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17.3 Kinematics of rolling and sliding

Pure rolling in 2-D

In this section, we would like to add to the vocabulary of special motions
by considering pure rolling. Most commonly, one discusses pure rolling of
round objects on flat ground, like wheels and balls, and rolling of round
things on other round things like gears and cams.

2-D rolling of a round wheel on level ground

The simplest case, the no-slip rolling of a round wheel, is an instructive
starting point. First, we define the geometric and kinematic variables as
shown in fig. 17.35. For convenience, we pick a point D which was at
Xxp = 0 at the start of rolling, when x- = 0. The key to the kinematics is
that:

The arc length traversed on the wheel is the distance traveled by

the wheel center.

That is,
Xc = Sp
R¢
= Ve = )'CC = R¢
> ac = vc = jéc = R¢

So the rolling condition amounts to the following set of restrictions on the
position of C, 7, and the rotations of the wheel ¢:

e n

Fo = R$i+Rj, U, =RPi, a. = Ri,

If we want to track the motion of a particular point, say D, we could do so
by using the following parametric formula:

r, = Fo+ ?D/C
R(¢i + j) + R(—sin¢i — cos ¢ j)
= R[(¢—sing)i+(1—cos¢)j)]
>0, = R[(¢Q—cosp)i+ Psingj)]
R¢?(sin ¢i + cos ¢ j).

(17.32)

assuming ¢= constant

Note that if ¢ = 0 or 27 or 47, etc., then the point D is on the ground and
eqn. (17.32) correctly gives that
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@& =—¢k, and &=a =—¢k.

Sp = Xc
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Figure 17.35: Pure rolling of a round
wheel on a level support.



reference line

Figure 17.36: One round object rolling
on another round object.
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Instantaneous kinematics

Instead of tracking the wheel from its start, we could analyze the kine-
matics at the instant of interest. Here, we make the observation that the
wheel rolls without slip. Therefore, the point on the wheel touching the
ground has no velocity relative to the ground.

Velocity of point on
the wheel touching the -
ground Velocity of ground = 0

v, = Uy (17.33)

Now, we know how to calculate the velocity of points on a rigid body. So,

Uy =0c+ Uy
where, since A and C are on the same rigid body (fig. 17.35), we have from
eqn. (16.22) that

vA/C = CUXrA/C.
Putting this equation together with eqn. (17.33), we get

v, = Ug
= Do + @ XFue = 0
el wk —Rj
> Uel+wRl = 0
= Ve = —wR. (17.34)

We use U = vi since the center of the wheel goes neither up nor down.
Note that if you measure the angle by ¢, like we did before, then & = —¢k
so that positive rotation rate is in the counter-clockwise direction. Thus,
Ve = —wR = —(—¢)R = ¢R.

Since there is always some point of the wheel touching the ground, we
know that v, = —wR for all time. Therefore,

. = Uol = —dRi.
Rolling of round objects on round surfaces

For round objects rolling on or in another round object, the analysis is
similar to that for rolling on a flat surface. Common applications are the
so-called epicyclic, hypo-cyclic, or planetary gears (See Box 17.5 on plane-
tary gears on page 4). Referring to fig. 17.36, we can calculate the velocity
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of C with respect to a fixed frame two ways and compare:

Cr
—
" N——
0 0
O(R, +R)e, = wyR,eé,
O(R,+R) . R,
Swy = — 2 =1+ L)
RZ R2

Example: Two quarters.

The formula above can be tested in the case of R, = R, by using two quarters or
two dimes on a table. Roll one quarter, call it B, around another quarter pressed
fast to the table. You will see that as the rolling quarter 3 travels around the sta-
tionary quarter one time, it makes two full revolutions. That is, the orientation
of B changes twice as fast as the angle of the line from the center of the station-
ary quarter to its center. Or, in the language of the calculation above, w, = 26.

Sliding

Although wheels and balls are known for rolling, they do sometimes slide
such as when a car screeches at fast acceleration or sudden braking or
when a bowling ball is released on the lane.

The sliding velocity is the velocity of the material point on the wheel
(or ball) relative to its contacting substrate. In the case of pure rolling,
the sliding velocity is zero. In the case of a ball or wheel moving against a
stationary support surface, whether flat or curved, the sliding velocity is

-

vsliding = Ugircle center

+ @ X ?contact /center (17.35)

Example: Bowling ball

The velocity of that point on the bowling ball which is instantaneously in con-
tact with the alley (ground) is 0. = vgi + wk X F. /6 = (Ug + wR)i. So unless
w = —Ug /R the ball is sliding.

Note that, if sliding, the friction force on the ball opposes the slip of the ball
and tends to accelerate the ball’s rotation towards rolling. That is, for example,
if the ball is not rotating the sliding velocity is v, i, the friction force is in the —i
direction and angular momentum balance about the center-of-mass implies ® <
0 and a clockwise rotational acceleration. No matter what the initial velocity or
rotational rate the ball will eventually roll.
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Figure 17.37: The bowling ball is slid-
ing so long as v; # —wR
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17.5 The Sturmey-Archer hub

In 1903, the year the Wright Brothers first flew powered air-
planes, the Sturmey-Archer company patented the internal-
hub three-speed bicycle transmission. This marvel of engi-
neering was sold on the best bikes until finicky but fast rac-
ing bicycles using derailleurs started to push them out of the
market in the 1960’s. Now, a hundred years later, inter-
nal bicycle hubs (now made by Shimano and Sachs) are hav-
ing something of a revival, particularly in Europe. These
internal-hub transmissions utilize a system called planetary gears,
gears which roll around other gears. See the figure below.

In order to understand this gear system, we need to understand
its kinematics—the motion of its parts. The central ‘sun’ gear ¥ is
stationary, at least we treat it as stationary in this discussion since
it is fixed to the bike frame, so it is fixed in body F. The ‘planet’
gears roll around the sun gear. Let’s call one of these planets P.
The spider 8 connects the centers of the rolling planets. Finally,
the ring gear R rotates around the sun.

Sun ¥ Ring R

(fixed frame) (rolls around

planets)

Spider &
(connects
planets)

The gear transmission steps up the angular velocity when the spi-
der 8 is driven and ring R, which moves faster, is connected to the
wheel. The transmission steps down the angular velocity when
the ring gear is driven and the slower spider is connected to the
wheel. The third ‘speed’ in the three-speed gear transmission is
direct drive (the wheel is driven directly).

Planet
(rolls on sun)

What are the ‘gear ratios’ in the planetary gear system? The ‘trick’
is to recognize that for rolling contact that the contacting points
have the same velocity, D, = Uy and 0, = Dy. Let’s define some
terms.

gy = © Sic angular velocity of the spider
By, = wpk angular velocity of the planet
Dy = Wp i angular velocity of the ring

Now, we can find the relation of these angular velocities as fol-
lows. Look at the velocity of point C in two ways. First,
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A point on the plane-

’ A point on the spider ‘ tary gear
— ~—
U, = Dg
S WgXTe = Uy +@, XTFep
)
> wgfe = WpR,
e
>w, = R 9s (17.36)
P
Next, let’s look at point D and E:
v, = U
ﬁA+ﬁD/A = @y XTy
0+, XF,,, = wzkxFy
@p(2Rp)E, =  wurpé
2R,
= CIJ:R = ? CU:P
— e
Wp = R_Pwé
’ re=rg+Rp
—
2R, g
W, = — wg
"R Rp
2(rg +Rp)
g
\
‘ rp =Tg+ 2R,
74 22
Wp 7 .
>—= = 2 -z~ = angular velocity step-up.
@ 1+ —£
Ts
J L
)
Rolling
contact:
EA = iB
Up = Vg
ic = FC
R
Typically, the gears have radius ratio of £ = % which gives a
r 2

S
gear ratio of ;. Thus, the ratio of the highest gear to the lowest

gear on a Sturmey-Archer hub is Z / g = E = 1.5625. You might

compare this ratio to that of a modern mountain bike, with eigh-
teen or twenty-one gears, where the ratio of the highest gear to
the lowest is about 4:1.
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