”‘/5

Ot ranobile

—~

1 8-30 30 J’m 3
from He Kinematics f rod AB

prob 82 s ishn
=

Wis. Aw‘ﬁ oo C/,( ",.'@43 .N‘/I;,/l(
4 + ] mfa 2
GOV\Sld(rlnd frm 6 (&tfa_d:a; 10 rod DE)

s o
bl "/é//F Gl x{w B C/ ) +2(6 *fcl/gl *éc/pk

A
ROX A8 o
f";/A wé

2w > Velg

530 cortpucd

QC/

2nd

do"rhr\O‘ F. ‘f'\l, &60\,(_ ;
10D ) mpae 125 Y5 -0 gk.q r g

: V.
j[) P -H 5N -] 252 - 6 gmé(

v/

.’3'5”’/51‘: "/Mo(g
£ %Al o Ble

p.li

:?/é :~+(/5rao/[y;<,((-/5r,.//‘s X(JS‘M‘*OYMJ)/

*Q/gk i A 7‘05‘“‘/) /- a, /"Z)

215745 )R x 0-35™1s({-])
Whire T hawe used:
Z:Jg e ’M/J K (fko»—. prob g- 22)

Yrer = ng = 0-35~4 (( o ) /frw/orobgzz)
ac/ (_“'L)é‘ Collar must accekrite

Jlor\d roo/ DE

= u_SmCO éc (colc. frus.. rod A@) a(, (_ﬁbn—. roolgé)
doi v\d Some.  cposs- predacks eJds

/USJ tle ) /sz=//25/5(i J) 0-5.of (”J)

/“J) -225 HJ)

. V3!
addmg these sitiva s f‘ocdeﬂw- yldj‘s,m

- 24 "‘/ 2

- d¢
g ’2'257521

SSE

R = ‘/ka"%’- lir]

Disclaimer: We have lost track of the many people who w

rote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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18.4.7 A bar of length ¢ = 5ft, body D, A, ﬁA/y, and
connects sliders A and B on an L-shaped .
frame, body £, which itself is rotating at b) Ehe Aa]]; Sghéte §n§ular velocity of
constant speed about an axle perpendic- ar ADB, body &, @/

ular to the plane of the figure through

the point O and relative to a fixed frame y

F, @z = 0.5rad/sk . At the instant

shown, body £ is aligned with the x — y

axes, slider A is x, = 4ft from point X

O, slider B is y; = 3ft from O. The

speed and acceleration of slider B relative

to the frame £ are Uy, = —2ft/sjand ( Z

ay,, = —2ft/sj, respectively. L

Determine:
a) The absolute velocity of the slider Problem 18.7
S o vy -

8’2) Co -Sdu‘ Fhe
NS Movind frare ai
whicl, s g/v\u:) L) f't fl:pmf rao’
AOR; i+s Caordinede.  aves x i3 i
Colhc ol t with  he J—/XcJ aaa; X, 4, J Jj
V\S+M

6/Vb—, wi/gu 5

7 /C'
Xa ~ V’q/\,, ~ @

13- :}UM \/v&uf‘% /%Ma S el
i Aleek > VA 4 07_ natind +Lw{‘ Luqy‘l.\
o by AB- oon.sT‘ Hoes >< e ;5 peeny
S ffouktes iy g,50 20
We're Sdiven = Yf, = 34 e =

£ XU go= 3t, Js Vo, = "2 H5|

= s g
M- Yy ai560 0 l/ya,"/'sf*/sz\

4

JONVP.L/%* W, x Y 4\ g

W Q + fo-5% (- ’-/ffL)—/SJ:f/st
t. Q' d
P’W" MO?I:S_) 19)&- ‘ZFA‘J P Sﬁé‘

#_ (5 '2/ Cortinuad /D- 9

6/ Find ,\7309/5- 2  note that

f

V =
(,\A .\\,/8 +~\J/A/5)/dejwc to frame J_

v
(s 20 %
L A /g )njafm & 2

$
v
yA/i':Mﬁ/g\*—%}g)/&k 5/5 — Wy, s
puﬁt’\d’ in#S; ttl:\kgzy

(-1 EJC"/.s)o = (-~ ?_f’&/‘s)ﬂ wg/LK K(gﬁf ‘-/fn
= —lsf—l-/:)(, :-fo/sj rldO/(Sftu b )
Dotfing the sote -4t o

eithe £ or J gieds @ u)a/ a5 e &

NO\A/ ’L()
&) ;
3& ~@/Z"Z‘).?/Q =(-05+0-5) %%

(2o - 2]"

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 18.4.8

18.4.8 The link AB is supported by a
wheel at D and its end A is constrained
so that it only has horizontal velocity. No
slipping occurs between the wheel and
thelink. The wheel has an angular veloc-
ity w and radius r. The distance OA = ¢.

. .. —1r
Given: w, r,and ¢. (f = sin  -).

Determine the angular velocity of the

T Co:ﬁ

(,Ooku\d I gt s
VD”LOxf wkx/(—”

Link A’B

‘D Thus

<z

£<

©

‘\8' —wr1

?) O N>

@‘é

2 Vaz-wr/lio, | 0,
L

V= ‘@L—f JED o™ ("/L )

L‘ 1

¢ Fnd Wy

u)/ j . Note:

L SinBs cosor= f//_

w,/ ('/\7 \/L’-V1 )
\/»r Vo +V,V > e know that %= vl

’LLJV'(/(/—/U_,;{)+ w‘\ekx Yy
where s m(cosﬁo-SnﬂJ)

Ot ) )
et ‘/‘ el g wAam(CoSﬁJ o nﬁ;
L2 ok ﬁ-— +7,OA5\/L-1_-V—1’ cos 8

L,/L V’~Cﬂ@ L’-—ﬂ—

link AB and velocity of the point A.
B

Problem 18.8

* Sinof= \/41.,1

\/L‘—V“- A)

K- g
Li-p2 s,m@

cibnied

i é‘ianf,mu/

Wist adr:

’

9 il slits

OB A =Dl

3in 9¢° Srn[S
thus, Uy= (04)20,4)= L/ -r
Soi S =tz )

i 00 2L 2 3
V, = ~wr(t Vl} WG sl
LT JiE

b. Tnstordercess anfe~ of rotstion:
Thirer bs: Some i lestt it 0)
/ww M&;{ change with Time) sbont

ADB /afefe This s'a fititgus pont

that not ke on  rool ADB
”U;/Sw Sketeh > "
At thes nstont,
0t D behaves
like it's ;o'\
‘ m eirdes” o
Yedius 00 Jbout
: aph 0, whale P' A
- Va behrawes like it's gond
We wil!,tfaw : in.irddes of ¢ V-s oA’
o’ efforts on shout O,
tripdle ODA.
Frol  the. kinermatics of the disk, Vp= rad.
ety 20, = Mo Hp g Ry wing Lo
L7 Jf Sinds:

Ll V-l
= 0D = Liy2 2y
> = Fhard 1%* Z)\/a_ £
V'LL)(") 2w 2
e = Whg- B Nofing fl\g,l"
o w‘ﬁ "ww
(Sume as chcrg)
Now, rofe athat VA = RA/O Wyg. Find P%=OA:

OA £ AD ¥ OA_fLiLz.,a

oY

on fﬂd

L/Ll—ﬂ.

165 0%
e

e AT
e

Hote that Y 1oy 8. |~

Lol A
VeE-rT

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 18.4.10

15

18.4.10 The slotted link CB is driven
in an oscillatory motion by the link ED
which rotates about D with constant an-
gular velocity & = wj,. The pin P is at-
tached to ED at fixed radius d and en-
gages the slot on CB as shown. Find the
angular velocity and acceleration ¢ and
é of CB when 6 = 7/2.

15-38

“l ¢ |
Problem 18.10

P S P,‘,md on DE‘ ’XIUJ\ Can
5&0‘& aLonJ’ cB , (9 = Wp

,]—'M,a( ’;D ) ,j) whan g = X

Iy, 3

Build Wp two local coovdirate system
A

re

Qo , Ly ’lro{ oL on

Colh the h\p\/[n,.?f 7Crzt me  atta b/b(/p} t cé

. B
. O

¢ o tha, oy, " “fl‘“ﬂ(l’\)l a)%&..(,/un\/}, % DE

@) — -
Vv P = \/P

PR 7
PR B x T —7" 0

Pre + @XYP/C - )//7+ V///ﬁ\ 'f‘a)-dpy('t’)
<Y P,../ s
o~

VP/G; Nt CD- :Ll X Y‘P/c /)\\

h WDEX Ol\ér

oy

<@

s>

|

“

3
-

A

A
Co X = = (4

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.



16 Chapter 18. 4. KinematicSuwduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap

Problem...

17.4.10

Saturday, May 4, 2019 6:38 PM

‘ ¢ |

,P.‘S otHaol\eJ % VE
Pcan s'.‘de a,[m:j (B

DE votutes wHh  const a,anlw vefoz.‘U é:LUo
biven: d, (, 0-w, p:-%

FI ‘n A 0)

-

an\jwlur velocy *f (b .
b) anjwlar ace [eration “-f (B: }6

Bm‘u "-r +two loml LodJ 15')((’,0( -fmme, Fam{ ()

as Shown  th the f.‘] e,

o= h
,—>0-—> - — —’O ‘—’0 o ™
)/c/7+ VP/? +w\sx Yo = y{7+%+%x rP/D

. - .4 — A v A1 )

Vi € + Pk X WC&ZQQ "(lf?r‘
when 0. 2, _ 4 s Py
2 r/(« = (05+ 0 Wo

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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? VP/pé\g +¢7—‘{’/¢ 3;4 = (,Uoclé\o?

1. ey 2 {bw«wpouee es)

v/ken 0= —;L ég . 6; = S.‘nf
o 17 = UUD% 6.'n79w>7§
Shnce LOS* -

= g

0(1.
% = WDW when 6%

-b) O\P = QP
-0 — - 20— - —~ —
9/‘\' (1?/]3 t W X "ole ~ UL]F Toh, t 2 We X VF/F'

_.7 0
+M %xrp/o Wy ry/D 12 Wp * )p//

CUO =0 tne 6= w@- tonst

a)P/P + (T)%xr,,/b- Wp Ty, +lu-ijVf/P =- Wy My
=) {“P/[&en* ¢|<)\
) “f
{1 € = Jém_f?_zw.,%o(wsfa-wsdté-e;)
hen 0=% 6=
P . 2w pdusy wuLTE(_ (s’

tﬂ‘ Az %
- W, 1 4)

T k) D
TIIWS n ' on o N Py __ﬂi‘-——: Wll?'l =L
wgular  ose leratio 1 B s f: Wo eEYRE =3

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.

€F _ 4‘,’7‘# 6’; +)_$;x(—wprkwsf)é;z - _wolo(é\ri
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Hw 13 P30 (8.4.(0 Tm},a_ )5"5 (yy449)

18.4.10 The slotted link CB is driven in an )
oscillatory motion by the link ED which Given: link ED ropptes of G=cop
rotates _about D with constant angular ve- Pis ofached +o ED with redias o
locity ¢ = wp. The pin P is attached to .

ED at fixed radius ¢ and engages the slot P slides a.Iary Be

on CB as shown. Find the angular veloc-

ity and acceleration ¢ and ¢ of CB when N -
10y= /2. S ¢ Fid : a) @ (e=2) of ¢B

b) #(6=%) of ¢B

Problem 18.4.10
Define one refereace frome for each object:
O F is the fied Cume
® A s the baa!/ fome P link CB (anit vechrs é\n, é\z)
@ Q is the b/)f fome  fr ling DE (uni+ vectors é . &)

C| ¢ D

o) andif\)j 7 (6=F)

—\7;/F= T/):/F * Using ve[acHy of pin P as onshaink
F N —
) 24’ (ﬁ’k) = Z%"F(rﬁ/b + M)
Th‘LS R is .H"e - - — #° - — °
key for pact b Ve + G % e =%+%Fxri’/b+%

ER.é\R"' ZRE = éa(é\pj
To sobe &, need 1o frst fnd R and a'€y=

L BUT the genmlcase for dhese are nof So ?rcl'b, so lets only considec  nhat R oad é\,é‘,
wouldl be for He orentation 4t 6= = -

(ned  page))

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Flrldi@ R(e=%): Finafinj G -8y of 6=73:
A
P by &r
R R = z+«?,1 7 2 2 _ . 4
A‘ - \_— ér %l = Sind = JadHe~
c £ D Zo
. ~ x € e -— —d
F(’Jﬂjms n Vi JA -+ L = wnp( Jm_

)

262 = e

b) Find;ry B (e=3%)
aP/F = g * usiny aceeleration  of pin P as oorstraint.
Using s - term acceleration Formula :
o . . 2 s —
By +Top + Oag X Tie — Gap T + 20z X W

S N A ' — 2 — —n°
=-”‘4+}Z/a t Tae X Gp — Ggr T *25"%"%

L% since 6 =0p= const.

Cba + Bajp x The — Cafp The + 2005 X Vo = — G Ty
(8 %) + (52) x(28) — (k&) + 2(5D) x (§8) = — (™ (4))
{88 + #RE -8 R& + 208 & =- °d 2]
{} a - ﬁR + 2)7}2 = —w»gﬂ((é\r'é\t)
Now o gole fr & . we peed R, R, ﬁ.(aﬂswer +o a)) Cod Br &
Re“‘” at f=& : A
PR
Smﬂ=’{— s
Jetd® sine = | 2.8 - 2 J R
5‘*’)’=—‘J_.% s = 0 rGs = WSS = e % ﬂ . &y

R= Jd | |5 (0-%) = —2d—
We e lett with R, which needs o bit of work o 36+:

L ines: —4_— - _R__ _ _R__
o of Sines Sing Sin(x-8) ~ sin®

R 4
4@’..\_ R= d 352 (gerersl expression For R at wy 6.0)

Defoenticte 4o find R :

(=
s, BB — B0sF Agcose _ (A o) o R o=~ —Bod R
R = A== = e = AP (,u Jesd®) =R oy
ﬁR -+ Zﬂé = -—W;ﬂ((é\r“é\l)
B R+ 2o )(~ waL) = o 4
.. 3
- . S — L AR 2 (2450 ~ Al (A%0%) N R
e e e e I N
7 (0=5)= (o * AL(A*LY
ﬁ(g '§) b (j.‘-fd’)z

Recall that we sinplified many terms in  fhis problem b)/ only onsdecing the cace whew 6=2F  The

Jenera| cose  Solution would be much more  complicated .

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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¢ = T ws¢sing Yi
- - o ]
7 VP/B = -(/Opok CO’5¢
A
U)S(j - . [ —
TR _3 : :
d R Ai+k’-» U)km g-; p -"> ¢ - wpﬁ:(:
p——
- . .
(}3) aP - aP (Nofe: {,(-7,;:0 .
be“’“&ﬁé-u)pzconsfm(-)
- 0

—

+ a =T
/G({ P/ + WEXrp,, yé " a/®+w/®/r/
P/o

Wg r
®e p/c + ;UA)
c GS;(Vp/ﬂ wu) YP/D + ;,z(,o(p x////D

> .
Qp/@p N+ QD'/QXCT)(;;;\
. = Wy J 6
e A . d e,
Tsg & T 2P kx(-w,dewsd HA
> {QP/BX 1 '} - 2 A
é@n\qbrf(b)\*gwpgbolm?fﬁ = —()U;o‘er}

D “n
ér ;‘L = 603?9
¢ = 2o ldwg 4
2 T Wo T ot
- 2 Wy d /Qz 2
= a 2
L Q’+42 Wp 'm; _ (A):i 8

, L 2*+ AT
da(d*o 9%y
(L7 44d>y2

= w;

2 O{R( dl“ﬂl)

Angy (o ; : ¢
M acceleration °f cp whe 9:';_ is ¢ = W W

&

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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18.4.11 The rod of radius r = 50 mm a)\\g/

. A
shown has a constant angular velocity of d

w = 30rad/s counterclockwise. Know-

ing that rod AD is 250 mm long and dis-

tance d = 150 mm, determine the accel- ': :l
C

eration of collar D when 6 = 90°.

B D
Problem 18.11 »
Svaa  (w=30-) Find go when 6290°

(const) Fiest. find ¥ €8
][r fd‘sk ~ o
whyn 6= 900,

; . n
d0ism s SHCE Pragl

J A
5t e
Kk

0 Attack fram-t_.
B to vod AD.

The frm trunslates and  rotates With the
Hod " ok ke caordma}e. sysv‘u,y. (U JA ’) !
be . Comcident . witl, (»,J, &{"/‘Ku instind |

/

* Vi
- |
e 0:0 fued |
: ¢ O”fr‘y-u_ g
V\’)‘v’*waxr’a/,
. We know VA 50, elis take i

W
Then Yo 45

pt. A hm,,’ro RA e
7VD" ‘un fngX( L~(d-r)* (, [al—r)J)'

7Vo°"’wo+w (V- J#(dr) )*J;

it

1Bl ot i
(/ /*v) > 0=, //U-/d—rﬂ) D Up =0

rogl
(oo gt Srieght ind reto i o

i Acceleration;
féb = ,S)o’ o ,@fa

r /uf-d/
‘,0/
on@ juv
9&00— i )
$o T o8 X0 + 90 % ry
agen Lt 2 {fé e
p*O "PO""rA Wnknown

&&= e J * W ke x (Vg -/d~r)4)
&DL % gty ) (/“—(dv)?‘/ r‘(dﬂ’)t)*’%k'
Jex) » 2y = _trw?

, Ry

6'(*_*) =2 A Q\jg(d,r): ~rw2/d-,»)

A e Sk
e e { dp = =/9:6 ™/s> tﬂw

Disclaimer: We have lost track of the many people who wrote these solutions.

They are not official and have not been reviewed by the authors for correctness.
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