Chapter 18. 1

SAMPLE 18.5 Acceleration of a point moving in a rotating frame. It C )
is given that the arm OAB rotates with counterclockwise angular accelera- el
tion & = 3rad/s? and at the instant shown the angular speed w = 5rad/s. |
Also, at the same instant, the particle P is sliding (roughly) down with ) Usube
speed v/yupe = 4ft/s and acceleration a . = 2ft/s* Find the absolute == il
acceleration of the particle at the given instant. Take ¢ = 2 ftin the figure. 0 , \

A B L

£=2 ft ‘ £ ‘
Solution Let us attach a body frame B to the rigid arm OAB. For calculations we fix
a coordinate system x’y’z’ in this frame such that the origin O’ of the coordinate system Figure 18.26
coincides with O, and at the given instant, the axes are aligned with the inertial coordinate
axes xyz. Since x'y’z’ is fixed in the frame B and B rotates with the rigid arm with
@, = 3rad/s*k and @, = 5rad/sk, the basis vectors ¥/, j’ and k’ rotate with the same
@, and @,

In the rotating (primed) coordinate system,

?P — xl'il + y/jl
‘ d - d 131 7 3!
0, = —@F)=—=C1+)y]j p
p dt( ) d[( y'i) y y
= XV+xV+YJ Y] -
rp
A . . x'
Now, we use the Q formula to evaluate i’ and j', i.e., -
. . B
U = azxi =wk'xXi =wj 0,0’ *
j o= ayxj=wkxj=—oi A
Also, note that x’ is constant since in frame B, the motion of the particle is always along 7’ J
the tube, i.e., along the negative y’ axis (see Fig. 18.27). Thus, x' = 2¢, %' =0,y' = ¢, ) )
and )’ = —v .. Substituting these quantities in U, we get: % 1
l
U, = Xoj —vpt +y'(—ol)
= (X = Uppe)f — @yt (18.26) Figure 18.27
Now substituting x’ = 2¢ = 4ft,w = 5rad/s,y’ = ¢ = 2ft, v, = 4ft/sand noting
thati’ = i, j' = j at the given instant, we get:
v, = [(20—4)j—10i]ft/s = (—10i+ 16j)ft/s.
We can find @, by differentiating Eq. (18.26) and noting again that i’ =i, j' = jat
the given instant®: @ We will revisit this problem in Sam-
d d ple 18.9. Here we use the Q formula on
i, = a(f)P) = a[(x’co — v/mbe)j’ —wy't'] various base vectors. In Sample 18.9
B . we will use the relative velocity and ac-
ube ube .
[ A celeration formulae.

A .
= (jvl_,“’ + XD = Vo) + (X0 = 0)e)J = (@Y + 0 YOV -yt

0
= (XD = o) J + (X0 = 0o )(—01) = (D) — WU e )V — Y (@)
= —Qyped 2000 — (X + Y J) + o § — ')
= —2ft/s?j+40ft/s*i — 25(48 + 2j) ft/s* + 3(4j — 2i) ft/s?
= —(66i + 40j)ft/s%

a, = —(66i + 40j) ft/s>
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Chapter 18.

SAMPLE 18.6 Rate of change of unit vectors. A circular disk D is
welded to a rigid rod AB. The rod rotates about point A with angular ve-
locity @ = wk. A frame B is attached to the disk and therefore rotates
with the same @. Two coordinate systems, (¥/, j') and (&,, &) are fixed in
frame B as shown in the figure.

1. Find the rate of change of unit vectors &,, &, i’ and j’ using the 0
formula.

Figure 18.28 2. Express the & and &, vectors in terms of i’ and j’ and verify the re-
sults obtained above for &, and &, by direct differentiation.

Solution Since the disk is welded to the rod and frame B is fixed in the disk, the frame
rotates with @, = wk.

1. To find the rate of change of the unit vectors using the (j formula, we substitute the
desired unit vector in place of Q in the formula (eqn. (18.19)). For example,

A BA . N
é, = "e +w,xe,

It should be clear that ?é, = 0, since &, does not change with respect to an observer
sitting in frame B. Therefore,

>

& =wyxX& =wkxeg=w

@

Similarly,
_éR
—
6, = Pé twzxe=wkxeé =-we,
N——
)
V= B 4oy xi =wkxi =wj.
N——
0
j o= P) tagxj=wkxj =-owl
——
[
. éR = we,, éa = —we,, i =wj, and j = —wi’
J
€ 0 2. Since é, = cos 01’ +sin 6 j' and &, = —sin 61’ + cos 6 j', we get their rates of change
| ér by direct differentiation as
\0 A A . A
; e, = cos6t’ +sinfj
= cosB(wjf') + sin O(—wi’)
Figure 18.29 = w(—sinbi’ +cosfj) = we,,
é, = —sin6i’ +cosbj
—sin&(wj') + cos 6(—wi’)
= —w(cosbi’ +sinbj) = —we,.

Here we have used the fact that 6, the angle between the unit vectors é, and #/,
remains constant during the motion. The results obtained are the same as in part

(a).
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Chapter 18.

SAMPLE 18.7 Rate of change of a position vector. A rigid rod OAB
rotates counterclockwise about point O with constant angular speed w =
5rad/s. A collar C slides out on the bent arm AB with constant speed
v = 0.5m/s with respect to the arm. Find the velocity of the collar using
the Q formula.

Solution Let ¥, be the position vector of the collar. Then the velocity of the collar is 7.
Let the rod OAB be the rotating frame 8. Now we can find 7. using the Q formula:

Fo= BF.+ @, X T

To compute .., let us first find *7., the rate of change of 7 as seen in frame 3 (this term
represents the velocity of the collar you see if you sit on the rod and watch the collar; also
called v,,)).

Fo = T,+T¢,
B — B B
Fo = TT,+7 T,

Note that the vector 7, = £4 does not change in frame B since both its magnitude, ¢, and
direction, A, remain fixed in B. Therefore,

By —
r,=0

Now Fe,=1. = Pr, = t'=05m/si’
because i’ does not change in B and 7 = speed of the collar with respect to the arm (see

Figure 18.31). Thus, ]
5F. =0.5m/st'.

Hence,
o = Zro+wkx(CA+ri)
= ¥+ wl(kx ) +wr(kxi)

= 7’ + wf(sin6i + cos 0 j) + wrj

\/_

3
= 0.5m/si’+5m/s(7i+ %j)+1m/sj’
= 4.83m/si+3.5m/sj

where we have used the fact that at the given instant, #’ = iand j' = j.

U, =4.83m/si +3.5m/sj
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