
Introduction to Mechanics for Engineers � Ruina & Pratap Ch 18 Section 18.3

18.3 General expressions for velocity
Ç

v

and acceleration
Ç

a of a moving
point

Now that we have some comfort with moving frames we can develop for-

mulas that are not so strongly attached to base vectors. That is, we take

account that the base vectors rotate with the frame, but develop formu-

las that don't use the base vectors explicitly. Thus the formulas we de-

velop here work equally for any frame that is glued to the rotating frame

of choice, independent of its orientation.

Absolute velocity of a point moving relative to a
moving frame

Imagine that you know the absolute velocity
Ç

v0¨_F of some point O¨ on

an object B, say the center of a car tire and the angular velocity of the

tire,
Ç

!
B_F . Finally, imagine you also know the relative velocity of point P,

Ç

vP_B, say of a bug crawling on the tire.

If the frame B is translating or rotating, the velocity of particle P rela-

tive to the frame
Ç

vP_B is not the absolute velocity (the velocity relative to

a Newtonian frame). The absolute velocity in this case is
Ç

vP_F , or more

simply
Ç

vP, or more simply still, just
Ç

v. We want to know the relationship

between the relative velocity
Ç

vP_B and the absolute velocity
Ç

vP_F (other-

wise known as just
Ç

v).

P, P'

O

O'

y

x

z

y'

x'

z'

F B

D
⇀

rP/O

⇀

rP/O'

⇀

rO'/O

Figure 18.32: The position of point P relative to the origin O¨ of moving frame B is ÇrP_O¨ .

The position of the origin of the frame B relative to the origin O of the �xed frame F is
ÇrO¨_O. The position of point P relative to O is the sum of ÇrP_O¨ and

ÇrO¨_O. The motion of

point P relative to the �xed frame may be complicated.

Let's start by looking at the position. The position of a point P that is

moving is:
Ç

rP_O =
Ç

rO¨_O +
Ç

rP_O¨

where O¨ is the origin of a coordinate system which is glued to the rigid

object, as shown in �g. 18.32.
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To�nd the absolute velocity of point Pwewill use the �Ç
Q formula, equa-

tion 18.19, for computing the rate of change of a vector. The velocity of P

is the rate of change of its position. Here, we use
Ç

Q =
Ç

rP_O¨

Ç

vP_F =
F

�ÇrP_O

=
F

�ÇrO¨_O +
F

�ÇrP_O¨

=
Ç

vO¨_F +

F
�ÇrP_O¨

©­­­­­­®­­­­­­ª
B

�ÇrP_O¨

«¯¬
Ç

vP_B

+
Ç

!
B_F �

Ç

rP¨_O¨

The �Ç
Q formula 18.19 was used in the calculation to compute F �

Ç

rP_O¨

F

�ÇrP_O¨ =
B

�ÇrP_O¨ +
Ç

!
B_F �

Ç

rP¨_O¨ : (18.27)

Thus, the `three term velocity formula'.

Absolute velocity of

point P

BBN©®ª
Ç

vP =
Ç

vO¨

«̄ ¬

���

1. Velocity of reference

point O¨ on object B

+

2. Velocity of point

P relative to moving

frame B

��
©®ª
Ç

vP_B +
Ç

!
B
�
Ç

rP¨_O¨

«­­¯­­¬

BBM

3. Velocity relative to

point O¨ of the point

P¨ glued to object B

which is instanta-

neously coincident

with point P

(18.28)

Another way to write the formula for absolute velocity is as

Ç

vP =
Ç

vP¨ +
Ç

vP_B

where P' is a point glued to B which is instantaneously coincident with

P, so the absolute velocity of P¨ is

Ç

vP¨ =
Ç

vO¨ +
Ç

!
B
�
Ç

rP¨_O¨ : (18.29)

Reconsider the bug crawling on the tire, object B, in �g. 18.33. To

�nd the absolute velocity of the bug, we need to be concerned with how

the bug moves relative to the tire and how the tire moves relative to the

ground.
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Figure 18.34: An object or reference

frame B and a point P move around.

We are interested in the acceleration of

point P.
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Figure 18.35: A bug crawling on a tire

at point P. Point P' is on the tire and in-

stantaneously corresponds to point P.

Example: Absolute velocity of a pointmoving relative to amoving frame

(2-D): Bug crawling on a tire, again

Referring to equation 18.27 on page 2, the absolute velocity of the bug is

ÇvP_F =
ÇvO¨_F +

B �ÇrP_O¨

«¯¬
Ç

v
P_B

+
Ç!B_F �

ÇrP_O¨

= R ���{ + �l �|¨ + .* �� �k¨/ � .s�{¨ + l �|¨/

= R ���{ + l ���{¨ + . �l * s ��/ �|¨:

At the instant of interest, the direction of the bug's absolute velocity depends

upon the relative magnitudes of �l and �� as well as the orientation of �{¨ and �|¨.

Aswe noted earlier, anotherway towrite the formula for absolute velocity

is
Ç

vP =
Ç

vP¨ +
Ç

vP_B

where, in the example above,
Ç

vP¨ = R ���{+ ��.l�{¨* s �|¨/ and
Ç

vP_B = �l �|¨. At

the instant of concern, we can think of the absolute velocity of the bug as

the velocity of the mark labeled P¨ under the bug plus the velocity of the

bug relative to the tire.

Acceleration

We would like to �nd acceleration of a point using information about its

motion relative to a moving frame. The result, the `�ve term acceleration

formula' is the most complicated formula in this book. (For reference, it

is in Table II, 5c).

Acceleration relative to an object or frame

The acceleration of a point relative to an object or frame is the acceler-

ation you would calculate if you were looking at the particle while you

translated and rotated with the frame and took no account of the outside

world. That is, if the position of a particle P relative to the origin O¨ of a

coordinate system in a moving frame B is given by:

Ç

rP_O¨ = rPx¨_O¨

«¯¬
x¨

�{¨ + rPy¨_O¨

«¯¬
y¨

�|¨ + rPz¨_O¨

«¯¬
z¨

�k¨;

then the acceleration of the particle P relative to the frame is:

Ç

a
P_B

= �rPx¨_O¨

«¯¬
�x¨

�{¨ + �rPy¨_O¨

«¯¬
�y¨

�|¨ + �rPz¨_O¨

«¯¬
�z¨

�k¨:

That is, the acceleration relative to the frame takes no account of (a) the

motion of the frame or of (b) the rotation of the base vectors with the

frame to which they are �xed.

Reconsider the bug labeled point P crawling on the tire, object B, in

�g. 18.35.
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Figure 18.36: Tracking a moving

particle from two di�erent reference

frames.
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Figure 18.37: Gum is glued to a rolling

tire at D. The point P¨ glued to the tire

is just where the point P happens to be

passing at the instant of interest.

Example: Acceleration relative to a frame (2-D): Bug crawling on a tire,

again

If we are sitting on the tire, all that we see is the bug crawling in a straight line

at non-constant rate relative to us. Thus, its acceleration relative to the tire is

Ça
P_B

= �l �|¨:

So, at the instant of interest, the bug has an acceleration relative to the tire frame

parallel to the y¨-axis.

Absolute acceleration of a point P¨ glued to a
moving frame

Imagine that you know the absolute acceleration of some point O¨ at the

center of a frame B, say the center of a car tire. Imagine you also know

the angular velocity of the tire,
Ç

!
B_F , and the angular acceleration,

Ç

�
B_F .

Then, you can �nd the absolute acceleration of a piece of gum labeled

point D stuck to the sidewall (see �g. 18.37). If we start with the equa-

tion 18.29 for the absolute velocity of a point glued to a moving frame on

page 2 and di�erentiate with respect to time, we get the absolute acceler-

ation of a point D �xed in a moving frame B as follows:

Ç

a
D

=
d

dt
[
Ç

vO¨ +
Ç

!
B
�
Ç

rD_O¨]

=
Ç

a
O¨_O

+ [ �
Ç

!
B
�
Ç

rD_O¨ +
Ç

!
B
� .

Ç

!
B
�
Ç

rD_O¨/]

=
Ç

a
O¨_O

+
Ç

�
B
�
Ç

rD_O¨ +
Ç

!
B
� .

Ç

!
B
�
Ç

rD_O¨/ (18.30)

Example: Absolute accelerationof a point glued to amoving frame (2-D):

Bug crawling on a tire, again

Here, the acceleration of point P¨ glued to the tire, relative to the tire is zero,
Ça
P¨_B

= 0 (see �g. 18.37). The angular velocity of the wheel with respect to the

ground is Ç!B_F = * �� �k = * �� �k¨. The angular speed is increasing at a rate ��.

Thus, Ç�B_F = * �� �k = * �� �k¨. The position of P¨ relative toO¨ is ÇrP¨_O¨ = s�{¨+l �|¨.

Using equation 18.30 on page 4, we get the absolute acceleration of point P¨

to be

Ça
P¨_F

=
Ça
O¨_F

+
Ç!B_F � .

Ç!B_F �
ÇrP¨_O¨ / +

Ç�B_F �
ÇrP¨_O¨

= R ���{
«̄ ¬

���

acceleration of origin of

moving frame

*

centripetal term

BBN©­­®­­ª
��2.s�{¨ + l �|¨/ +

tangential term

��
©­­­®­­­ª

R ��.s �|¨ * l�{¨/

In this example, the absolute acceleration P¨ is due to:

1. the increase in the translational speed of the tire relative to the ground

(acceleration of origin of moving frame),

2. its going in circles at a non-constant rate about point O¨ relative to the

ground (`tangential term'), and
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Figure 18.38: Keeping track of P

which instantaneously coincides with

point P' which is glued to frame B.

3. `centripetal term' towards the origin of the moving frame. (In three-

dimensional problems, this term is directed towards an axis through Ç!

that goes through O').

Absolute acceleration of a point moving relative to
a moving frame

If we start with the equation for absolute velocity 18.27 on page 2 and dif-

ferentiatewith respect to timewe get the absolute acceleration of a point P

using amoving frameB. To do this calculationwe need to use the product

rule of di�erentiation. Refer to the �Ç
Q formula, eqn. (18.24) on page 953.

Here is the calculation:

Ç

a
P

=
d

dt
[
Ç

vO¨_O +
Ç

vP_B +
Ç

!
B
�
Ç

rP_O¨]

=
Ç

a
O¨_O

+ .
Ç

a
P_B

+
Ç

!
B
�
Ç

vP_B/

+ [ �
Ç

!
B
�
Ç

rP_O¨ +
Ç

!
B
�
Ç

vP_B +
Ç

!
B
� .

Ç

!
B
�
Ç

rP_O¨/]

=
Ç

a
O¨_O

+
Ç

!
B
� .

Ç

!
B
�
Ç

rP_O¨/ +
Ç

�
B
�
Ç

rP_O¨

«­­­­­­­­­­­­­¯­­­­­­­­­­­­­¬
Ç

a
P¨

+
Ç

a
P_B

+ 2
Ç

!
B
�
Ç

vP_B:

The collection of terms
Ç

a
P¨

is the acceleration of a point P¨ which is

glued to body B and is instantaneously coincident with P. It is the same

as
Ç

a
D
using D = P¨ in equation 18.30. To repeat, the result is

The `�ve term' acceleration formula

Ç

a
P

«̄ ¬

The absolute acceleration

=

1. acceleration of reference pointO¨ on

object B

BBN
©®ª
Ç

a
O¨_O

+
Ç

!
B
� .

Ç

!
B
�
Ç

rP_O¨/
«­­­­¯­­­­¬

���

2. centripetal acceleration: acceleration relative

to O¨ of point glued to object, coincident with P,

and going in circles around O¨ at constant rate

+

3. tangential acceleration: accelera-

tion relative to O¨ of point glued to

object, coincident with P, due to non-

constant Ç!

��

©­­®­­ª
Ç

�
B
�
Ç

rP_O¨ +
Ç

a
P_B
«̄ ¬

BBM

4. acceleration of P relative to moving

frame B

+ 2
Ç

!
B
�
Ç

vP_B
«­­¯­­¬

5. Coriolis accel.

(18.31)

=
Ç

a
P¨

«̄ ¬

The �rst 3 terms above

+
Ç

a
P_B

+ 2
Ç

!
B
�
Ç

vP_B (18.32)

This `�ve-term-acceleration' formula is both famous and infamous. It's

famous because it is given a lot of emphasis by some instructors 1 , and
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1 True story. Once a teacher wrote

eqn. (18.31) in big letters on a fresh

clean black board, including the ex-

planations in boxes. Then he talked

it through, telling the class that this

was what they had been building up

to. That after all the vector notation,

the more involved kinematic devel-

opment and the messy notation that

this was �nally the climax. There

was still silence in the room as, so

the teacher was hoping, the students

could feel satis�ed with the accom-

plishment. After time for a slow

breath a student asked �Was it as good

for you as it was for us?�
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Figure 18.39

infamous because it takes some getting used to. Eqn. 18.32 is the `three

term acceleration formula'. It combines the �rst three terms in the 5-term

formula and interprets them as the acceleration of the point P¨ on B that

instantaneously coincides with P. The best way to get used to the �ve term

acceleration formula is to �nd situations where some of the terms drop

out.

Reconsider the bug labeled point P crawling on the tire, object B, in

�g. 18.37. To �nd the absolute acceleration of the bug we need to think

about how the bug moves relative to the tire and how the tire moves

relative to the ground.

Example: Absolute acceleration of a point moving relative to a moving

frame (2-D): Bug crawling on a tire, again

From the previous bug examples on page 3 and page 4 we know that

ÇvP_B = �l �|¨; and Ça
P_B

= �l �|¨:

Referring to the �ve term acceleration formula, equation 18.31 on page 5, the

absolute acceleration of the bug is

Ça
P_F

=
Ça
O¨_O

+
Ç!B � .

Ç!B �
ÇrP_O¨ /

+
Ç�B �

ÇrP_O¨

+
Ça
P_B

+2
Ç!B �

ÇvP_B

= R ���{ * ��2.s�{¨ + l �|¨/ + ��.l�{¨ * s �|¨/
«­­­­­­­­­­¯­­­­­­­­­­¬

Ç

a
P¨_F

+ �l �|¨ + 2 �� �l�{¨

= R ���{ + .l �� * s ��2 + 2 �� �l/�{¨ + .*s �� + �l * l ��2/ �|¨:

So, at the instant of interest, the bug's absolute acceleration is due to:

1. the translational acceleration of the tire, Ça
O¨_O

= R ���{

2. the centripetal acceleration of going in circles of radius
ù
s2 + l2 about the

center of the tire as it rolls,* ��2.s�{¨+l �|¨/, pointing at the center of the tire,

3. the tangential acceleration of going in circles about the center of the tire

as the tire rolls at non-constant rate, ��.l�{¨ * s �|¨/,

4. the acceleration of the bug relative to the tire as it crawls on the line,
Ça
P_B

= �l �|¨, and

5. the Coriolis acceleration caused, in part, by the change in direction, rela-

tive to the ground, of the velocity of the bug relative to the tire, 2 �� �l�{¨.

Items 1, 2 and 3 sum to be the acceleration of point P¨ on the tire but instanta-

neously coinciding with moving point P.

Motion relative to a point versus motion relative to
a frame

Wecannowgive a di�erent interpretation of the expressionswehave been

using
Ç

vB_A and
Ç

a
B_A

. Rather than thinking of
Ç

vB_A as the di�erence be-

tween
Ç

vB and
Ç

vAwe can think of
Ç

vB_A as the
Ç

vB_AwhereA is a framewith
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origin that moves with point A and which has no rotation rate relative to

F. That is
Ç

vB_A means
Ç

vB_A

Similarly,
Ç

a
B_A

means
Ç

a
B_A

:
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18.2 Relation between moving frame formulae and polar
coordinate formulae

A similarity exists between the polar coordinate velocity formula

Çv = �R �e
R
+ R �� �e

�

and the second two terms in the `three-term' velocity formula

ÇvP =
ÇvO¨_O +

Ç!
B
�ÇrP_O¨ +

ÇvP_B :

In fact, we have tried to build your understanding of moving
frames by means of that connection.

Similarly, the polar coordinate formula for acceleration

Ça = . �R * R ��2/ �e
R
+ .2 �R �� + R ��/ �e

�

is somehow closely linked to the last four terms of the `5-term'
acceleration formula

Ça
P

= Ça
O¨_O

+ Ça
P_B

+ Ç! � .Ç! �ÇrP_O¨ /

+ �Ç! �ÇrP_O¨ + 2Ç!
B
� ÇvP_B :

Let's make these connections explicit. Imagine a particle P
moving around on the xy-plane.

x

y

x'

y'

O, O'

⇀

R
θ

P

êθ = ĵ
′

êR = ı̂
′

F ≡ fixed frame xy
B ≡ rotating frame x ′y′

Let's create a moving frame B with rotating coordinate system
x¨y¨ attached to it whose originO¨ is coincident with originO of a
coordinate system xy attached to a �xed frame F. Let this frame
rotate in exactly such away so that the particle is always on the x¨-
axis. So, in this frame, ÇrP_O¨ = R�{¨, ÇvP_B = �R�{¨, and Ça

P_B
= �R�{¨.

Also, the frame motion is characterized by ÇvO¨_O =
Ç

0;Ça
O¨_O

=
Ç

0,

Ç!
B
= �� �k, and �Ç!

B
= �� �k. So, if we plug in the three-term velocity

formula, we get

ÇvP = ÇvO¨_O +
Ç!
B
�ÇrP_O¨ +

ÇvP_B

=
Ç

0 + . �� �k/ � .R�{¨/ + �R�{¨

= R �� �|¨ + �R�{¨

= R �� �e
�
+ �R �e

r
(because �{¨ = �e

r
and �|¨ = �e

�
)

which is the polar coordinate velocity formula.

Similarly, if we plug into the �ve-term acceleration formula,
we get

Ça
P

= Ça
O¨_O

+ Ça
P_B

+ Ç! � .Ç! �ÇrP_O¨ /

+ �Ç! �ÇrP_O¨ + 2Ç!
B
� ÇvP_B

=
Ç

0 + �R�{¨ + �� �k � . �� �k � R�{¨/

+. �� �k/ � .R�{¨/ + 2. �� �k/ � �R�{¨

= . �R * R ��2/ �e
R
+ .2 �R �� + R ��/ �e

�

Again, we recover the appropriate polar coordinate formula.

We have just shown how the polar coordinate formulae are
special cases of the relative motion formulae.

Warning!

In problems where we want the rotating frame to be a rotating
object on which a particle moves, the polar coordinate formulae
only correspond term by term with the relative motion formulae
if the particle path is a straight radial line �xed on a 2D object, as
in the example of a bug walking on a straight line scribed on the
surface of a rotating CD or a bead sliding in a tube rotating about
an axis perpendicular to the tube.

particle moves on
straight line radial
path marked on a

2D body B

θ

ω

B

Becausewe are sometimes interested inmore general relativemo-
tions, the polar coordinate formulae do not always apply and we
must make use of the more general relative motion formulae.
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SAMPLE 18.8 A `T' shaped tube is welded to a massless rigid arm OAB

which rotates about O at a constant rate ! = 5 rad_s. See also Sample

18.26. At the instant shown a particle P is falling down in the vertical

section of the tube with speed v_tube = 4 f t_s. Find the absolute velocity

of the particle. Take l = 2 f t in the �gure.

Solution Let us attach a frame B to arm OAB. Thus B rotates with OAB with angular

velocity Ç!
B

= !�k where ! = 5 rad_s. To do calculations in B we attach a coordinate

system x¨y¨z¨ to B at point O. At the instant of interest the rotating coordinate system

x¨y¨z¨ coincides with the �xed coordinate system xyz. (Since the entire motion is in the

xy-plane, the z-axis is not shown in the �gure). Let P¨ be a point coincident with P but

�xed in B. Now,
Çv
P
= Çv

P¨
+ Çvrel

where

Çv
P¨

= Çv
O¨

«̄ ¬
Ç

0

+Ç!
B
� Çr

P¨_O¨

= !�k � .2l�{ + l �|/

= 2!l �| * !l�{;

and

Çvrel = Velocity relative to the frame B

= *v_tube �|:

Thus,

Çv
P

= Çv
P¨
+ Çv

rel

= *!l�{ + .2!l * v_tube/ �|

= *5 rad_s � 2 f t�{ + .2 � 5 rad_s � 2 f t * 4 f t_s/ �|

= *10 f t_s�{ + 16 f t_s �|:

Çv
P
= *10 f t_s�{ + 16 f t_s �|

Comments: The kinematics calculation is equivalent to the vector addition shown in

Figure 18.41. The velocity of P is the sum of Çv
P¨
and Çvrel =

Çv
P_B.
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Figure 18.43: Acceleration of point P¨.

P¨ is �xed to the frame B and at the

moment coincideswith point P. There-

fore, Ça
P¨
= Ç�

B
� Çr

P¨_O¨ * !2
B

Çr
P¨_O¨ .

SAMPLE 18.9 Acceleration of a point in a rotating frame. Consider

the rotating tube of Sample 18.8 again. The arm OAB rotates with coun-

terclockwise angular acceleration �! = 3 rad_s2 and, at the instant shown,

its angular speed! = 5 rad_s. Also, at the same instant, the particle P falls

down with speed v_tube = 4 f t_s and acceleration a_tube = 2 f t_s2. Find

the absolute acceleration of the particle at the given instant. Take l = 2 f t

in the �gure.

Solution We consider a frameB, with coordinate axes x¨y¨z¨, �xed to the arm OAB and

thus rotating with Ç!
B
= !�k = 5 rad_s �k and Ç�

B
= �! �k = 3 rad_s2 �k. The acceleration of

point P is given by
Ça
P
= Ça

P¨
+ Çacor +

Çarel

where

Ça
P¨

= acceleration of a point P¨ that is �xed in B

and at the moment coincides with P,
Çacor = Coriolis acceleration, and
Çarel = acceleration of P relative to frame B.

Now we calculate each of these terms separately. For calculating Ça
P¨
, imagine a rigid rod

from point O to point P, rotating with the frameB. Mark the far end of the rod as P¨ (same

as point P). The acceleration of this end of the rod is Ça
P¨
. To �nd the relative terms Çvrel

and Çarel, freeze the motion of the frame B at the given moment and watch the motion of

point P. The non-intuitive term Çacor has no such simple physical interpretation but has a

simple formula. Thus,

Ça
P¨

=

Ç

0

©®ª
Ça
O¨ +Ç�

B
� Çr

P¨_O¨ +

*!2
B

Ç

r
P¨_O¨

©­­­­­®­­­­­ª
Ç!
B
� .Ç!

B
� Çr

P¨_O¨ /

= �! �k � .2l�{ + l �|/ * !2.2l�{ + l �|/

= 2 �!l �| * �!l�{ * 2!2l�{ * !2l �|

= *l. �! + 2!2/�{ + l.2 �! * !2/ �|

= *.106�{ + 38 �|/ f t_s2;

Çacor = 2Ç!
B
� Çvrel

= 2!�k � v_tube.* �|/

= 2!v_tube �{ = 2 � 5 rad_s � 4 f t_s

= 40 f t_s2 �{;

Çarel = a_tube.* �|/ = *2 f t_s2 �|:

Adding the three terms together, we get

Ça
P

= *106 f t_s2 �{ * 38 f t_s2 �| + 40 f t_s2 �{ * 2 f t_s2 �|

= *66 f t_s2 �{ * 40 f t_s2 �|:

Ça
P
= *.66�{ + 40 �|/ f t_s2

Note that the single term Ça
P¨
encompasses three terms of the �ve term acceleration for-

mula.
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SAMPLE 18.10 A small collar P is pinned to a rigid rod AB at length

l = 1m along the rod. The collar is free to slide in a straight track on

a disk of radius r = 400mm. The disk rotates about its center O at a

constant ! = 2 rad_s. At the instant shown, when � = 45
ý

and the collar

is at a distance
3

4
r in the track from the center O, �nd

1. the angular velocity of the rod AB and

2. the velocity of point P relative to the disk.

Solution We will think of P in two ways: one as attached to the rod and the other as

sliding in the slot. First, let us attach a frame B to the disk. Thus B rotates with the disk

with angular velocity Ç!
B
= !�k = 2 rad_s �k. We attach a coordinate system x¨y¨z¨ to B

at point O. At the instant of interest, the rotating coordinate system x¨y¨z¨ coincides with

the �xed coordinate system xyz. Now let us consider point P¨ which is �xed on the disk

(and hence in B) and coincides with point P at the instant of interest. We can write the

velocity of P as:
Çv
P
= Çv

P¨
+ Çvrel

where

Çv
P¨

=

Ç

0

©®ª
Çv
O¨ +Ç!

B
� Çr

P¨_O¨ = !�k � 03
4
r�{¨1 = 3

4
!r �|¨ =

3

4
!r �|;

Çvrel �
Çv
P_B = vrel �{

¨ = vrel �{:

In the last expression, Çvrel = vrel �{, we do not know the magnitude of Çvrel and hence have

left it as an unknown vrel, but its direction is known because Çvrel has to be along the track

and the track at the given instant is along the x-axis. Thus,

Çv
P
=

3

4
!r �| + vrel �{: (18.33)

Now let us consider themotion of rodAB. Let
Ç


 = 
 �k be the angular velocity of AB at the

instant of interest where 
 is unknown. Since P is pinned to the rod, it executes circular

motion about A with radius AP = l. Therefore,

Çv
P

=
Ç


 � Çr
P_A = 
 �k � l.cos ��{ + sin � �|/ = 
l.cos � �| * sin ��{/: (18.34)

But, and this trivial formula is the key, Çv
P
= Çv

P
. Therefore, from Eqn. (18.33) and (18.34),

3

4
!r �| + vrel �{ = 
l.cos � �| * sin ��{/: (18.35)

Taking dot product of both sides of the above equation with �| we get

3

4
!r = 
l cos �

Ù 
 =
3!r

4l cos �
=

3 � 2 rad_s � 0:4m

4 � 1m �
1
ù
2

= 0:85 rad_s:

Again taking the dot product of both sides of Eqn. (18.35) with �{ we get

vrel = *
l sin � = *0:85 rad_s � 1m �
1ù
2
= *0:6m_s:

.i/
Ç


 = 0:85 rad_s �k; .ii/ Çvrel = *0:6m_s�{
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Figure 18.48: Velocity of point P with

respect to the frame B.

SAMPLE 18.11 Spinningwheel on a rotating rod in 2-D .A rigid body

OA is attached to a wheel that is massless except for three point masses

P, Q, and R, placed symmetrically on the wheel. Each of the three masses

ism = 0:5 kg. The rod OA rotates about point O in the counterclockwise

direction at a constant rate !1 = 3 rad_s. The wheel rotates with respect

to the arm about point A with angular acceleration �!2 = 1 rad_s2 and at

the instant shown it has angular speed !2 = 5 rad_s. Note that both !2

and �!2 are given with respect to the arm.

Using a rotating frame B attached to the rod and a coordinate system

attached to the frame with origin at O, �nd

1. the velocity of the mass P and

2. the acceleration of the mass P.

Solution FrameB is attached to the rod. We choose a coordinate system x¨y¨z¨ in frame

B with its origin at O and, at the instant, aligned with the �xed coordinate system xyz.

We consider a point P¨ momentarily coincident with point P but �xed in frame B. Since

P¨ is �xed in B, it rotates with B with Ç!
B
= !1

�k. To visualize the motion of P¨ imagine a

rigid rod fromO to P¨ (see Fig. 18.47). Nowwe can calculate the velocity and acceleration

of point P¨ as follows.

1. Velocity of point P:
Çv
P
= Çv

P¨
+ Çvrel:

Now we calculate the two terms separately:

Çv
P¨

= Çv
O¨

«̄ ¬
Ç

0

+Ç!
B
� Çr

P¨_O¨

= !1
�k � .Çr

A_O¨ +
Çr
P¨_A/

= !1
�k � [l.cos ��{ + sin � �|/

«­­­­¯­­­­¬
Ç

r
A_O¨

+ r.cos ��{ * sin � �|/
«­­­­¯­­­­¬

Ç

r
P¨_A

]

= !1.l + r/ cos � �| * !1.l * r/ sin ��{

= 3 rad_s � 2:5m � cos 30
ý

�| * 3 rad_s � 1:5m � sin 30
ý

�{

= .6:50 �| * 2:25�{/m_s:

Since the wheel rotates with angular speed !2 with respect to the rod, an observer

sitting in frameB would see a circular motion of point P about point A. Therefore,

Çvrel = Ç!wheel_B � Çr
P_A

= *!2
�k¨ � r.cos ��{¨ * sin � �|¨/

= *!2r.cos � �|
¨ + sin ��{¨/

= *.2:16 �|¨ + 1:25�{¨/m_s:

But at the instant of interest, �{¨ = �{; �|¨ = �|; and �k¨ = �k: So,

Çvrel = *.2:16 �| + 1:25�{/ m_s

Therefore,
Çv
P
= Çv

P¨
+ Çvrel = 4:33m_s �| * 3:50m_s�{:

Çv
P
= .*3:50�{ + 4:33 �|/m_s
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2. Acceleration of point P:We can similarly �nd the acceleration of point P:

Ça
P
= Ça

P¨
+ Çacor +

Çarel

where

Ça
P¨

= acceleration of point P¨

= Ça
O¨

«̄ ¬
Ç

0

+ Ç�
B

«̄ ¬
Ç

0

�Çr
P¨_O¨ +

Ç!
B
� .Ç!

B
� Çr

P¨_O¨ /

= *!2
B

Çr
P¨_O¨

= *!2
1
[.l + r/ cos ��{ + .l * r/ sin � �|]

= *9. rad_s/2[2:5m � cos 30
ý

�{ + 1:5m � sin 30
ý

�|]

= *.19:48�{ + 6:75 �|/m_s2;

Çacor = Coriolis acceleration

= 2Ç!
B
� Çvrel

= 2!1
�k � Çvrel (see part (a) above for Çvrel).

= .6 rad_s/ �k � .*2:16 �| * 1:25�{/m_s

= .12:99�{ * 7:50 �|/m_s2;

Çarel = acceleration of P relative to frame B

= Ça
P_B = �Ç!2 �

Çr
P_A * !2

2

Çr
P_A

= * �!2
�k¨ � r.cos ��{¨ * sin � �|¨/ * !2

2
r.cos ��{¨ * sin � �|¨/

= *r[. �!2 sin � + !2
2
cos �/�{¨ + . �!2 cos � * !2

2
sin �/ �|¨]

= *0:5m[.1 rad_s2 � sin 30
ý

+ 25. rad_s/2 � cos 30
ý

/�{¨

+.1 rad_s2 � cos 30
ý

* 25. rad_s/2 � sin 30
ý

/ �|¨]

= .*11:08�{¨ + 5:82 �|¨/m_s2

= .*11:08�{ + 5:82 �|/m_s2:

The term Ça
P¨
encompasses three terms of the �ve term acceleration formula. The

last line in the calculation of Çarel follows from the fact that at the instant of interest

�{¨ = �{ and �|¨ = �|.

Now adding the three parts of Ça
P
we get

Ça
P

= Ça
P¨
+ Çacor +

Çarel

= *17:57m_s2 �{ * 8:43m_s2 �|:

Ça
P
= *.17:57�{ + 8:43 �|/m_s2
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18.3 General
expressions for velocity
and acceleration

18.3.1 A bug walks on a straight line en-
graved on a rotating turntable (the bug's
path in the room is not a straight line).
The line passes through the center of the
turntable. The bug's speed on this line
is 1 in_s (the bug's absolute speed is not
1 in_s). The turntable rotates at a con-
stant rate of 2 revolutions every � s in a
positive sense about the z-axis. Its sur-
face is always in the xy-plane. At time
t = 0, the engraved line is aligned with
the x-axis, the bug is at the origin and
headed towards the positive x direction.

a) What is the x component of the
bug's velocity at t = � s?

b) What is the y component of the
bug's velocity at t = � seconds?

c) What is the y component of the
bug's acceleration at t = �?

d) What is the radius of curvature of
the bug's path at t = 0?

18.3.2 Actual path of bug trying to
walk a straight line. A straight line is
inscribed on a horizontal turntable. The
line goes through the center. Let � be the
angle of rotation of the turntable which

spins at constant rate ��0. A bug starts on
the outside edge of the turntable of radius
R and walks towards the center, passes
through it, and continues to the opposite
edge of the turntable. The bug walks at
a constant speed vA, as measured by how
far her feet move per step, on the line in-
scribed on the table. Ignore gravity.

a) Picture. Make an accurate draw-
ing of the bug's path as seen in
the room (which is not rotating
with the turntable). In order to
make this plot, youwill need to as-

sume values of vA and ��0 and ini-
tial values of R and �. You will
need to write a parametric equa-
tion for the path in terms of vari-
ables that you can plot (probably
x and y coordinates). Youwill also
need to pick a range of times. Your
plot should include the instant at
which the bug walks through the
origin. Make sure your x and y-
axes are drawn to the same scale.
A computer plot would be nice.

b) Calculate the radius of curvature
of the bug's path as it goes through
the origin.

c) Accurately draw (say, on the com-
puter) the osculating circle when
the bug is at the origin on the pic-
ture you drew for (a) above.

d) Force. What is the force on the
bug's feet from the turntablewhen
she starts her trip? Draw this force
as an arrow on your picture of the
bug's path.

e) Force. What is the force on the
bug's feet when she is in the mid-
dle of the turntable? Draw this
force as an arrow on your picture
of the bug's path.

18.3.3 A small bug is crawling on a
straight line scratched on an old record.
The scratch is a distance l = 6 cm from
the center of the turntable. The turntable
is turning clockwise at a constant angu-
lar rate ! = 2 rad_s. The bug is walk-
ing, relative to the turntable, at a con-
stant rate vB_T = 12 cm_s, straight along
the scratch in the y-direction. At the in-
stant of interest, everything is aligned as
shown in the �gure. The bug has a mass
mB = 1 gram.

a) What is the bug's velocity?

b) What is the bug's acceleration?

c) What is the sumof all forces acting
on the bug?

d) Sketch the path of the bug in the
neighborhood of its location at the
time of interest (indicate the di-
rection the bug is moving on this
path).

�

bug
x

y

vB/T

ω

Problem 18.3.3

18.3.4 ArmOC rotateswith constant rate
!1. Disc D of radius r rotates about point
C at constant rate !2 measured with re-
spect to the arm OC. What are the ab-
solute velocity and acceleration of point
P on the disc, Çv

P
and Ç

a
P
? (To do this

problem will require de�ning a moving
frame of reference. More than one choice
is possible.) <

a) Pick a suitable moving frame and
do the problem.

b) Pick an-
other suitable moving frame and
redo the problem. Make sure the
answers are the same.

C

O

r

disk D

P

θ

ω1

ω2

�

Problem 18.3.4

18.3.5 For the con�guration in prob-
lem 18.3.4 what is the absolute angular
velocity of the disk, D? <

18.3.6 For the con�guration in prob-
lem18.3.4, taking!2 to be the angular ve-
locity of diskD relative to the rod, what is
the absolute angular acceleration of the
disk,D? What is the absolute angular ac-
celeration of the disk if !1 and !2 are not
constant?

18.3.7 A turntable oscillates with dis-
placement Çx

C
.t/ = A sin.st/�{. The disc of

the turntable rotates with angular speed
and acceleration !

D
and �!

D
. A small

bug walks along line DE with velocity v
b

relative to the turntable. At the instant
shown, the turntable is at its maximum
amplitude x = A, the line DE is cur-
rently aligned with the z-axis, and the
bug is passing through point B on line
DE. Point B is a distance a from the cen-
ter of the turntable, point C. Find the ab-
solute acceleration of the bug, Ça

b
. <

ωD, ω̇D

a
B

C

D

E

x

y

z

Problem 18.3.7
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18.3.8 A small 0:1 kg toy train engine is
going clockwise at a constant rate (rela-
tive to the track) of 2m_s on a circular
track of radius 1m. The track itself is
on a turntable B that is rotating counter-
clockwise at a constant rate of 1 rad_s.
The dimensions are as shown. At the in-
stant of interest the train is pointing due
south (*j) and is at the center O of the
turntable.

a) What is the velocity of the train
relative to the turntable Çv_B?

b) What is the absolute velocity of
the train Ç

v ?

c) What is the acceleration of the
train relative to the turntable Ça_B?

d) What is the absolute acceleration
of the train Ç

a?

e) What is the total force acting on
the train?

f) Sketch the path of the train for one
revolution of the turntable (sur-
prise)?

North

East

O

turntable, B

track

ı̂

ĵ

1m

Problem 18.3.8

18.3.9 A giant bug walks on a horizon-
tal disk. An xyz frame is attached to
the disk. The disk is rotating about the
z axis (out of the paper) and simultane-
ously translating with respect to an in-
ertial frame XYZ plane. In each of the
cases shown in the �gure, determine the
total force acting on the bug. In each
case, the dotted line is scratched on the
disk and is the path the bug followswalk-
ing in the direction of the arrow. The lo-
cation of the bug ismarkedwith a dot. At
the instants shown, the xyz coordinate
system shown is aligned with the inertial
XYZ frame (which is not shown in the
pictures). In this problem:

Ç

r = the position of the center of the disk,
Ç

v = the velocity of the center of the disk,
Ç

a = the acceleration of the center of the

disk,

 the angular velocity of the disk (i.e.,
Ç


 = 
k),
�
 = the angular acceleration of the disk,
u = the speed of the bug traversing the
dotted line (arc length on the disk per
unit time),
�u = du_dt, and
m = 1kg =mass of the bug.

C

1m

a)

C

1m

b)

Cc)

1m

Ce)

C
d)

1m

1m

1m

⇀
r = 0ı̂ + 0ĵ

⇀
v = 0ı̂ + 0ĵ

⇀
a = 3 m/s2

ı̂ + 0ĵ

u = 0
u̇ = 0
� = 0
�̇ = 0

u = 1 m/s
u̇ = 0
� = 0
�̇ = 0

⇀
r = 0ı̂ + 0ĵ

⇀
v = 0ı̂ + 0ĵ

0ı̂ + 0ĵ
⇀
a =

⇀
r = 0ı̂ + 0ĵ

⇀
v = 0ı̂ + 0ĵ

0ı̂ + 0ĵ
⇀
a =

⇀
r = 0ı̂ + 0ĵ

⇀
v = 0ı̂ + 0ĵ

0ı̂ + 0ĵ
⇀
a =

⇀
r = 0ı̂ + 0ĵ

⇀
v = 0ı̂ + 0ĵ

0ı̂ + 0ĵ
⇀
a =

u = 0
u̇ = 0
� = 0
�̇ = 1 rad/s2

u = 0
u̇ = 0
� = 1 rad/s
�̇ = 0

u = 1 m/s
u̇ = 0
� = 1 rad/s
�̇ = 0

45o

x

y

x

y

x

y

x

y

x

y

45o

45o

Problem 18.3.9

18.3.10 Repeat questions (a)-(f) for the
toy train in problem 18.3.8 going counter-
clockwise at constant rate (relative to the
track) of 2m_s on the circular track.

18.3.11 A nostalgic honeybee alights on
a phonograph turntable that is being car-
ried by a carnival goer who is riding on
a carousel. The situation is sketched be-
low. The carousel has angular velocity of
5 rpm, which is increasing (accelerating)

at 10 rev_min
2
; the phonograph rotates

at a constant 33 1/3 rpm. The honeybee
is at the outer edge of the phonograph
record in the position shown in the �g-
ure; the radius of the record is 7 inches.
Calculate the magnitude of the accelera-
tion of the honeybee.

carousel

30
o

bee

12'

turntable

Problem 18.3.11

18.3.12 Consider a turntable on the back
of a pick-up truck. A bug walks on a
line on the turntable. The line may or
may not be drawn through the center of
the turntable. The truck may or may not
be going at constant rate. The turntable
may or may not be spinning, and, if it
spins, it may or may not go at a constant
rate. The bug may be anywhere on the
line and may or may not be walking at a
constant rate.

a) Drawapicture of the situation.
Clearly de�ne all variables you are
going to use. What is the moving
frame, and what is the reference
point on that frame?

b) One term at a time. For each
term in the �ve term acceleration
formula, �nd a situation where all
but one term is zero. Use the
turntable as themoving frame, the
bug as the particle of interest. <

c) Two terms at a time. (harder)
How many situations can you
�nd where a pair of terms is not
zero but all other terms are zero?
(Don't try to do all 10 cases unless
you really think this infamous for-
mula is fun. Try at least one or
two.) <

xT

O'

turntable

rb 

bug

Truck

P

x

y

ω

θ

O'

Blow-up of turntable:

Problem18.3.12: Picking apart the�ve
term acceleration formula.
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18.3.2 Actual path of bug trying to
walk a straight line. A straight line is
inscribed on a horizontal turntable. The
line goes through the center. Let � be the
angle of rotation of the turntable which

spins at constant rate ��0. A bug starts on
the outside edge of the turntable of radius
R and walks towards the center, passes
through it, and continues to the opposite
edge of the turntable. The bug walks at
a constant speed vA, as measured by how
far her feet move per step, on the line in-
scribed on the table. Ignore gravity.

a) Picture. Make an accurate draw-
ing of the bug's path as seen in
the room (which is not rotating
with the turntable). In order to
make this plot, youwill need to as-

sume values of vA and ��0 and ini-
tial values of R and �. You will
need to write a parametric equa-
tion for the path in terms of vari-
ables that you can plot (probably
x and y coordinates). Youwill also

need to pick a range of times. Your
plot should include the instant at
which the bug walks through the
origin. Make sure your x and y-
axes are drawn to the same scale.
A computer plot would be nice.

b) Calculate the radius of curvature
of the bug's path as it goes through
the origin.

c) Accurately draw (say, on the com-
puter) the osculating circle when
the bug is at the origin on the pic-
ture you drew for (a) above.

d) Force. What is the force on the
bug's feet from the turntablewhen
she starts her trip? Draw this force
as an arrow on your picture of the
bug's path.

e) Force. What is the force on the
bug's feet when she is in the mid-
dle of the turntable? Draw this
force as an arrow on your picture
of the bug's path.

HW # 12 P66 18.3.2 Based on 2019 Old solution

Éo Er
Modified by Teaya Yang

→ Corrected May 17
. 2021

= 0%

f. - →

. -50

*

I

1

I

1

I
¥0

1-
- - - -

- - - -

☒-→
×

→ Er
0 ←

VA __ const
.

VA measured in body frame .

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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Pick

=
-
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=
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Recall from part b) :

c- = ¥ ⇒ 0 = ix. c- = R¥;-
f =

VA

20%

én =
- éo t= ¥ ( from above )

so T.co =

Xc it Yo j = -péo

Ki + Ye j = - pl - sin 0 It cos 05)

✗c=¥¥sin(R¥÷ )
{ Yc= - -1¥

.

cos 't¥) -

Disclaimer:We have lost track of the many people who wrote these solutions.
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2

☒ = 0%¥
.
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Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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→ fix = - m*R* phidot ^2 ;

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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18.3.4 Arm OC rotates with constant
rate !1. Disc D of radius r rotates about
point C at constant rate !2 measured
with respect to the arm OC. What are
the absolute velocity and acceleration of
point P on the disc, Çv

P
and Ça

P
? (To do this

problem will require de�ning a moving
frame of reference. More than one choice
is possible.)

a) Pick a suitable moving frame and
do the problem.

b) Pick an-
other suitable moving frame and

redo the problem. Make sure the
answers are the same.

C

O

r

disk D

P

θ

ω1

ω2

�

Problem 18.4

Answer:
Çv
P
= !1L.cos � �|*sin ��{/+ .!1+!2/r�{,

Ça
P

= *!2
1
L.cos ��{ + sin � �|/ + .!1 +

!2/
2 �|.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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18.3.5 For the con�guration in prob-
lem 18.3.4 what is the absolute angular
velocity of the disk, D?

Answer:
Ç!
D
= .!1 + !2/

�k.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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18.3.7 A turntable oscillates with dis-
placement Çx

C
.t/ = A sin.st/�{. The disc of

the turntable rotates with angular speed
and acceleration !

D
and �!

D
. A small

bug walks along line DE with velocity v
b

relative to the turntable. At the instant
shown, the turntable is at its maximum
amplitude x = A, the line DE is cur-
rently aligned with the z-axis, and the
bug is passing through point B on line
DE. Point B is a distance a from the cen-
ter of the turntable, point C. Find the ab-
solute acceleration of the bug, Ça

b
.

ωD, ω̇D

a
B

C

D

E

x

y

z

Problem 18.7

Answer:
Ça
b
= *.s2A + a!2

D
+ 2!

D
v
b
/�{ * a �!

D
�k.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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18.3.8 A small 0:1 kg toy train engine is
going clockwise at a constant rate (rela-
tive to the track) of 2m_s on a circular
track of radius 1m. The track itself is
on a turntable B that is rotating counter-
clockwise at a constant rate of 1 rad_s.
The dimensions are as shown. At the in-
stant of interest the train is pointing due
south (*j) and is at the center O of the
turntable.

a) What is the velocity of the train
relative to the turntable Çv_B?

b) What is the absolute velocity of
the train Çv ?

c) What is the acceleration of the
train relative to the turntable Ça_B?

d) What is the absolute acceleration
of the train Ça?

e) What is the total force acting on
the train?

f) Sketch the path of the train for one
revolution of the turntable (sur-
prise)?

North

East

O

turntable, B

track

ı̂

ĵ

1m

Problem 18.8

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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18.3.11 A nostalgic honeybee alights on
a phonograph turntable that is being car-
ried by a carnival goer who is riding on
a carousel. The situation is sketched be-
low. The carousel has angular velocity of
5 rpm, which is increasing (accelerating)

at 10 rev_min
2
; the phonograph rotates

at a constant 33 1/3 rpm. The honeybee
is at the outer edge of the phonograph
record in the position shown in the �g-
ure; the radius of the record is 7 inches.
Calculate the magnitude of the accelera-

tion of the honeybee.

carousel

30
o

bee

12'

turntable

Problem 18.11

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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17.3.11

Saturday, April 27, 2019 17:16

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.



Chapter 18. 3. General. . . Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap Problem. . . 17

Disclaimer:We have lost track of the many people who wrote these solutions.
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18.3.12 Consider a turntable on the back
of a pick-up truck. A bug walks on a
line on the turntable. The line may or
may not be drawn through the center of
the turntable. The truck may or may not
be going at constant rate. The turntable
may or may not be spinning, and, if it
spins, it may or may not go at a constant
rate. The bug may be anywhere on the
line and may or may not be walking at a
constant rate.

a) Drawapicture of the situation.
Clearly de�ne all variables you are
going to use. What is the moving
frame, and what is the reference
point on that frame?

b) One term at a time. For each
term in the �ve term acceleration
formula, �nd a situation where all
but one term is zero. Use the
turntable as themoving frame, the
bug as the particle of interest.

c) Two terms at a time. (harder)
How many situations can you
�nd where a pair of terms is not
zero but all other terms are zero?

(Don't try to do all 10 cases unless
you really think this infamous for-
mula is fun. Try at least one or
two.)

xT

O'

turntable

rb 

bug

Truck

P

x

y

ω

θ

O'

Blow-up of turntable:

Problem 18.12: Picking apart the �ve
term acceleration formula.

Answer:

(b) One case: Ça
P

= Ça
O¨ , where P

refers to the bug; the bug stands still

on the turntable, the truck accelerates,

and the turntable does not rotate.

(c) One case: Ça
P
= Ça

O¨ +
Ça
P_D, where

D is the turntable; the bug accelerates

along a straight line on the turntable,

the truck accelerates, and the turntable

does not rotate.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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