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17.2 General planar mechanics of a
rigid-object

We now apply the kinematics ideas of the last section to the general me-
chanics principles in Table I in the inside cover. The goal is to understand
the relation between forces and motion for a planar object in general 2-
D motion. The simple measuresQof motion will be the displacement of
one reference point 0’ on the object and the rotation of the object. We
also need the first and second time derivatives of the displacement and
rotation, altogether we use 7y, U, 60,, 0, and «.

We will treat all bodies as if they are squished into the plane (planar)
and moving in the plane (planar motion). But the analysis is sensible
for an object that is symmetric with respect to the plane containing the
velocities (see Box 17.1 on page 7).

The balance laws for a rigid object

As always, once you have defined the system and the forces acting on it
by drawing a free-body diagram, the basic momentum balance equations
are applicable (and exact for engineering purposes). Namely,

Linear momentum balance: Z ﬁ‘i =L and

>M,, = f{/o.

The same point 0, any point, is used on both sides of the angular momen-
tum balance equation. We also have power balance which, for a system
with no internal energy or dissipation, is

Angular momentum balance:

Power balance: P = Ex.

The left hand sides of the momentum balance equations are evaluated
the same way, whether the system is composed of one object or many,
whether the bodies are deformable or not, and whether the points move
in straight lines, circles, hither and thither, or not atall. Itis the right hand
sides of the momentum equations that involve the motion. Similarly, in
the energy balance equations the applied power P only depends on the
position of the forces and the motions of the material points at those po-
sitions. But the kinetic energy E and its rate of change depend on the
motion of the whole system. You already know how to evaluate the mo-
menta and energy, and their rates of change, for a variety of special cases,
namely

« Systems composed of particles where all the positions and accelera-
tions are known (chapter 13);

« Systems where all points have the same acceleration. That is, the
system moves like a rigid object that does not rotate (chapter 14);
and
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®Advanced aside: What we call
“simple measures” are examples of
“generalized coordinates” in more ad-
vanced books. The idea sounds intim-
idating, but is simply this: If some-
thing can only move in a few ways, you
should only keep track of the motion
with that many variables. The kine-
matics of a rigid object (Sect. 17.1) al-
low us to “evaluate” the motion quan-
tities, namely linear momentum, an-
gular momentum, kinetic energy, and
their rates of change in terms of these
“simple measures”. By “evaluate” we
mean express the motion quantities in
terms of these measures. The alterna-
tive is as sums over Avogadro’s num-
ber of particles (There are on the or-
der of 10* atoms in a typical engi-
neering part.). Even neglecting atoms
and viewing matter as continuous we
would still be stuck with integrals over
complicated regions if we did not de-
scribe the motion with as few variables
as possible. In the case of 2-D rigid
object motion, the position of a refer-
ence point (x and y) with the rotation
0 is called a set of minimal coordinates.
These, and their time derivatives are
the minimal information needed to
describe all important mechanics mo-
tion quantities.
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« Systems where all points move in circles about the same fixed axis
in 2D (chapter 15).

Now we go on to consider the general 2- D motions of a planar rigid

object. It’s now a little harder to evaluate L L H /O,H /O,E and E But
not much.

Summary of the motion quantities

Table I'in the back of the book describes the motion quantities for various
special cases, including the planar motions we consider in this chapter.
Most relevant is row (7).

The basic idea is that the momenta for general motion, which involves
translation and rotation, are the sum of the momenta (both linear and
angular, and their rates of change too) from those two effects. Namely,
the linear momentum is described, as for any system with any motion, by
the motion of the center-of-mass

L= mU,, and L= Mm@ (17.16)

cm?

and the angular momentum has two contributions, one from the motion
of the center-of-mass and one from rotation of the object about the center
of mass,

Angular momentum Angular momentum
due to motion of the due to motion relative
center-of-mass to the center-of-mass
N —~—
o = Temjo X (M, 0.) + ;0@ (17.17)
and H,, om0 X (Mo @y,) + 1270 (17.18)

These simplifications, for 2D objects moving in the plane, are discussed in
box 17.2 on page 8. Animportant special case for the angular momentum
evaluation is when the reference point is coincident with the center-of-
mass. Then the angular momentum and its rate of change simplify to

H,  =I"% and H,  =I". (17.19)

cm zz cm

The kinetic energy and its rate of change are given by
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kinetic energy from kinetic energy relative
center-of-mass motion to the center-of-mass
E, = L z 110m z 17.20
K - Emtot Uem +§zza) ( : )
ﬁcm'acm
and Eyp = M U,,Ue, + Il wd (17.21)
N e e’

-

VUem @em

The relations above are easily derived from the general center of mass
theorems (see box 17.2 on page 8 for some of these derivations).

Equations of motion

Putting together the general balance equations and the expressions for the
motion quantities we can now write linear momentum balance, angular
momentum balance and power balance as:

LMB : Y F, = mydgy, (a)
AMB : DMy = Foo X (md) + I8 (b)

or > M, = ITw,  and
Power : F -O,, +&-M,, =m0+ wb. (©)
(17.22)

Independent equations?

Equations are only independent if no one of them can be derived from the
others. When counting equations and unknowns one needs to make sure
one is writing independent equations. How many independent equations
are in the set egns. (17.22)abc applied to one free object diagram? The
short answer is 3.

The linear momentum balance equation 17.22a yields two indepen-
dent equations by dotting with any two non-parallel vectors (say,  and j).
Dotting with a third vector yields a dependent equation.

For any one reference point the angular momentum equation 17.22b
yields one scalar equation. It is a vector equation but always has zero
components in the 7 and j directions. But angular momentum equation
can yield up to three independent equations by being applied to any set
of three non-collinear points.
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The power balance equation is one scalar equation.

In total, however, the full set of equations above only makes up a set
of three independent equations.

To avoid thinking about what is or is not an independent set of equa-
tions some people prefer to stick with one of the canonical sets of inde-
pendent equations:

« The coordinate based set (“old standard”)
- {LMB}i or, equivalently, 3} F,, = magy, |
- {LMB}- j or, equivalently, D, F, = Mot e » and
- {AMB}-k or, equivalently, Y, M., = I<"a.
« Moment only (good for eliminating unknown reaction forces)
- {AMB about pt A}-k (A is any point, on or off the object)
- {AMB about pt B}-k (B is any other point)
- {AMB about pt C}-k (C is a third point not on the line AB)
« Two moments and a force component
- {AMB about pt A}-k (A is any point, on or off the object)
- {AMB about pt B}-k (B is any other point)
- {LMB}-4 (where A is not perpendicular to the line AB)

« Two force components and a moment (also good for eliminating un-
known forces)

- {LMB}-}AL1 (where ftl is any unit vector)
- {LMB}-i2 (where ftz is any other unit vector)
- {AMB about pt A}-k (A is any point, on or off the object)

Any of these will always do the job. The power balance equation is often
used as a consistency check rather than an independent equation.

From a theoretical point of view one might ask the related question of
which of the equations of motion can be derived from the others. There
are many answers. Here are some of them:

« Power balance follows from LMB and AMB,
« AMB about three non-collinear points implies LMB, and
« LMB and power balance yield AMB

Interestingly, there is no way to derive angular momentum balance
from linear momentum balance without the questionable microscopic as-
sumptions discussed in box B.3 on page 1203.

Some simple examples

Here we consider some simple examples of unconstrained motion of a
rigid object.

Introduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap



Introduction to Mechanics for Engineers — Ruina & Pratap

Ch 17 Section 17.2

Example: The simplest case: no force and no moment.
If the net force and moment applied to an object are zero we have:

LMB =0 = m._d and

totacm
AMB =0 = Ik

so @, = 0 and & = 0 and the object moves at constant speed in a constant di-
rection with a constant rate of rotation, all determined by the initial conditions.
Throw an object in space and its center-of-mass goes in a straight line and it
spins at constant rate (subject to the 2-D restrictions of this chapter).

Example: Constant force applied to the center-of-mass.
In this case angular momentum balance about the center-of-mass again yields
that the rotation rate is constant. Linear momentum balance is now the same
as for a particle at the center-of-mass, i.e., the center-of-mass has a parabolic
trajectory.

Near-earth (constant) gravity provides a simple example. An ‘X’ marked
at the center-of-mass of a clipboard tossed across a room follows a parabolic
trajectory (see fig. 17.22).

Example: Constant force not at the center-of-mass.
Assume the only force applied to an object is a constant force F = Fi at A (see
fig. 17.23). Then linear momentum balance gives us that

Zﬁ'i=i => Fi=md, = a;=F/mi= constant.

So if the object starts at rest, the point G will move in a straight line in the i
direction (The common intuition that point G will be pulled up is incorrect).
Angular momentum about the center-of-mass gives

ZMcmi =ﬁlcm = {?A/G XFi=I§?9i(}

4k => é+fc—flsin6=0,

with ¢ = |F, /G|, which is the pendulum equation. That is, the object can swing
back and forth about 8 = 0 just like a pendulum, approximately sinusoidally if
the angle 6 starts small and with  initially also small. [One might wonder how
to do this experiment. One way would be with a jet on a space craft that keeps
re-orienting itself to keep in a constant spatial direction as the object changes
orientation. Another would be with a string tied to A and pulled from a great
distance. |

Example: The flight of an arrow or rocket.
As a primitive model of an arrow or rocket assume that the only force is from
drag on the fins at C and that this force opposes motion according to

F = —cv,
where c is a drag coefficient (see fig. 17.24). From linear momentum balance
we have:
-V, = mv
mo = —c(ﬁ+c?>x?c/c)
= —c(v+0kx(-th)
7 2 N O i Apn =
(kx4 =n) = b = m(@t’n v
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Figure 17.22: The X marked at the
center-of-mass of a thrown spinning
clipboard follows a parabolic trajec-

tory.

o1

Figure 17.23: The only force applied to
the object is the constant force F = Fi
applied at point A. The resulting mo-
tion is a constant acceleration of the
center-of-mass @, = (F/m)i and an
oscillatory motion of 6 identical to that
of a pendulum hinged at G. Note that
the center of mass goes in a straight
line.

~>

~>

Figure 17.24: A rocket is pointed in
the direction 4 which makes an angle
0 with the positive x axis. The position
and velocity of the center-of-mass at G
are called 7 and v. The velocity of the
tail is O
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So if U, 6 and 6 are known the acceleration ¥ is calculated by the formula above.
Similarly angular momentum balance about G gives

> M, =H, = {FogxF = ok}

zZ

-k > IPé = FoxF -k
Then, making the same substitutions as before for 7. ; and F we get

ct

= cm
IZZ

) (ixf)-k—éf)

which determines the rate of change of w if the present values of B, 6 and @ are
known.

Setting up differential equations for solution

If one knows the forces and torques on an object in terms of its position,
velocity, orientation and angular velocity one then has a ‘closed’ set of
differential equations. That is, one has enough information to define the
equations for a mathematician or a computer to solve them.

The full set of differential equations is gathered from linear and an-
gular momentum balance and also from simple kinematics. Namely, one
has the following set of 6 first order differential equations:

X vy,

v, = F./m,

y = v,

vy = Fy/m,

6 = w,and

@ Mo /T2

where the positions and velocities are the positions and velocities of the
center-of-mass. The expressions for F, F),, and M, may well be compli-
cated, as in the rocket example above.
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17.1 2-D mechanics makes sense in a 3-D world

The math for two-dimensional mechanics analysis is simpler than
the math for three-dimensional analysis. And thus easier to learn
first. But we do actually live in a three-dimensional world. You
might wonder at the utility of learning something that is not right.
There are three answers.

1. Two-dimensional analysis can give partial information
about the three-dimensional system that is exactly the
same as the three-dimensional analysis would give by pro-
Jjection, no matter what the motion;

2. ifthe motion is planar the 2-D kinematics can be used; and

3. if the object is planar or symmetric about the motion
plane, and any constraints that hold the object are also
symmetric about the motion plane, the 2-D analysis is not
only correct, but complete.

Of course no machine is exactly planar or exactly symmetric, but
if the approximation seems reasonable most engineers will accept
a small loss in accuracy for great gain in simplicity.

a) Projection

First let’s relax our assumption of 2-D motion. Consider arbitrary
3-D motions of an arbitrarily complex system. If we take the dot
product of the linear momentum equations with i and j and the
angular momentum balance equation with k we get

{Z§i=zmiai}'i =>2Fix=zmiaix’ (a)

> F, =Ymia} j=> TF, =T ma, and (b)

(X7, xF = Y7 xma}-k

- rinix = Zmi(rixaiy - riyaix)' ©
(17.23)

These are exactly the equations of 2-D mechanics. That is, if we

only consider the planar components of the forces, the planar

components of the positions, and the planar components of the

motions, we get a correct but partial set of the 3-D equations. In

this sense 2-D analysis is correct but incomplete.

b) Planar motion

If all the velocities of the parts of a 3-D system have no z com-
ponent the motion is planar (in the xy plane). Thus the right-
hand sides of eqns. (17.23) are not just projections, but the whole
story. Further, in the case of rigid-object motion, the 2-D kine-
matics equation

U, =Ug + wk X?P/G =0g + wk x (rP/GXi + rP/Gyj> (17.24)

also applies (the z component of the position drops out of the cross
product) and the expression for, say, the z component of the an-
gular momentum of an object about its center-of-mass is

H emy = Ilo.
Differentiating, or adding up the m;a; terms we get,

‘ — jcm
Hcmz —Izz w.

Similarly, the z component of the full angular momentum balance
equation for a 3-D rigid object in planar motion is the same as the
z component of eqn. (17.22)b.

DM e = (T o X (Migyliyy)) - e+ 100

So for planar motion of 3-D rigid bodies one can do a correct
2-D analysis with the full ease of analyzing a planar object.

But this result is deceptively simple. The free object diagram
in 3-D most likely shows forces in the z direction, pairs of forces
in the x or y directions that are applied at points with the same x
and y coordinates but different z values, or moments with compo-
nents in the x or y directions. Full information about these force
and moment components can’t be found from 2-D analysis. That
is,

the nature of the forces that it takes to keep a system in
planar motion can’t be found from a planar analysis.

For example, a system rotating about the z axis which is statically
balanced but is dynamically imbalanced has no net x or y reaction
force, as a planar analysis would reveal, yet the bearing reaction
forces are not zero.

Another example would be a plan view of a car in a turn (as-
suming a stiff suspension). A 2-D analysis could be accurate, but
would not be complete enough to describe the tire reaction forces
needed to keep the car flat.

c) Symmetric bodies and planar
bodies

If the rigid object has all its mass in the xy plane, or its mass is
symmetrically distributed about the xy plane, and it is in planar
motion in the xy plane then

Yma, =0 and

{XF xma}-i=0 and {IFxma}-j=0

where 7 is measured relative to any point in the plane. Thus, by
linear and angular momentum balance,

> F,=0 and
{7, xF}-i=0 and {37 xF} j=0

SO

A planar object or a symmetric object in planar motion
needs no force in the z direction and no moment in the
x or y direction to keep it in the plane.

Systems that are symmetric or flat and moving in an approxi-
mately planar manner, are thus both accurately and completely
modeled with a 2-D analysis. A slight generalization of the result
is to any object or collection of objects whose centers of mass are
on the plane and each of which is dynamically balanced for rota-
tion about a k axis through its center-of-mass.
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Introduction to Mechanics for Engineers — Ruina & Pratap

17.2 The center-of-mass theorems for 2-D rigid bodies

That all the particles in a system are part of one planar object in
planar motion (in that plane) allows highly useful simplification
of the expressions for the motion quantities, namely Eqns. 17.16
to 17.20. We can derive these expressions from the center-of-mass
theorems from chapter B. For completeness, we repeat some of
those derivations here. To save space, we only use the integral
(f) forms for the general expressions; the derivations with sums
(3)) are similar. In all cases position, velocity, and acceleration are
relative to a fixed point in space (that is 7, 0, and @ mean ?/0, v /0"

and a 10 respectively).

Linear momentum.

Here we show that to evaluate linear momentum and its rate of
change you only need to know the motion of the center of mass.

= - d_ d (. d -
L = /vdmz Erdmz afrdmz E(mmtrcm)
d_ -
mtotarcm = MotVem

By identical reasoning, or by differentiating the expression above
with respect to time,

totTem

L=m
Thus for linear momentum balance one need not pay heed to ro-

tation, only the center-of-mass motion matters.

Angular momentum.

Here we attempt a derivation like the one above but get slightly
more complicated results. For simplicity we evaluate angular mo-
mentum and its rate of change relative to the origin, but a very
similar derivation would hold relative to any fixed point C.

H/0 = /?Xﬁdm

f (?_?cm +?cm) X (ﬁ - ﬁ(:m + ﬁ(:m) dm
/ (?/Cm +?Cm) X (ﬁ/cm + ﬁcm) dm

f?/cmxﬁ/cmdm+f?cmxﬁcmdm

|
\
N
o
B
X
<
s
Fl
[
3
+
N
l
X
i
B
—
a
3

/r/cm X0, dm+TF XU, m..

This much is true for any system in any motion. For a rigid ob-
ject we know about the motions of the parts. Using the center-of-
mass as a reference point we know that for all points on the object

v e = @ X 7)., . Thus we can continue the derivation above, fol-

lowing the same reasoning as was used in chapter 7 for circular
motion of rigid bodies:

H, = f Fem X (8 X Py ) M+ F gy X B

Using the identity for the triple cross product (see box 17.4 on page
10) or using the geometry of the cross product directly with @ =
wk as in chapters 7 and 8 we get

tot*

. _ A 3 N N
H/o = wkfr/cmdm+rcm><vcmm

: _ 2 g .
Then defining I;' = f'r Jem dm we get the desired result:

H =

= ) cm ., §;
o Fom X O My + [ wk.

A similar derivation, or differentiation of the result above (and
using that (%?) XD =0 XD = 0) gives

—_ —_ cm . 7
T X Qo My, + 10k,

Hy =

The results above hold for any reference point, not just the origin
of the fixed coordinate system. Thus, relative to a point instanta-
neously coinciding with the center-of-mass

— = — yem 1,
cm rcm/cm - Izz wk.
——
N em i
oxv, m, +I77 wk
and similarly
N _ om g
H, A = I@Jok.

Kinetic energy.

Unsurprisingly the expression for kinetic energy and its rate of
change are also simplified by derivations very similar to those
above. Skipping the details (or leaving them as an exercise for
the peppy reader):

B, = /%ﬁ-i}dm

1 2 1 2
Emtotvcm + EI;?CO

and

1l
juy]

— 3 cm .
= m, VU + [N ow.
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17.3 The work of a moving force and of a couple

The work of a force acting on an object from state one to state

two is
[2
W, = / Pdt.
t

1
But sometimes we like to think not of the time integral of the
power, but of the path integral of the moving force. So we rear-
range this integral as follows.

W12

1] 1]
—
il a]

&
(ct
&

1]
—,

i

8 oy

(17.25)

The validity of equation 17.25 depends on the force acting on the
same material point of the moving object as it moves from position
1 to position 2; i.e., the force moves with the object. If the mate-
rial point of force application changes with time, eqn. (17.25) is
senseless and should be replaced with the following more gener-
ally applicable equation:

(17.26)

where 0 is the velocity of the material point at the instantaneous
location of the applied force.

Hand drags on a passing train: a
subtlety

There is a subtle distinction between eqn. (17.25) and eqn. (17.26).
As an example think of standing still and dragging your hand on
a passing train. Your hand slows down the train with the force

F,

hand on train”

It might seem that the work of the hand on the train is zero be-
cause your hand doesn’t move; work is force times distance and
the distance is zero and eqn. (17.25) superficially evaluates to

But we have violated the condition for the validity of eqn. (17.25):
the force be applied to a fixed material point as time progresses.
Whereas on the train your hand smears a whole line of material
points.

Clearly your hand does slow the train, so it must do (negative)
work on the train, as eqn. (17.26) correctly shows because

hand on train * Ytrain #0.

Pforce on train

The power of the hand force on the train is the force on the
train dotted with the velocity of the train (not with the velocity
of your hand). Thus, your hand does negative work on the train.
eqn. (17.26) applies to the train and eqn. (17.25) does not.

On the other hand (so to speak) if one looks at the power of
the force on the hand we have:

F;rain on hand = _ﬁmnd on train

while the velocity of the hand is zero so

Pforce on hand — F;rain on hand " Phand = 0.

So the train does no work on your hand while your hand does
(negative) work on the train. The difference, of course, is me-
chanical energy lost to heat.

Work of an applied torque

By thinking of an applied torque as really a distribution of forces,
the work of an applied torque is the sum of the contributions of
the applied forces. If a collection of forces equivalent to a torque
is applied to one rigid object the power of these forces turns out
to be M - . At a given angular velocity a bigger torque applies
more power. And a given torque applies more power to a faster
spinning object.

Here’s a quick derivation for a collection of forces fi‘ that add
to zero acting at points with positions 7, relative to a reference
point on the object o’.

P

I
N
. )
)

I
&
S

(17.27)

Work of a general force
distribution

A general force distribution has, by reasoning close to that above,
a power of:

P = E

Tt Oy @M. (17.28)

For a given force system applied to a given object in a given motion
any point o’ can be used. The terms in the formula above will
depend on o/, but the sum does not. Besides the center-of-mass,
another convenient locations for o’ is a fixed hinge, in which case
the applied force has no power.
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17.4 The vector triple product A X (E x C )

The formula

Ax(BxC)=(A-C)B-(A BC. (17.29)

can be verified by writing each of the vectors in terms of its or-
thogonal components (e.g, A = A i+ AJ+A, k) and checking
equality of the 27 terms on the two sides of the equations (only
12 are non-zero). If this 20 minute proof seems tedious it can be
replaced by a more abstract geometric argument partly presented
below that surely takes more than 20 minutes to grasp.

Geometry of the vector triple product

&=
=+
(o1}
— =)
/Q:
&

AX(BXC)

Because B x C is perpendicular to both B and C it is perpendicu-
lar to the Blane of B and C, that is, it i is ‘normal’ to the plane BC.
A x (B x C) is perpendicular to both A and B x C, so it is perpen-
dicular to the normal to the plane of BC. That is, it must be in the
plane of B and C. But any vector in the plane of B and C must be
a combination of B and C. Also, the vector triple product must
be proportional in magnitude to each of A, BandC. Finally, the
triple cross product of AX(BXC) must be the negative of Ax(CxB)
because B x C = —C x B. So the identity

Ax(BxC) =@ -C)B-(A-BC

is almost natural: The expression above is almost the only ex-
pression that is a linear combination of A and B that is linear
in both, also linear in C and switches sign if B and C are inter-
changed. These properties would be true if the whole expression
were multiplied by any constant scalar. But a test of the equation

with three unit vectors shows that such a multiplicative constant
must be one. This reasoning constitutes an informal derivation of
the identity 17.29.

Using the triple cross product in
dynamics equations

‘We will use identity 17.29 for two purposes in the development
of dynamics equations:

1. In the 2D expression for acceleration, the centnpetal ac-
celeration is given by @X(@XR) snnphﬁes to —w’R if & @l
R This equation follows by settlng A=®,B=oandC =
Rin equation 17.29 and usng @ =0ifa L R. Tn3D@&Xx
(@ x ¥) gives the vector shown in the lower figure below.

®xR

(wx F)

g

TN,

2. The term 7 X (@ X 7) will appear in the calculation of the
angular momentum of a rigid body. By settlng A=7B=
@and C =, in equation 17.29 and use 7 - 7 = r2 because
¥ || ¥ we get the useful result that FX(DXF) = r’@0—(F-Q)F.

10
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