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18.3 General expressions for velocity v
and acceleration a of a moving
point

Now that we have some comfort with moving frames we can develop for-
mulas that are not so strongly attached to base vectors. That is, we take
account that the base vectors rotate with the frame, but develop formu-
las that don’t use the base vectors explicitly. Thus the formulas we de-
velop here work equally for any frame that is glued to the rotating frame
of choice, independent of its orientation.

Absolute velocity of a point moving relative to a
moving frame

Imagine that you know the absolute velocity v,y /T of some point O’ on
an object B, say the center of a car tire and the angular velocity of the
tire, @ /#- Finally, imagine you also know the relative velocity of point P,
Up /5, say of a bug crawling on the tire.

If the frame B is translating or rotating, the velocity of particle P rela-
tive to the frame v, /5 1s not the absolute velocity (the velocity relative to
a Newtonian frame). The absolute velocity in this case is Up 5, or more
simply Up, or more simply still, just 0. We want to know the relationship
between the relative velocity Up /5 and the absolute velocity Dy, (other-
wise known as just v).

Figure 18.32: The position of point P relative to the origin O’ of moving frame B is % .
The position of the origin of the frame 3B relative to the origin O of the fixed frame ¥ is
To1/0- The position of point P relative to O is the sum of %o and ¥y /0. The motion of
point P relative to the fixed frame may be complicated.

Let’s start by looking at the position. The position of a point P that is
moving is:
Fo/0 =Tory0 + oo
where O’ is the origin of a coordinate system which is glued to the rigid
object, as shown in fig. 18.32.
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To find the absolute velocity of point P we will use the Q formula, equa-
tion 18.19, for computing the rate of change of a vector. The velocity of P
is the rate of change of its position. Here, we use Q =7 s

F.
Up/e = Tpjo
7 7.
= TFoot Tpior
A
Tpj0f

B.
= vO’/ff + rP/OI +CUB/:; X rP’/O’
——
Up/3
The Q formula 18.19 was used in the calculation to compute 7 ¥, 0/

F. B.
'_':P/Of = FP/O’ + C_OB/? X ?P’/O" (1827)

Thus, the ‘three term velocity formula’.

2. Velocity of point
Absolute VelOCIty of P relative to moving

point P frame B
— —
ﬁP = ijO’ + 6})/3 + C_DB X FP’/O’ (18.28)
N—— NI

/ \

1. Velocity of reference| 3. Velocity relative to
point O’ on object B [point O’ of the point
P’ glued to object B
which is instanta-
neously coincident
with point P

Another way to write the formula for absolute velocity is as
61’ = 61:-/ + T)P/B
where P’ is a point glued to B which is instantaneously coincident with
P, so the absolute velocity of P’ is
61)/ = 60/ + CT)B X ?P//O/. (1829)

Reconsider the bug crawling on the tire, object B, in fig. 18.33. To
find the absolute velocity of the bug, we need to be concerned with how
the bug moves relative to the tire and how the tire moves relative to the
ground.
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Example: Absolute velocity of a point moving relative to a moving frame
(2-D): Bug crawling on a tire, again

Referring to equation 18.27 on page 2, the absolute velocity of the bug is

T)P/f = i:’or/g~ + B7.:1)/0/ +CT)B/?' X ?P/O’
N——r
3P/za
= Réi + ¢f + (—6k)x(si'+¢j)
= RO + 67 + (¢-s9)F.

At the instant of interest, the direction of the bug’s absolute velocity depends
upon the relative magnitudes of £ and 6 as well as the orientation of i’ and j'.

Aswe noted earlier, another way to write the formula for absolute velocity
is

vP = vP/ + 61)/3
where, in the example above, U = ROi+0(¢1 —sj') and Uy /5= tj. At
the instant of concern, we can think of the absolute velocity of the bug as

the velocity of the mark labeled P’ under the bug plus the velocity of the
bug relative to the tire.

Acceleration

We would like to find acceleration of a point using information about its
motion relative to a moving frame. The result, the ‘five term acceleration
formula’ is the most complicated formula in this book. (For reference, it
is in Table II, 5¢).

Acceleration relative to an object or frame

The acceleration of a point relative to an object or frame is the acceler-
ation you would calculate if you were looking at the particle while you
translated and rotated with the frame and took no account of the outside
world. That is, if the position of a particle P relative to the origin O of a
coordinate system in a moving frame 3 is given by:

= _ ~ o i’
Tojo0 = Tpwjor U+ Tpy o J + Tpyrjor K

xl yl ZI

then the acceleration of the particle P relative to the frame is:

— Y Al e N} o 7
Qp /5 = Foyrjor + oy 00 I oy o k'

i’ y’l Z!

That is, the acceleration relative to the frame takes no account of (a) the
motion of the frame or of (b) the rotation of the base vectors with the
frame to which they are fixed.

Reconsider the bug labeled point P crawling on the tire, object B, in
fig. 18.35.
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Figure 18.33

Figure 18.34: An object or reference
frame B and a point P move around.
We are interested in the acceleration of
point P.

(1) |

Figure 18.35: A bug crawling on a tire
at point P. Point P’ is on the tire and in-
stantaneously corresponds to point P.



Figure 18.36: Tracking a moving
particle from two different reference
frames.
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Figure 18.37: Gum is glued to a rolling
tire at D. The point P’ glued to the tire
is just where the point P happens to be
passing at the instant of interest.
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Example: Acceleration relative to a frame (2-D): Bug crawling on a tire,
again

If we are sitting on the tire, all that we see is the bug crawling in a straight line
at non-constant rate relative to us. Thus, its acceleration relative to the tire is

a,,=0j.

So, at the instant of interest, the bug has an acceleration relative to the tire frame
parallel to the y’-axis.

Absolute acceleration of a point P’ glued to a
moving frame

Imagine that you know the absolute acceleration of some point O’ at the
center of a frame B, say the center of a car tire. Imagine you also know
the angular velocity of the tire, &, 5 and the angular acceleration, & 7
Then, you can find the absolute acceleration of a piece of gum labeled
point D stuck to the sidewall (see fig. 18.37). If we start with the equa-
tion 18.29 for the absolute velocity of a point glued to a moving frame on
page 2 and differentiate with respect to time, we get the absolute acceler-
ation of a point D fixed in a moving frame B as follows:

o d.
a, = a[vo,+co3><rD/o,]

= ao,/o + [C_DE X FD/O’ + 6_63 X (C_DB X ?D/OI)]

EiO’/O + &B x FD/O' + aB X (ag X FD/O’) (1830)

Example: Absolute acceleration of a point glued to a moving frame (2-D):
Bug crawling on a tire, again
Here, the acceleration of point P’ glued to the tire, relative to the tire is zero,
a, ;5 =0 (see fig. 18.37). The angular velocity of the wheel with respect to the
ground is &g,y = —0k = —Ok’. The angular speed is increasing at a rate 6.
Thus, &5, = —6k = —6k’. The position of P’ relative to O’ is Fpr o = si’ +¢ .
Using equation 18.30 on page 4, we get the absolute acceleration of point P’
to be

EP,/f = ﬁo,/f +C_(>B/:;~X(CT)B/9~ X?P//Ol)‘f'&g/f X?P’/O’

centripetal term ‘ ‘ tangential term
= RO —6%st' +¢J)+RE(sf —¢1)
N——r

/

acceleration of origin of
moving frame

In this example, the absolute acceleration P’ is due to:

1. the increase in the translational speed of the tire relative to the ground
(acceleration of origin of moving frame),

2. its going in circles at a non-constant rate about point O’ relative to the
ground (‘tangential term’), and
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3. ‘centripetal term’ towards the origin of the moving frame. (In three-
dimensional problems, this term is directed towards an axis through @
that goes through O’).

Absolute acceleration of a point moving relative to
a moving frame
If we start with the equation for absolute velocity 18.27 on page 2 and dif-

ferentiate with respect to time we get the absolute acceleration of a point P
using a moving frame B. To do this calculation we need to use the product

rule of differentiation. Refer to the Q formula, eqgn. (18.24) on page 953.
Here is the calculation:

~ d .. - o=
a, = a[vo,/o + Op/p + @D X Tp ]
= G50t (aP/B +@g X Up )

ao,/o + @g X (@5 XFp o) + &y XTp oy +aP/B + 205 X Vp 5.

—

a,
The collection of terms @, is the acceleration of a point P’ which is
glued to body B and is instantaneously coincident with P. It is the same

as d, using D = P’ in equation 18.30. To repeat, the result is

The ‘five term’ acceleration formula

3. tangential acceleration: accelera-
tion relative to O’ of point glued to
1. acceleration of reference point O’ on object, coincident with P, due to non-

object B constant @

~— —
+@g X (Wg XTp o) + g XTp oy + @
N

a, = 8y
N——r

The absolute acceleration ‘ /4

2. centripetal acceleration: acceleration relative
to O’ of point glued to object, coincident with P,

and going in circles around O’ at constant rate

= aP/
N——

‘ The first 3 terms above ‘

/

P/B
N——r

s\ \ 5. Coriolis accel. \

+2wg X Vp/g
N—— —’

4. acceleration of P relative to moving

frame B

+aP

5t 205 X Up g

This ‘five-term-acceleration’ formula is both famous and infamous. It’s
famous because it is given a lot of emphasis by some instructors®, and
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®True story. Once a teacher wrote
eqn. (18.31) in big letters on a fresh
clean black board, including the ex-
planations in boxes. Then he talked
it through, telling the class that this
was what they had been building up
to. That after all the vector notation,
the more involved kinematic devel-
opment and the messy notation that
this was finally the climax. There
was still silence in the room as, so
the teacher was hoping, the students
could feel satisfied with the accom-
plishment. After time for a slow
breath a student asked “Was it as good
for you as it was for us?”
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Figure 18.39
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infamous because it takes some getting used to. Eqn. 18.32 is the ‘three
term acceleration formula’. It combines the first three terms in the 5-term
formula and interprets them as the acceleration of the point P’ on B that
instantaneously coincides with P. The best way to get used to the five term
acceleration formula is to find situations where some of the terms drop
out.

Reconsider the bug labeled point P crawling on the tire, object B, in
fig. 18.37. To find the absolute acceleration of the bug we need to think
about how the bug moves relative to the tire and how the tire moves
relative to the ground.

Example: Absolute acceleration of a point moving relative to a moving

frame (2-D): Bug crawling on a tire, again
From the previous bug examples on page 3 and page 4 we know that

Up/3 =€ J, and G, = ty.

Referring to the five term acceleration formula, equation 18.31 on page 5, the
absolute acceleration of the bug is

aP/sr ao'/o
+@z X (@5 X Fp/or)
+&B X ?P/O’
+a, /5
+285 X Up 5
= ROI—6i + )+ 6(¢i —sf)+LJ + 2061

ot 15

REi+ (€6 — s6% + 2001 + (—s6 + ¢ — 62§

So, at the instant of interest, the bug’s absolute acceleration is due to:

= ROi

1. the translational acceleration of the tire, ﬁo, /o

2. the centripetal acceleration of going in circles of radius V' s? + ¢2 about the
center of the tire as it rolls, —62(si’ + ¢ j'), pointing at the center of the tire,

3. the tangential acceleration of going in circles about the center of the tire
as the tire rolls at non-constant rate, 8(¢i’ — s j'),

4. the acceleration of the bug relative to the tire as it crawls on the line,
I
a, ;= ¢j',and

5. the Coriolis acceleration caused, in part, by the change in direction, rela-
tive to the ground, of the velocity of the bug relative to the tire, 26¢1’.

Items 1, 2 and 3 sum to be the acceleration of point P’ on the tire but instanta-
neously coinciding with moving point P.

Motion relative to a point versus motion relative to
a frame

We can now give a different interpretation of the expressions we have been

using Uy, and @, /- Rather than thinking of Uy, as the difference be-

tween Uy and D, we can think of U, as the 0y, , where A is a frame with
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origin that moves with point A and which has no rotation rate relative to
F. Thatis

Ug/y eans 0Op 4
Similarly,

aB/A means aB/A.
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18.2 Relation between moving frame formulae and polar
coordinate formulae

formula, we get

Oy, = Dyot@gXFp o +0
A similarity exists between the polar coordinate velocity formula P AO / 0. . 37RO ) F/B
= 0+ ©Bk)x(Ri")+Ri
D = Ré, + Roe, = ROj +Ri
= Rée +Re, (because i’ = e, and j' = &)

and the second two terms in the ‘three-term’ velocity formula o . )
which is the polar coordinate velocity formula.

U, =7 + @5 X T/ + Vp -
P e Cha kB Similarly, if we plug into the five-term acceleration formula,

we get
In fact, we have tried to build your understanding of moving &

frames by means of that connection.

Ql
Il

o ) . P ﬁo,/o+ﬁp/3+cﬁx(axﬁp/o,)
Similarly, the polar coordinate formula for acceleration PR R
4 X "P/o/ + ZwB X UP/B

@ = (K- R6%)e, + (2RE + RH)e, — 0+ Ri + 06k x (6k x Ri')

) ) +(8k) x (R1") + 2(8k) x RY’

is somehow closely linked to the last four terms of the ‘5-term’ _ Py B e

acceleration formula = k- )&, + (2RO + RO)%,;

4% = Q0 T o V7] SERE T/ o) Again, we recover the appropriate polar coordinate formula.

+80 X Fp oy + 205 X D 5.
We have just shown how the polar coordinate formulae are

special cases of the relative motion formulae.

Let’s make these connections explicit. Imagine a particle P
moving around on the xy-plane.

Warning!

In problems where we want the rotating frame to be a rotating
object on which a particle moves, the polar coordinate formulae
only correspond term by term with the relative motion formulae
if the particle path is a straight radial line fixed on a 2D object, as
in the example of a bug walking on a straight line scribed on the
surface of a rotating CD or a bead sliding in a tube rotating about
an axis perpendicular to the tube.

particle moves on
straight line radial
path marked on a
2D body B

F = fixed frame xy
B = rotating frame x’y’

Let’s create a moving frame B with rotating coordinate system
x'y" attached to it whose origin O’ is coincident with origin O of a
coordinate system xy attached to a fixed frame F. Let this frame
rotate in exactly such a way so that the particle is always on the x’-

axis. So, in this frame, ?P/O’ = RY/, ﬁP/B =Ri’,and @ 5= Ri. ) ) . .

o ) R N R Because we are sometimes interested in more general relative mo-
Also, the frame motion is characterized by Oy /o = 0,8, , =0, tions, the polar coordinate formulae do not always apply and we
@, = 6k, and @, = Bk. So, if we plug in the three-term velocity must make use of the more general relative motion formulae.

Introduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap




Chapter 18.

SAMPLE 18.8 A ‘T’ shaped tube is welded to a massless rigid arm OAB
which rotates about O at a constant rate w = 5rad/s. See also Sample
18.26. At the instant shown a particle P is falling down in the vertical
section of the tube with speed v/ = 4ft/s. Find the absolute velocity
of the particle. Take ¢ = 2 ft in the figure.

Solution Let us attach a frame B to arm OAB. Thus 3B rotates with OAB with angular
velocity @, = wk where @ = 5rad/s. To do calculations in B we attach a coordinate
system x’'y’z’ to B at point O. At the instant of interest the rotating coordinate system
x'y'z' coincides with the fixed coordinate system xyz. (Since the entire motion is in the
xy-plane, the z-axis is not shown in the figure). Let P’ be a point coincident with P but
fixed in B. Now,

6P = 6P’ + f’rel

where
Uy = DUy Oy XFp o
N——r
0
= wkxQ@ti+t])
= 2wl j-—wli,
and
v, = Velocity relative to the frame B
= _v/tubej'
Thus,
isP = 6P’ + ﬁrel

—wli+ (20l = Uype) J
= —5rad/s-2fti+ (2-5rad/s-2ft—4ft/s)j
= —10ft/si+ 16ft/sj.

v, = —10ft/si + 16 ft/sj

Comments: The kinematics calculation is equivalent to the vector addition shown in
Figure 18.41. The velocity of P is the sum of U, and ¥, = U;/5.
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SAMPLE 18.9 Acceleration of a point in a rotating frame. Consider
the rotating tube of Sample 18.8 again. The arm OAB rotates with coun-
terclockwise angular acceleration w = 3rad/ s® and, at the instant shown,
itsangular speed w = 5rad/s. Also, at the same instant, the particle P falls
20 down with speed vy, = 4ft/s and acceleration a . = 2ft/ s?. Find

14 the absolute acceleration of the particle at the given instant. Take ¢ = 2 ft
B in the figure.

. Uttube
w,w Aube

©)

A
E:th‘ 14 ‘

Solution We consider a frame B, with coordinate axes x'y’z’, fixed to the arm OAB and

Figure 18.42 thus rotating with @, = wk = 5rad/sk and &, = &k = 3rad/s*k. The acceleration of
point P is given by

y ap =ap +a, +a,

PP T where
y ¢ d, = acceleration of a point P’ that is fixed in B
P/ J and at the moment coincides with P,
a —

s = Coriolis acceleration, and
!
0,0’ X

= acceleration of P relative to frame 3.

Now we calculate each of these terms separately. For calculating a,,, imagine a rigid rod

] from point O to point P, rotating with the frame . Mark the far end of the rod as P’ (same
B as point P). The acceleration of this end of the rod is @,,. To find the relative terms D,
and @, freeze the motion of the frame 3 at the given moment and watch the motion of

point P. The non-intuitive term @, has no such simple physical interpretation but has a
dg X Fpjor simple formula. Thus,

-wy Fp o 2P 0] —93Tp o1
\\ - - - = —_
. Gy = Ay HOy5 XFp o + @5 X (wg X fP,/O,)
. = ok x Qi+ (] — w26+ € )
o} ;

= 2atj— ofi—2wti—w?lj
—€(d + 20 + €2 — @) j

Figure 18.43: Acceleration of point P’. = —(106i + 38j) ft/s,

P’ is fixed to the frame B and at the
moment coincides with point P. There-
fore, @y = @y X Fprjor — WyFpr o0 a, = 205Xy
= 2wk x v/mbe(—j)
200 el =2 - Srad/s - 41t/s
= 40ft/s,

arel = a/tube(_j) = _th/szj'

Adding the three terms together, we get

ap

—106ft/s*i — 38 ft/s*j + 40ft/s’i — 2ft/s%
—66 ft/s*i — 40ft/s?j.

d, = —(66i + 40j) ft/s?

Note that the single term @, encompasses three terms of the five term acceleration for-
mula.
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SAMPLE 18.10 A small collar P is pinned to a rigid rod AB at length
¢ = 1m along the rod. The collar is free to slide in a straight track on
a disk of radius r = 400mm. The disk rotates about its center O at a
constant w = 2rad/s. At the instant shown, when 8 = 45° and the collar

is at a distance zr in the track from the center O, find
1. the angular velocity of the rod AB and
2. the velocity of point P relative to the disk.

Solution We will think of P in two ways: one as attached to the rod and the other as
sliding in the slot. First, let us attach a frame B to the disk. Thus B rotates with the disk
with angular velocity &, = wk = 2rad/sk. We attach a coordinate system x'y’z’ to B
at point O. At the instant of interest, the rotating coordinate system x’y’z’ coincides with
the fixed coordinate system xyz. Now let us consider point P’ which is fixed on the disk y
(and hence in B) and coincides with point P at the instant of interest. We can write the

velocity of P as:

Up =Up + Uy

where

°
= N N - 3 . 3 3 0,0 X
Op = Uy +@gXTFp o =wkx <—rl’> =

4 T4 4 J
6P/B = vrelil = Ureli' L’

In the last expression, ¥, = v,, i, we do not know the magnitude of ¥,,; and hence have
left it as an unknown v, but its direction is known because U, has to be along the track
and the track at the given instant is along the x-axis. Thus,

cl

rel

xy is the fixed frame. x'y’ rotates
N 3 . with the disk with wg. P’ is fixed
Up = Z0NJ + Ul (18.33) in the rotating frame.

Now let us consider the motion of rod AB. Let Q = Qk be the angular velocity of AB at the
instant of interest where Q is unknown. Since P is pinned to the rod, it executes circular

motion about A with radius AP = ¢. Therefore, N
\ P
v, = QxF,,=0Qkxt(cosbi+sin6j)=Qf(cosfj—sini). (18.34) o )
1 P’
But, and this trivial formula is the key, D, = U,. Therefore, from Eqn. (18.33) and (18.34), ;
%wrj + v,y = Q€(cos b j — sin 6i). (18.35)
Taking dot product of both sides of the above equation with j we get Vol
Ie)
3 N
i Q¢ cosf vp
3-2rad/s-04m TN
= O = Sor / = 0.85rad/s. N, P
4¢ cosb 4-1m- — .
V2 .
Again taking the dot product of both sides of Eqn. (18.35) with i we get ¢
. 1 A \
Uy = —Q€sin® = —0.85rad/s-1m- ? =—-0.6m/s.
2
Figure 18.45:

(i) @ = 0.85rad/sk, (ii) 0,, = —0.6m/si
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R
r=0.5m
X
Figure 18.46
y
\vp
3 A
b P/
y'
0,0’ X X

Figure 18.47: P’ goes in circles around
point O with radius OP’. Therefore,
Uy, is tangential to the circular path at
P

Figure 18.48: Velocity of point P with
respect to the frame B.
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SAMPLE 18.11 Spinning wheel on arotating rod in 2-D . A rigid body
OA is attached to a wheel that is massless except for three point masses
P, Q, and R, placed symmetrically on the wheel. Each of the three masses
is m = 0.5kg. The rod OA rotates about point O in the counterclockwise
direction at a constant rate w; = 3rad/s. The wheel rotates with respect
to the arm about point A with angular acceleration &, = 1rad/s* and at
the instant shown it has angular speed w, = 5rad/s. Note that both w,
and «, are given with respect to the arm.

Using a rotating frame 3 attached to the rod and a coordinate system
attached to the frame with origin at O, find

1. the velocity of the mass P and
2. the acceleration of the mass P.

Solution Frame 3B is attached to the rod. We choose a coordinate system x’y’z’ in frame
B with its origin at O and, at the instant, aligned with the fixed coordinate system xyz.
We consider a point P’ momentarily coincident with point P but fixed in frame B. Since
P’ is fixed in B, it rotates with B with @, = w, k. To visualize the motion of P’ imagine a
rigid rod from O to P’ (see Fig. 18.47). Now we can calculate the velocity and acceleration
of point P’ as follows.
1. Velocity of point P:
U, =0p + 0.

Now we calculate the two terms separately:
T)Pl = T)Or +C_(>B X ?P’/O’
N——

0
= w0 kX0 +Tprs4)

= culic X [€(cos 61 + sin 6 j) + r(cos 61 — sin 6 j)]

?A/O’ ?P’/A
= w,(f +r)cosfj—w, (¢ —r)sinbi
3rad/s-2.5m-cos30  j—3rad/s-1.5m-sin30"1
= (6.50j —2.251)m/s.
Since the wheel rotates with angular speed w, with respect to the rod, an observer
sitting in frame B would see a circular motion of point P about point A. Therefore,
Oy = Dyneetys XTpa
= —w,k' x r(cosbi’ —sin6j’)
= —w,r(cosfj + sinbi)
= —(2.16j +1.25{')m/s.
But at the instant of interest, i’ = i, j’ = j,and k&’ = k. So,
U, =—(2.16j + 1.251) m/s
Therefore,
Up = Up + U, =4.33m/sj — 3.50m/si.

U, = (=3.50i + 4.33j)m/s
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2. Acceleration of point P: We can similarly find the acceleration of point P:
aP = alr” + acor + arel
where

a, = acceleration of point P’
= ﬁo/ + aB X?P’/O’ + CT)B X (CT)B X FPI/OI)
—— N—— y '
s 0 “
PR

= —WuFp o
= —w![(€+r)cosbi+ (£ —r)sinbj] o x' ;

= —9(rad/s)*[2.5m-cos30°i 4 1.5m - sin 30° j] ap =- i Fp o

= —(19.48i+6.75j) m/s?,

da, = Coriolis acceleration
285 X U,y '
2w,k x T, (see part (a) above for U,,)). \
(6rad/s)k x (—2.16j — 1.251) m/s

= (12.991 —7.50j) m/s?,

> acor
Vel

acceleration of P relative to frame B

Ql
Il

rel acor = 2aB S Frel

= Opp= @, X ?P/A - C"5?13/14

= —cbzic’ X r(cosbt’ —sinfj) — cugr(cos 61’ —sin6j’)

= —r[(&,sin8 + w} cos O + (&, cos 6 — w?}sin6)j']

= —0.5m[(1rad/s?-sin30" + 25(rad/s)? - cos 30" )i’ / A |

o ey ! (S ‘

+(1rad/s? - cos30° — 25(rad/s)? - sin30°)j'] \ Jo

= (~11.087 + 5.82j)m/s’ k

= (-11.08i + 5.82j)m/s.

N . Wy X T P/A

The term @, encompasses three terms of the five term acceleration formula. The

last line in the calculation of @, follows from the fact that at the instant of interest Ao = —a)% rp /A + @y X Tp /A

i =iand j = j.

Now adding the three parts of a, we get Figure 18.49

ap QAp + Aeor + Qe

—17.57m/s?i — 8.43m/s%j.

a, = —(17.57i + 8.43j) m/s>

Introduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap
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18.3 General
expressions for velocity
and acceleration

18.3.1 A bug walks on a straight line en-
graved on a rotating turntable (the bug’s
path in the room is not a straight line).
The line passes through the center of the
turntable. The bug’s speed on this line
is 1in/s (the bug’s absolute speed is not
lin/s). The turntable rotates at a con-
stant rate of 2 revolutions every 7 s in a
positive sense about the z-axis. Its sur-
face is always in the xy-plane. At time
t = 0, the engraved line is aligned with
the x-axis, the bug is at the origin and
headed towards the positive x direction.

a) What is the x component of the
bug’s velocity at t = 7 s?

b) What is the y component of the
bug’s velocity at ¢t = 7 seconds?

¢) What is the y component of the
bug’s acceleration at t = 7?

d) What is the radius of curvature of
the bug’s path at t = 0?

18.3.2 Actual path of bug trying to
walk a straight line. A straight line is
inscribed on a horizontal turntable. The
line goes through the center. Let ¢ be the
angle of rotation of the turntable which
spins at constant rate 450. A bug starts on
the outside edge of the turntable of radius
R and walks towards the center, passes
through it, and continues to the opposite
edge of the turntable. The bug walks at
a constant speed v,, as measured by how
far her feet move per step, on the line in-
scribed on the table. Ignore gravity.

a) Picture. Make an accurate draw-
ing of the bug’s path as seen in
the room (which is not rotating
with the turntable). In order to
make this plot, you will need to as-
sume values of v, and ¢, and ini-
tial values of R and ¢. You will
need to write a parametric equa-
tion for the path in terms of vari-
ables that you can plot (probably
x and y coordinates). You will also
need to pick a range of times. Your
plot should include the instant at
which the bug walks through the
origin. Make sure your x and y-
axes are drawn to the same scale.
A computer plot would be nice.

b) Calculate the radius of curvature
of the bug’s path as it goes through
the origin.

Introduction to Mechanics for Engineers «

¢) Accurately draw (say, on the com-
puter) the osculating circle when
the bug is at the origin on the pic-
ture you drew for (a) above.

d) Force. What is the force on the
bug’s feet from the turntable when
she starts her trip? Draw this force
as an arrow on your picture of the
bug’s path.

e) Force. What is the force on the
bug’s feet when she is in the mid-
dle of the turntable? Draw this
force as an arrow on your picture
of the bug’s path.

18.3.3 A small bug is crawling on a
straight line scratched on an old record.
The scratch is a distance £ = 6cm from
the center of the turntable. The turntable
is turning clockwise at a constant angu-
lar rate @ = 2rad/s. The bug is walk-
ing, relative to the turntable, at a con-
stant rate vy, = 12cm/s, straight along
the scratch in the y-direction. At the in-
stant of interest, everything is aligned as
shown in the figure. The bug has a mass
mp = 1 gram.

a) What is the bug’s velocity?

b) What is the bug’s acceleration?

¢) Whatisthe sum of all forces acting
on the bug?

d) Sketch the path of the bug in the
neighborhood of its location at the
time of interest (indicate the di-
rection the bug is moving on this
path).

UB/T

[

¢

S

bug *

Problem 18.3.3

18.3.4 Arm OC rotates with constant rate
w;. Disc D of radius r rotates about point
C at constant rate w, measured with re-
spect to the arm OC. What are the ab-
solute velocity and acceleration of point
P on the disc, U, and @,? (To do this
problem will require defining a moving
frame of reference. More than one choice
is possible.) *

© 2026 Andy Ruina & Rudra Pratap

a) Pick a suitable moving frame and
do the problem.

b) Pick an-
other suitable moving frame and
redo the problem. Make sure the
answers are the same.

Problem 18.3.4

18.3.5 For the configuration in prob-
lem 18.3.4 what is the absolute angular
velocity of the disk, D? *

18.3.6 For the configuration in prob-
lem 18.3.4, taking w, to be the angular ve-
locity of disk D relative to the rod, what is
the absolute angular acceleration of the
disk, D? What is the absolute angular ac-
celeration of the disk if w; and w, are not
constant?

18.3.7 A turntable oscillates with dis-
placement X (t) = Asin(st)i. The disc of
the turntable rotates with angular speed
and acceleration w, and @,. A small
bug walks along line DE with velocity v,
relative to the turntable. At the instant
shown, the turntable is at its maximum
amplitude x = A, the line DE is cur-
rently aligned with the z-axis, and the
bug is passing through point B on line
DE. Point B is a distance a from the cen-
ter of the turntable, point C. Find the ab-
solute acceleration of the bug, a,. *

Problem 18.3.7
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18.3.8 A small 0.1 kg toy train engine is
going clockwise at a constant rate (rela-
tive to the track) of 2m/s on a circular
track of radius 1m. The track itself is
on a turntable B that is rotating counter-
clockwise at a constant rate of 1rad/s.
The dimensions are as shown. At the in-
stant of interest the train is pointing due
south (—j) and is at the center O of the
turntable.

a) What is the velocity of the train
relative to the turntable ¥ ,,?

b) What is the absolute velocity of
the train © ?

¢) What is the acceleration of the
train relative to the turntable @, ;?

d) What is the absolute acceleration
of the train @?

e) What is the total force acting on
the train?

f) Sketch the path of the train for one
revolution of the turntable (sur-
prise)?

turntable, B

Problem 18.3.8

18.3.9 A giant bug walks on a horizon-
tal disk. An xyz frame is attached to
the disk. The disk is rotating about the
z axis (out of the paper) and simultane-
ously translating with respect to an in-
ertial frame XY Z plane. In each of the
cases shown in the figure, determine the
total force acting on the bug. In each
case, the dotted line is scratched on the
disk and is the path the bug follows walk-
ing in the direction of the arrow. The lo-
cation of the bug is marked with a dot. At
the instants shown, the xyz coordinate
system shown is aligned with the inertial
XYZ frame (which is not shown in the
pictures). In this problem:

¥ = the position of the center of the disk,
© = the velocity of the center of the disk,
a = the acceleration of the center of the

disk,

Q the angular velocity of the disk (i.e.,
Q = Qk),

Q = the angular acceleration of the disk,
u = the speed of the bug traversing the
dotted line (arc length on the disk per
unit time),

1 =du/dt,and

m = 1kg = mass of the bug.

1{28 r=00+0j

U= = _ an ~

Q=0 z—Ol+0{

Q=0 @=3m/s’i +0j
u=1lm/s F=0i+0j
=0 0i 40
Q=0 v=0r+0y
Q=0 a=0i+0j
1,.t=8 r=0+0j
u = = An ~
g=0 =Y
Q=1lrads> @a =00 +0j
u=0 F=00+0j
=0 —0i 40
2 = 1 rad/s 27 rrh
Q=0 a=0+0j
u=1lm/s F=0{+0j
=0 —0i 40
Q = 1rad/s i_ 1 +0J
Q=0 a=0i+0j

Problem 18.3.9

18.3.10 Repeat questions (a)-(f) for the
toy train in problem 18.3.8 going counter-
clockwise at constant rate (relative to the
track) of 2m/s on the circular track.

18.3.11 A nostalgic honeybee alights on
a phonograph turntable that is being car-
ried by a carnival goer who is riding on
a carousel. The situation is sketched be-
low. The carousel has angular velocity of
5rpm, which is increasing (accelerating)
at 10rev/ min’; the phonograph rotates
at a constant 33 1/3 rpm. The honeybee
is at the outer edge of the phonograph
record in the position shown in the fig-
ure; the radius of the record is 7 inches.
Calculate the magnitude of the accelera-
tion of the honeybee.
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carousel

bee

turntable
Problem 18.3.11

18.3.12 Consider a turntable on the back
of a pick-up truck. A bug walks on a
line on the turntable. The line may or
may not be drawn through the center of
the turntable. The truck may or may not
be going at constant rate. The turntable
may or may not be spinning, and, if it
spins, it may or may not go at a constant
rate. The bug may be anywhere on the
line and may or may not be walking at a
constant rate.

a) Draw a picture of the situation.
Clearly define all variables you are
going to use. What is the moving
frame, and what is the reference
point on that frame?

b) One term at a time. For each
term in the five term acceleration
formula, find a situation where all
but one term is zero. Use the
turntable as the moving frame, the
bug as the particle of interest. *

¢) Two terms at a time. (harder)
How many situations can you
find where a pair of terms is not
zero but all other terms are zero?
(Don’t try to do all 10 cases unless
you really think this infamous for-
mula is fun. Try at least one or

two.) *
y turntable
[
I T
¥ |=7 /
=\ A
Truck

Problem 18.3.12: Picking apart the five
term acceleration formula.
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18.3.2 Actual path of bug trying to
walk a straight line. A straight line is
inscribed on a horizontal turntable. The
line goes through the center. Let ¢ be the
angle of rotation of the turntable which
spins at constant rate ¢,. A bug starts on
the outside edge of the turntable of radius
R and walks towards the center, passes
through it, and continues to the opposite
edge of the turntable. The bug walks at
a constant speed v, as measured by how
far her feet move per step, on the line in-
scribed on the table. Ignore gravity.

a) Picture. Make an accurate draw-
ing of the bug’s path as seen in
the room (which is not rotating
with the turntable). In order to
make this plot, you will need to as-
sume values of v, and @, and ini-
tial values of R and ¢. You will
need to write a parametric equa-
tion for the path in terms of vari-
ables that you can plot (probably
x and y coordinates). You will also

Hw# 12 Pés

need to pick a range of times. Your
plot should include the instant at
which the bug walks through the
origin. Make sure your x and y-
axes are drawn to the same scale.
A computer plot would be nice.

b) Calculate the radius of curvature
of the bug’s path as it goes through
the origin.

¢) Accurately draw (say, on the com-
puter) the osculating circle when
the bug is at the origin on the pic-
ture you drew for (a) above.

d) Force. What is the force on the
bug’s feet from the turntable when
she starts her trip? Draw this force
as an arrow on your picture of the
bug’s path.

e) Force. What is the force on the
bug’s feet when she is in the mid-
dle of the turntable? Draw this
force as an arrow on your picture

of the bug’s path.
19.3.2 Bed on 2019 O Solution
e Py Heditied by Teys Yoy
N Correcied Moy . 202)
=4
T’,r
4

Disclaimer: We have lost track of the many people who wrote these solutions.

They are not official and have not been reviewed by the authors for correctness.
Introduction to Mechanics for Engineers «
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Contents

= Part a) Plotting the actual path
= Part b) Drawing Osculating circle at origin

= Part c)d) Drawing force vector at t=0 and at the origin

% MAE2030 HW12 P66 8.3.2
% 2019 Solution code, modified by Teaya Yang
% Actual path of bug trying to walk a straight line

% Parameters

R=1; % radius of the turntable

VA=0.2; % velocity of the bug on the turntable
phidot=1; % constant angular velocity of the turntable

Part a) Plotting the actual path

Draw the turntable

figure(1)

box on

hold on

axis equal

grid on

axis([-R R -R R]*1.2)

angle = 0:pi/80:2*pi;

circlex = R*cos(angle);

circley = R*sin(angle);

p(1) = plot(circlex,circley, 'k-', 'linewidth',1.5);
p(2) = fill(circlex,circley,[0.8 0.8 .8]);

p(3) = plot(e,@, 'ko', 'MarkerSize',6, '"MarkerFaceColor', 'k');
text(.04,0,'0', 'fontsize',15);

% Draw the acutual path of the bug

tend = 2*R/vA; % Time when the bug reaches the other end

t = linspace(@,2*R/vA,1000);

x=(R-vA*t).*cos(phidot*t);

y=(R-vA*t).*sin(phidot*t);

p(4) = plot(x,y, 'b-", "linewidth',2);

title('The actual path of the bug trying to walk a straight line');
xlabel('x coordinate');

ylabel('y coordinate');

legend(p(4), 'Actual Path")

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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The actual path of the bug trying to walk a straight line

1t Actual Path | |

057

y coordinate
[o=]

-1r

-1 0.5 0 0.5
X coordinate

—y

Part b) Drawing Osculating circle at origin

Draw osculating circle when bug goes through the center

rho=vA/(2*phidot); % radius of curvature of the path at the origin
xC= vA*sin(phidot*R/vA)/(2*phidot);

yC= -vA*cos(phidot*R/vA)/(2*phidot); % position of the center
theta=0:0.01:2%pi;

x=xC+rho*cos(theta);

y=yC+rho*sin(theta);

hold on;

p(5) = plot(x,y, 'r--',"linewidth',1.5);

legend([p(4),p(5)], "Actual Path', 'Osculating Circle")

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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The actual path of the bug trying to walk a straight line

Actual Path
= = = Osculating Circle

0.5

y coordinate
Q

At

-1 0.5 0 0.5 1
X coordinate

Part c)d) Drawing force vector at t=0 and at the origin

draw force vector

m=1; %mass of the bug
scale=0.5; % scale for graphics
— 1 = =R et 2,
fly=-m*2*vA*phidot;
% draw force at the beginning
p(6) = quiver(R,0,flx,fly,scale,'m', 'linewidth',1.2, 'MaxHeadSize',.4);
f2x=2*m*vA*phidot*sin(phidot*R/vA);
f2y=-2*m*vA*phidot*cos(phidot*R/VA);
%draw force at the origin
p(7) = quiver(e,0,f2x,f2y,scale, 'color',[.5 @ .5], 'linewidth',1.2, 'MaxHeadSize',1.2);
legend([p(4),p(5),p(6),p(7)], 'Actual Path','Osculating Circle', 'Force at Beginning', 'Force at Origin')

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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The actual path of the bug trying to walk a straight line

1 Actual Path
= = = Osculating Circle
—®= Force at Beginning
— [orce at Origin
0.5

y coordinate
Q

-0.5

At

-1 0.5 0 0.5 1
x coordinate

Published with MATLAB® R2020b

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 18.3.4

18.3.4 Arm OC rotates with constant
rate w,. Disc D of radius r rotates about
point C at constant rate w, measured
with respect to the arm OC. What are
the absolute velocity and acceleration of
point P on the disc, U, and @,? (To do this
problem will require defining a moving
frame of reference. More than one choice
is possible.)

a) Pick a suitable moving frame and
do the problem.

b) Pick an-
other suitable moving frame and

redo the problem. Make sure the
answers are the same.

Problem 18.4

Answer:

U, = @,L(cos 6 j—sin61) + (w; +w,)ri,
—w?L(cosBi + sinBj) + (w, +

a) ozt ,

Ml’
ﬂ,»rc.«ﬂﬁm)'
= (), + B
| £ ik /n Ly %4
| Cog V‘
N e Cw,a——vdz)'*h?‘ S £
= (L, + W)V x (—J, )
= fid W)Y A =
~ . e E D
-csm;ka(dcrsﬂci-sMJ

L.d

'i

ZiTee =
= % CM;+f-A)?r'_J'..

&, = w,kx[w h-.xL(fvﬂa*— "“5'“""9_!)]
-ELF = _4.-,; +—£-P!, -+ tmmdnaﬁ‘ Zeorve '__'_J

—

= g
L A,

e

Atticdl., & o
F’m{ [ hrvbf\m;?m‘f veefovs.

Aggaiand - 'b{/'\ ﬂt- t!.t/\_t, M\f! &'-a;

SR =~ : =
WL s e § - sime £)

i - o
= ..M . :
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(w,-r—wlj.kx [(w +oin R x "“cr]

I e o
—Pip T ek x X, = ir+

Paga “’:

<, 35 called @ ¢

L((_v}&‘ifﬁma EY (o + ) A
{.,(.,L,(l;.rm. - a0, kS im _.ﬁ‘, «L__*\.d-.\:'f_'

prase votatis wvtt.\ thae va—:L,

.U_'-)ﬁ = z,x)‘.k. deJ_ Qlﬁ’w&, z.-\);_

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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18.3.5 For the configuration in prob-
lem 18.3.4 what is the absolute angular
velocity of the disk, D?

Answer:
@y, = (w; + w,)k.

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 18.3.7

18.3.7 A turntable oscillates with dis-
placementX.(t) = Asin(st)i. The disc of
the turntable rotates with angular speed
and acceleration w,, and @,. A small
bug walks along line DE with velocity v,
relative to the turntable. At the instant
shown, the turntable is at its maximum
amplitude x = A, the line DE is cur-
rently aligned with the z-axis, and the
bug is passing through point B on line
DE. Point B is a distance a from the cen-
ter of the turntable, point C. Find the ab-
solute acceleration of the bug, a,.

Problem 18.7

Answer:

a, =

—(s*A + aw? + 2w,0,)i — ad, k.

' i i
.ILE vidLia) |||

-

: ,\.
-6.55_ = X C
""" e —gtp T
o a e e

Wy x (Hax Loy ) =
boyod =0

- ;.-’o/,. X Ly = (‘q“:",-b) ("E) ;

L —etaaalE) ©

s ke ables T

e
Guor, = 20007 Vo () .

Page !

o

A =~ (A AW, 1 20,0,) T —acu lz!

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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18.3.8 A small 0.1kg toy train engine is
going clockwise at a constant rate (rela-
tive to the track) of 2m/s on a circular
track of radius 1m. The track itself is
on a turntable 3B that is rotating counter-
clockwise at a constant rate of 1rad/s.
The dimensions are as shown. At the in-
stant of interest the train is pointing due
south (—j) and is at the center O of the
turntable.

a) What is the velocity of the train
relative to the turntable 0 ,?

b) What is the absolute velocity of
the train © ?

c¢) What is the acceleration of the
train relative to the turntable @, ,?

d) What is the absolute acceleration
of the train a?

_8‘18_ Train. Nofo #ul fhe directions

af rotetion  shown
é’é ot ConSn:M w

tos T go with  The ores  shows in fle skenk
! A A

bfi_,;\;r Mok frome &
K

e) What is the total force acting on
the train?

f) Sketch the path of the train for one
revolution of the turntable (sur-
prise)?

turntable, B

Problem 18.8

in the  boak's skefeh
il hese  shawm i the

£ to the  tarnm +"‘HL'/‘, A,
Tts bans vehes £ f

e slidntd wih

YL T i

o S Tl wmsTapt,

Thas Jf/_;u rotates

H Sof i
with 20 = fredg .

sE)

cavtnind
# P”(ﬁ}‘ cortaisg /a~/
. L0
C‘l 4 oy x 3
Sl NN, Tl ¥ U
Wy = 1 Nl Wre A A A
~ T gk 8 k= —’_”f;_‘ 20l e
= A1y - 2ok 4 vl
= Y mfn f_(
) 9]

= A | -
o * e e Ly Xy

‘g AW X Yo
5 A a A
77?7'—' Hnfer f -r}_{-."”"r.-'rs kX '2"";’5[}{}
éT :(f";H-":’i“ LIJ"!I(S':_\]

'

E i

@ 4 3;"’?‘ Fey n AR
(This  ocecus -Jniy Bl Jveyt o v oo
Rl L =5 )

=

;I A E’r—|

Nyswbers dowale frai.
pesn . after
@ Orew !’s.ﬂu—f}
@ ;g rev f furntalia

1)

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 18.3.11

tion of the honeybee.

18.3.11 A nostalgic honeybee alights on
a phonograph turntable that is being car-
ried by a carnival goer who is riding on
a carousel. The situation is sketched be-
low. The carousel has angular velocity of
5rpm, which is increasing (accelerating)

at 10rev /minz; the phonograph rotates
at a constant 33 1/3 rpm. The honeybee
is at the outer edge of the phonograph
record in the position shown in the fig-
ure; the radius of the record is 7 inches.

Calculate the magnitude of the accelera-
Problem 18.11

carousel

bee

turntable

At this jastus .

argular o edoration

The turntably rotates

Use tha )n.w.‘,\‘} ‘fm"\l

tha
caronsel hos @rgular velowty of 4o,

at Wy - 33_3L

= $rpm=jon "‘”'/m

Ae = /o )’/h‘ih’ - dor M/In«'nl

rem = 66;75 raj(/,u.h

, t =0

3”:‘54 Bothe curoused. , Lotre Gl i« (3

2P here the hew is
> 4
lA)B: Wek=' /DTL’hxp(/m-n
a}'—‘ -~
pe da+ Tp/p ok = L8 E ekoE em i friav
- - -
' BrP/A +W6X}‘P/A+;er)px7f/ﬁ
D QA 0 St A e f’M
i) aF/&»« S R
t ]'P/C = ‘(66;71;)"7 { ;':\ 4.?; ) ,*n/m"ﬂz

S1@ P orotatos wieh 4
ha
turntable at , Constunt a.njlblnw- V@Lou‘(»?.

a
PIB (= 15355y 1oF

i - ’1‘67\;2 x /OSJ‘ ) fl\/m;n.z

L — —_—
Wwe (rP/c+l"(/A)

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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1

2410 ) X (662 R) x ¢ _Z_:\_’L Z{;J )
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58—></o i+ 7‘?775“0«;

Sum a:()( f/u, &
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U.o])

= 2. Rake
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e

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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17.3.11

Saturday, April 27, 2019 17:16

30°
¢‘\\
carousel
bee 9
J
1, -
l
turntable

Carowse| : mtr'(” velocty W = Stpm =104 md/ min
ang ar  acceleration Ko = fo Y/m = 20 rad /min?
Tu,rn'l'alole v lonst “'jular ve /UIHJ Wy = 337’ pm= “’32:’[' ra.c{/,,,',,
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.



Chapter 18. 3. General

Introduction to Mechanics for Engineers

© 2026 Andy Ruina & Rudra Pratap

Problem...

17

fne P rotates wuh  the turntable ot o conSd MJu
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 18.3.12

18.3.12 Consider a turntable on the back
of a pick-up truck. A bug walks on a
line on the turntable. The line may or
may not be drawn through the center of
the turntable. The truck may or may not
be going at constant rate. The turntable
may or may not be spinning, and, if it
spins, it may or may not go at a constant
rate. The bug may be anywhere on the
line and may or may not be walking at a
constant rate.

a) Draw apicture of the situation.
Clearly define all variables you are
going to use. What is the moving
frame, and what is the reference
point on that frame?

b) One term at a time. For each
term in the five term acceleration
formula, find a situation where all
but one term is zero. Use the
turntable as the moving frame, the
bug as the particle of interest.

c¢) Two terms at a time. (harder)
How many situations can you
find where a pair of terms is not
zero but all other terms are zero?

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.

(Don’t try to do all 10 cases unless
you really think this infamous for-
mula is fun. Try at least one or
two.)

y turntable
-

Problem 18.12: Picking apart the five
term acceleration formula.

Answer:

(b) One case: @, = da,, where P
refers to the bug; the bug stands still
on the turntable, the truck accelerates,
and the turntable does not rotate.

(c) One case: @, = @y + @y, Where
D is the turntable; the bug accelerates
along a straight line on the turntable,
the truck accelerates, and the turntable
does not rotate.
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