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Figure 18.1: Polar coordinates.

18.1 Polar coordinates and path

coordinates

As you learned in Chapter 15, when a particle moves in a plane while

going in circles around the origin its position, velocity, and acceleration

can be described like this:

Ç

r = R �e
R

Ç

v = R �� �e
�
= v� �e�

Ç

a = *R ��2 �e
R
+ R �� �e

�
= *

v2
�

R
�e
R
+ �v� �e�:

These three equations say that the position is the distance from the origin

times a unit vector towards the point; that the velocity is tangent to the

circle of motion; and that the acceleration has a centripetal component

proportional to the speed squared, and a tangential component, tangent

to the circle ofmotionwithmagnitude equal to the rate of change of speed.

We will now generalize these results two di�erent ways.

� First we will use polar base vectors for non-constant R.

� Next we will use path base vectors to show that, in a sense to be

explained, the 2nd and 3rd formulas above (for
Ç

v and
Ç

a) apply to

any wild motion in 2D or 3D.

As mentioned, in principle these new methods are not needed. We

could just use one �xed coordinate system with base vectors �{; �|, and �k

and write the velocity and acceleration of a point at position
Ç

r = x�{ + y �|

as
Ç

v = �x�{ + �y �| + �z �k and
Ç

a = �x�{ + �y �| + �z �k

as in Chapters 9-12. But, as for the circularmotion of Chapter 15, rotating

base vectors are helpful for simplifying some kinematics and mechanics

problems.

Polar coordinates for general (non-circular)
motion

The extension of polar coordinates to 3 dimensions as cylindrical coordi-

nates is shown in �g. 18.1.

Rather than identifying the location of a point by its x, y and z coor-

dinates, a point is located by its cylindrical coordinates

R; the distance to the point from the z axis,

�; the angle that themost direct line from the z axis to the point makes

with the positive x direction,

z; the conventional z coordinate of the particle,

and base vectors:
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Figure 18.2: Particle P on an oblong

path. Note that the velocity is not par-

allel to �e
�
at most points on the path.

�e
R
; a unit vector normal to the z axis that points from the z axis to the

particle

(in 2-D �e
R
=
Ç

r_r,

in 3-D �e
R
= .

Ç

r * .
Ç

r �

�k/ �k/_ðÇr * .
Ç

r �

�k/ �kð
= a unit vector in the direction of the shadow of

Ç

r in the

xy plane)

�e
�
; a vector in the xy plane normal to �e

R
(Formally �e

�
= �k � �e

R
),

�k; the conventional �k base vector.

The position vector of a particle is

Ç

r = R �e
R
+ z �k:

The z component of position, velocity and acceleration is the same

in cylindrical coordinates as in Cartesian coordinates. If only two-

dimensional problems are being considered then

Ç

r = R �e
R
:

As the particle moves, the values of its coordinates R, � and z change as

do the base vectors �e
R
and �e

�
.

Example: Oblong path

A particle that moves on the oblong path R = A + B cos.2�/ with A > B is

shown in �g. 18.2. The position vector is

Ç

r = R �e
R
= .A + B cos.2�// �e

R
:

Note that, unlike for circular motion, �e
�
is not tangent to the particle's path in

general. The base vector �e
�
is only tangent to the path at those points where the

path is closest to, or furthest from, the origin (which, in this example, are also

the points where the path crosses the x and y axes).

Velocity in polar coordinates

The velocity and acceleration are found by di�erentiating the position
Ç

r,

taking account that the base vectors �e
R
and �e

�
also change with time just

as they did for circular motion:

��e
R
= �� �e

�
and ��e

�
= * �� �e

R
:
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Figure 18.3: Velocity in polar coordi-

nates for general planar motion. The

velocity has a radial �e
R
component �R

and a circumferential �e
�
component
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Figure 18.4: Acceleration in polar co-

ordinates for general planar motion.

The acceleration has a radial �e
R
com-

ponent �R * R ��2 and a circumferential

�e
�
component R �� + 2 �R ��.

We �nd the velocity by taking the time derivative of the position, using

the product rule of di�erentiation:

Ç

v =
d

dt

Ç

r =
d

dt
[R �e

R
+ z �k]

=
d

dt
.R �e

R
/ +

d

dt
.z �k/

= . �R �e
R
+ R ��e

R

«̄ ¬
�� �e
�

/ + . �z �k/

= �R
«̄ ¬

v
R

�e
R
+ R ��
«̄ ¬

v
�

�e
�
+ �z
«̄ ¬

v
z

�k: (18.1)

This formula is intuitive. The velocity is the sum of three vectors: one,
�R �e

R
, due to moving towards or away from the z axis; one, ��R �e

�
, having to

do with the angle being swept; and in 3-D, one, �z �k, for motion perpendic-

ular to the xy plane. In 2-D this is shown in �g. 18.3.

But, as has been emphasized before, this isn't a new vector
Ç

v but just

a new way of representing the same vector:

Ç

v =
Ç

v

vx �{ + vy �| + vz
�k = vR �eR + v� �e� + vz

�k:

The vector
Ç

v can be represented in di�erent base vector systems, in this

case cartesian and polar.

Note that eqn. (18.1) adds two terms to the circular motion case from

Chapter 15: one for variable R and one for variable z.

Acceleration in polar coordinates

To �nd the acceleration, we di�erentiate once again. The resulting for-

mula has new terms generated by the product rule of di�erentiation.

Ç

a =
d

dt

Ç

v

=
d

dt
. �R �e

R
+ R �� �e

�
+ �z �k/

= . �R �e
R
+ �R ��e

R

«̄ ¬
�� �e
�

/ + . �R �� �e
�
+ R �� �e

�
+ R �� ��e

�

«̄ ¬
* �� �e

R

/ + . �z �k/

= . �R * ��2R
«­¯­¬

a
R

/ �e
R
+ .2 �R �� + R ��

«­¯­¬
a
�

/ �e
�
+ �z
«̄ ¬

a
z

�k: (18.2)

The acceleration for an arbitrary planar path is shown in �g. 18.4. Four

of the �ve terms comprising the polar coordinate formula for acceleration

are easy to understand.

�R is just the acceleration due to the distance from the origin changing

with time.
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Figure 18.5: The simplest case for un-

derstanding of the Coriolis term in the

acceleration. A particle moves at con-

stant speed �R out on a line which is

rotating at constant rate ��. The �g-

ure shows a velocity vector as an ar-

row when the particle is at the origin

and a time �t later. The change in the

velocity vector comes from two e�ects:

(a) the radial line has rotated, and (b) a

circumferential component is added to

the velocity when the particle is away

from the origin. For small �� these

two changes to the velocity are both

approximately perpendicular to Çv and

parallel to each other.

��2R is the familiar centripetal acceleration.

R �� is the acceleration due to rotation proceeding at a faster and faster

rate. And

�z is the same as for Cartesian coordinates.

The Coriolis term. The di�cult term in the polar coordinate expres-

sion for the acceleration is the

2 �� �R term, called the Coriolis acceleration, after the civil engineer

Gustave-Gaspard Coriolis who �rst wrote about it in 1835 (in a

slightly more general context).

The presence of the `2' in this term is due to the two e�ects from which it

derives: 1 from the change of the �R �e
R
term in the velocity and 1 from the

change of the R �� �e
�
term in the velocity (1 + 1 = 2).

The Coriolis acceleration occurs even if both �� and �R are constant.

That is, a particle thatmoves at constant speed ( �R=constant) on a straight

line that is itself rotating at constant rate ( �� = constant) does not have

a straight-line path, and thus has some acceleration. The Coriolis term

catches this acceleration. Here is a situation in which the Coriolis term is

the only non-zero term in the general polar-coordinate acceleration for-

mula (eqn. (18.2)).

Example: The simplest Coriolis example

Consider, like above, a particle moving at constant speed �R along a line which is

itself rotating at constant �� about the origin. Let's look at a particle as it passes

through the origin at time t and a small amount of time�t later (see �g. 18.5). At

time t +�t the direction of the scribed line has changed by an angle �� = ���t.

So that, even if at that later time �� = 0 the direction of Çv has changed so Çv has

changed by an amount v��. But the rotation of the line does continue, so the

velocity includes a part in the �e
�
direction with magnitude ���R. That is Çv is

changed by both ��v and by ���R so

�Çv ù
�
v�� + ���R

�
�e
�

ù
�
�R. ���t/ + ��. �R�t/

�
�e
�

ù
�
�R �� + �� �R

�
�e
�
�t

Ù
�Çv

�t
ù

�
�R �� + �� �R

�
�e
�

Ù
Ç

a ù
�
�R �� + �� �R

�
�e
�
= 2 �R �� �e

�

as predicted by the general polar coordinate acceleration formula.

But one need not get confounded by a desire to understand every term

intuitively. Equation (18.2) is a way of describing the same acceleration

we have described with cartesian coordinates. Namely,

Ç

a =
Ç

a

Ù �x�{ + �y �| + �z �k = . �R * ��2R
«­¯­¬

a
R

/ �e
R
+ .2 �R �� + R ��

«­¯­¬
a
�

/ �e
�
+ �z
«̄ ¬

a
z

�k:
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Figure 18.6: Aparticle moves with � =

at and R = ct2. In this drawing a =

:5 and c is anything since no scale is

shown.
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Figure 18.7: The base vectors for path
coordinates are tangent and perpen-

dicular to the path. The osculating

circle is a circle that is tangent to the

path and has the same curvature as the

path. The circle is in the plane con-

taining both the tangent to the path

and the rate of change of that tangent.

The osculating circle is not de�ned for

a straight-line path.

Example: R.t/ and �.t/ are given functions.

Say � and R vary in time according to

� = at and R = ct2

with a and c as given constants. Then at any t the position, velocity, and accel-

eration are (see �g. 18.6)

Ç

r = R �e
R
= ct2 �e

R
;

Ç

v = �R �e
R
+ R �� �e

�
= 2ct �e

R
+ act2 �e

�
; and

Ç

a = . �R * ��2R/ �e
R
+ .R �� + 2 �R ��/ �e

�

=
�
2c * a2ct2

�
�e
R
+ .0 + 4act/ �e

�

with polar base vectors

�e
R

= cos ��{ + sin � �| = cos.at/�{ + sin.at/ �| and

�e
�

= *sin ��{ + cos � �| = *sin.at/�{ + cos.at/ �|:

If we substituted these expressions for the polar base vectors into the expressions

forÇr; Çv, and Çawewould get the same cartesian representation (a giantmess that

we don't show) that we would get from using x = R cos � and y = R sin � with
Ç

r = x�{+ y �|, Çv = �x�{+ �y �|, and Ça = �x�{+ �y �|. That is Çr = Ç

r, Çv = Ç

v, and Ça = Ç

a even

if the representation is di�erent.

Path coordinates

Another way still to describe the velocity and acceleration is to use base

vectors which are de�ned by the motion. In particular, the path base vec-

tors used are:

1. the unit tangent to the path �et, and

2. the unit normal to the path �en.

Somewhat surprisingly at �rst glance, only two base vectors are needed

to de�ne the velocity and acceleration, even in three dimensions.

The base vectors can be described geometrically and analytically. Let's

start out with a geometric description.

The geometry of the path basis vectors.

As a particle moves through space it traces a path
Ç

r.t/. At the instant of

interest the path has a unique tangent line. The unit tangent �et is along

this line in the direction of motion, as shown in �g. 18.7.

Less clear is that the path has a unique `kissing' plane. One line on

this plane is the tangent line. The other line needed to de�ne this plane

is determined by the position of the particle just before and just after the

time of interest. Just before and just after the time of interest the particle

is a little o� the tangent line (unless the motion happens to be a straight

line and the tangent plane is not uniquely determined). Three points, the

position of the particle just before, just at, and just after the instant of

interest determine the tangent plane.
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Figure 18.8: A path in the plane with

the path base vectors and osculating

circle marked at three points.

1 Mathematicians often do not like

this engineering sloppiness of nota-

tion. That is, the sequence of points Çr

that a particle traverses as both time t

and accumulated arc length s increase

is not the samemathematical function

of both the arguments s and t. For ex-

ample, when t = 6 s the position is not

the same as when s = 6 cm. Here we

don't think it is worth the trouble of

writing Çr = f .t/ and Çr = g.s/.
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Figure 18.9: Particle P on an elliptical

path.

Another way to picture the tangent plane is to �nd the circle in space

that is tangent to the path and which turns at the same rate and in the

same direction as the path turns. This circle, which touches the path so

intimately, is called the osculating or `kissing' circle. The tangent plane is

the plane of this circle. (See �g. 18.7).

The unit normal �en is the unit vectorwhich is perpendicular to the unit

tangent and is in the tangent plane. It is pointed in the direction from the

edge of the osculating circle towards the center of the circle as shown in

�g. 18.7. For 2-D motion in the xy plane the osculating plane is the xy

plane and the osculating circle is in the xy plane. The path base vectors

are unit vectors that vary along the path, always tangent and normal to

the path (see �g. 18.8).

Formal de�nition of path basis vectors

The path of a particle
Ç

r.t/ can also be parameterized by arc length s along

the path, as explained in any introductory calculus text. So the path in

space is also
Ç

r.s/ 1 , where the arc length s is the path �coordinate�. The

unit tangent is:

�et �
d
Ç

r.s/

ds
:

Using the chain rule with
Ç

r.s.t// this is also

�et =
d
Ç

r.t/

dt

dt

ds
=

Ç

v

v
:

To de�ne the unit normal let's �rst de�ne the curvature
Ç

� of the path

as the rate of change of the tangent (rate in terms of arc length).

Ç

� �
d �et

ds

The unit normal �en is the unit vector in the direction of the curvature

�en =
Ç

�

ðÇ�ð :

Finally, the binormal �eb is the unit vector perpendicular to �et and �en:

�eb � �et � �en:

For 2-D motion the binormal �eb is always in the �k direction. The radius

of the osculating circle � is

� =
1

ðÇ�ð :
Note that, in general, the polar and path coordinate basis vectors are

not parallel; i.e., �en is not parallel to �e
R
and �et is not parallel to �e

�
. For ex-

ample, consider a particlemoving on an elliptical path in the plane shown

in �g. 18.9. In this case, the polar coordinate and path coordinate basis

vectors are only parallel where the major and minor axes intersect the

path.
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Figure 18.10: The acceleration of any

particle can be broken into a part that

is parallel to its path and a part perpen-

dicular to its path.
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and curving right

speeding up
A

B
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D

O start

Figure 18.11: A particle moves from

0 to D on the path shown. At A it is

speeding up so �v > 0. At B it is turn-

ing to the left so �e
n
points to the left.

At C it is slowing down and turning to

the right. So the acceleration must be

a positive vector pointed in the quad-

rant shown.

Velocity and acceleration in path coordinates.

Although it is not necessarily easy to compute the path basis vectors �et
and �en, they lead to simple expressions for the velocity and acceleration:

Ç

v = v �et =
ds

dt
�et (18.3)

Ç

a =
d

dt

Ç

v =
d

dt

�
v �et

�
= �v �et + v

:

�et

= �v �et + v
d �et

ds

ds

dt
= �v �et + v

Ç

�v

= �v �et
«̄ ¬
Ç

a
t

+
v2

�
�en

«̄ ¬
Ç

a
n

: (18.4)

This formula for velocity is intuitive: velocity is speed times a unit vector

in the direction of motion. The formula for acceleration is more interest-

ing. It says that the acceleration of any particle at any time is given by the

same formula as the formula for acceleration of a particle going around

in circles at non-constant rate.

� The �rst term �v �et is tangent to the path (also tangent to the osculat-

ing circle), as shown in �g. 18.10. If we draw the osculating circle at

the point of interest and �x it in space, then this �rst term is � �� �e
�
in

a polar coordinate system centered at the center of that �xed circle.

� The term v2_� �n is directed towards the center of the osculating cir-

cle. This term is associated with change of direction and does not

vanish even if the speed is constant. This normal acceleration is

perpendicular to the path.

That is, the two terms in the path-coordinate acceleration formula cor-

respond exactly to the two terms for acceleration for a particle going in

circles.

Example: Estimating the direction of acceleration

By looking at the path of a particle (e.g., see �g. 18.11) and just knowingwhether

it is speeding up or slowing down one can estimate the direction of the acceler-

ation.

If the particle is known to be speeding up at A then �v > 0 so the tangen-

tial acceleration is in the direction of the velocity. Without thinking about the

normal acceleration you know that the acceleration vector is pointed in the half

plane of directions shown.

If at point B nothing is known about the rate of change of speed, you still

know that the acceleration must be in the half plane shown because that is the

direction of Ç� and �e
n
.

If at C you know that the particle is slowing down then you know that �v <

0. But you also can see the curve is to the right so �e
n
is to the right. So the

acceleration must be in the quadrant shown.
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Figure 18.12: The path of a rock in a

tire of radius R is shown as are the unit

tangent, the unit normal and the oscu-

lating circle at the top position.

One can use the information about the curvature to further restrict the pos-

sible accelerations at point A also. At point B there is nothing more to know

unless you know how the speed is changing with time.

Earlier we found the curvature by assuming the particle's path was

parameterized by arc length s. A second way of calculating the curva-

ture
Ç

� (and then the unit normal �en) is to calculate the normal part of

the acceleration. First calculate the acceleration. Then subtract from the

acceleration that part which is parallel to the velocity.

Ç

an =
Ç

a * .
Ç

a � �et/ �et =
Ç

a *
.
Ç

a �

Ç

v/
Ç

v

v2

The normal acceleration is
Ç

an = v2
Ç

� so

Ç

� =

Ç

an

v2
=

Ç

a

v2
*

.
Ç

a �

Ç

v/
Ç

v

v4
:

Recipes for path coordinates.

Assume that you know the position as a function of time in either carte-

sian or polar coordinates. Then, say, at a particular time of interest when

the particle is at
Ç

r, you can calculate the velocity of the particle using:

Ç

v = �x�{ + �y �| + �z �k or
Ç

v = �R �e
R
+ R �� �e

�
+ �z �k

and the acceleration using

Ç

a = �x�{ + �y �| + �z �k or
Ç

a = . �R * R ��
2
/ �e

R
+ .2 �R �� + R ��/ �e

�
+ �z �k:

From these expressionswe can calculate all the quantities used in the path

coordinate description. So we repeat what we have already said but in an

algorithmic form. Here is one set of steps one can follow. This recipe is

of little practical use, but does show that the motion explicitly determines

the path base vectors as well as the osculating circle.

1. Calculate �et =
Ç

v_ðÇvð.
2. Calculate at =

Ç

a �

Ç

v_v.

3. Calculate
Ç

an =
Ç

a * .
Ç

a �

Ç

v/
Ç

v_v2.

4. Calculate �en =
Ç

a
n

ð
Ç

a
n
ð

5. Calculate the radius of curvature as � =
ð
Ç

vð
2

ð
Ç

a
n
ð
.

6. Write a parametric equation for the osculating circle as

Ç

rosculating = .
Ç

r + � �en/
«­¯­¬
center

+ �.* cos� �en + sin� �et/
«­­­­­­¯­­­­­­¬

circle

where � is the parameter used to parameterize the points on the

circle
Ç

rosculating of the point on the curve
Ç

r. As � ranges from 0 to

2� the point
Ç

rosculating goes from
Ç

r around the circle and back. The

plane of the osculating circle is determined by �et and �en. For planar

curves, the osculating circle is in the plane of the curve.
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Example: Particle on the rim of a tire

A particle P on the rim of a tire whose center is moving at constant speed v has

position r given by

Ç

r =
�
vt * R sin.vt_R/

�
�{ + R

�
1 * cos.vt_R/

�
�|

where the origin is at the ground contact time t = 0. When the particle is at its

highest point vt = �R and

Ç

v = 2v�{ and Ç

a = *.v2_R/ �|:

At that midpoint

�e
t
= �{; �e

n
= * �|; Ç� = *.1_.4R// �|

and .2v/2_� = v2_R Ù � = 4R

as shown in �g. 18.12. The osculating circle has 4 times the radius of the tire.

Note the intimacy of the osculating circle's kiss with the cycloidal path.

Summary of polar(cylindrical) coordinates

See also the inside back cover, table II, row 3 for future reference.

Ç

r = R �e
R
+ z �k

Ç

v = vR �eR + v� �e� + vz
�k = �R �e

R
+ R �� �e

�
+ �z �k

Ç

a = aR �eR + a� �e� + az
�k = . �R * ��2R/ �e

R
+ .R �� + 2 �R ��/ �e

�
+ �z �k

�e
R
= .

Ç

r * z �k/_ðÇr * z �kð
�e
�
= �k � �e

R

For 2-D problems just set z = 0; �z = 0, and �z = 0 in these equations.

Summary of path coordinates

See the inside back cover table II, row 4 and the text under the table for

future reference:
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Ç

r = no simple expression in terms of path base vectors

Ç

v = �s �et = v �et

Ç

a =
Ç

at +
Ç

an

Ç

at = at �et = �v �et = �s �et = .
Ç

a � �et/ �et
Ç

an = an �en = .v2_�/ �en =
Ç

a * .
Ç

a � �et/ �et

�et = d
Ç

r_ds =
Ç

v_v

�en =
Ç

�_ðÇ�ð = �
Ç

� = .
Ç

a * .
Ç

a � �et/ �et/_ðÇa * .
Ç

a � �et/ �etð
�eb = �et � �en

Ç

� = d �et_ds = .
Ç

a * .
Ç

a � �et/ �et/_v
2 � = 1_ðÇ�ð

Both polar coordinates and path coordinates de�ne base vectors in terms

of themotion of a particle of interest relative to a �xed coordinate system.
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