
Introduction to Mechanics for Engineers � Ruina & Pratap Ch 16 Section 16.4

1 Accuracy of planar analysis.

The planar analysis might be accurate

for one of two di�erent reasons: 1)

the objects are nearly planar, or 2) the

projection of the 3D equations to 2D

gives the planar equations.
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Figure 16.47: a) A rigid object rotates

about 0. It has center of mass at G.

Forces
Ç

F1 and
Ç

F2 are applied. b) The

free-body diagram shows all the forces

acting on the object, including the re-

action force (
Ç

F0 = F0x �{+F0y �|) at 0 and

the gravity forcemg at G.

16.4 Dynamics of a rigid object in
planar circular motion

We now want to �nd what we can about the forces on and motions of

a single planar object that is hinged at one point. The most famous ex-

amples are pendula and gears. But many things move like pendula, like

people or towers falling over or boats rocking in the water. And many

machine parts besides gears rotate about a bearing including propellers,

lawn mower blades, and printing-press rollers. None of these things are

strictly planar objects, but, for many analyses, the planar approximation

is more or less accurate 1 .

The basic method, as always, is to use a free-body diagram and kine-

matics results to evaluate terms in the linear momentum, angular mo-

mentum and energy balance equations. Then these equations are used to

calculate unknown forces or to �nd di�erential equations of motion. The

terms involving force and moment are found from a free-body diagram

exactly as in statics. The terms involving motion, namely momentum,

angular momentum and energy, are evaluated using the various tools de-

veloped earlier in this chapter.

Mechanics and the motion quantities

We can evaluate all the momentum and energy terms in the equations of

motion (inside cover), namely:
Ç

L; �
Ç

L;
Ç

H_C;
�ÇH
_C
; EK and �EK (for any refer-

ence point C of our choosing) if we can calculate the velocity and accel-

eration of every point in the system. For circular motion of a rigid object

about point C,we know from sec. 16.2 that the velocities and accelerations

of a point at
Ç

r =
Ç

r_C are

Ç

v =
Ç

! �
Ç

r;
Ç

a = �Ç! �
Ç

r +
Ç

! � .
Ç

! �
Ç

r/;

= �Ç! �
Ç

r * !2Çr

where
Ç

! is the angular velocity of the object relative to a �xed frame. This

situation is a little more complex than the special case of straight-linemo-

tion in chapter 14, where all points in a system had the same acceleration

as each other, but is still quite manageable. The most general case of 2D

rigid-object circular motion is an arbitrarily shaped 2D rigid object with

arbitrary ! and �!. The situation shown in �g. 16.47 shows the general

case (but in that example exactly two forces are applied, as opposed to an

arbitrary number).

Linear momentum:
Ç

L and �

Ç

L

For any system in any motion we have the general result that

Ç

L = mtot
Ç

vcm and �ÇL = mtot
Ç

acm:
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For a rigid object, the center-of-mass is a particular point G that is �xed

relative to the object. So the velocity and acceleration of that point can be

expressed the same way as for any other point. So, for an object in planar

rotational motion about 0

Ç

L = mtot
Ç

! �
Ç

rG_0

and

�ÇL = mtot

�
�Ç! �

Ç

rG_0 * !2ÇrG_0

�
«­­­­­¯­­­­­¬

Ç

aG

:

If the center-of-mass is at 0 themomentum and its rate of change are both

zero. But if the center-of-mass is o� the axis of rotation, there must be a

net force on the object with a component parallel to
Ç

r0_G (if ! � 0) and

also a component orthogonal to
Ç

r0_G (if �! � 0). This net force might be

applied at 0 or G or any other place(s) on the object.

Angular momentum:
Ç

H
_O

and �

Ç

H
_O

The angular momentum itself is easy enough to calculate, using the short

hand notation that
Ç

r is the position vector
Ç

r_0 of a point relative to hinge

point O.
Ç

H
_O

= Ê
all mass

Ç

r �
Ç

vdm (a)

= Ê Ç

r � .
Ç

! �
Ç

r/dm (b)

= !�k Ê r2 dm (c)

= IOzz
«̄ ¬

B
BM

IOzz is the `polar' moment
of inertia.

!�k

Ù H0 = !IOzz (d)

(16.35)

Here eqn. (16.35)c is a vector equation. But since both sides are in the �k

direction we can dot both sides with �k to get the scalar moment equation

eqn. (16.35)d, taking bothMnet and ! as positive when counterclockwise.

The moment of inertia shortcut. Note that an integral over all

the mass of
Ç

r �
Ç

v has been reduced to a simple multiplication by

using that

Ê r2 dm = I0zz:
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2 Forces distributed on a curve, sur-

face or throughout a volume could be

treated similarly with sums replaced

by line, surface, or volume integrals.

This shortcut is especially useful because � r2 dm does not change

as the object rotates about 0.

However, themoment of inertia is never needed for problem solving. One

can just evaluate, for example,
Ç

H
_O

by evaluating the integral � Ç

r �
Ç

vdm

for the speci�c problem at hand.

To get the all important term for angular momentum balance, namely
�ÇH/0, for this system we can di�erentiate eqn. (16.35). We can also use

the general expression for �ÇH
_O

to write the angular momentum balance

equation as follows.

�ÇH
_O

= rate of change of angular momentum
_0

(a)

= Ê
all mass

Ç

r �
Ç

adm (b)

= Ê Ç

r � r̀rp
*!2Çr + �! �k �

Ç

r
«­­­¯­­­¬

Ç

a

assq
dm (c)

= Ê Ç

r �
�
�! �k �

Ç

r
�
dm .because

Ç

r �
Ç

r =
Ç

0/ (d)

= Ê Ç

r �
�
�! �k �

Ç

r
�
dm (e)

�ÇH
_O

= �! �k Ê r2 dm = �!I0zz
�k (f)

Ù �H_0 = �! Ê r2 dm = �!I0zz (g)

(16.36)

We get from eqn. (16.36)e to eqn. (16.36)f by noting that
Ç

r is perpendicular

to �k. Thus, using the right hand rule twice we get
Ç

r � . �k �
Ç

r/ = r2 �k.

Eqn. 16.36f and eqn. (16.36)g are the vector and scalar versions for the

rate of change of angular momentum with respect to point 0 for rotation

of a planar object about 0. Repeating,

�ÇH
_O

= �! �k Ê r2 dm = �!I0zz
�k

and �H_0 = �! Ê r2 dm = �!I0zz: (16.37)

Again, �ÇH
_O

can always be evaluated either of two ways: 1) as a sum or

integral of
Ç

r_0 �
Ç

a over all the mass or 2) using the shortcut with I0zz.

Power and Energy

Let's assume that there are a set of point forces applied to an object 2 .

Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap 3



Introduction to Mechanics for Engineers � Ruina & Pratap Ch 16 Section 16.4

And, to be contrary, let's assume the mass is continuously distributed

(the derivation for rigidly connected point masses would be similar). The

power balance equation for one rotating rigid object is (discussed below):

Net power in = rate of change of kinetic energy (a)

P = �EK (b)É
all applied forces

Ç

Fi �
Ç

vi =
d

dt
Ê
all mass

1

2
v2 dm (c)

É
Ç

Fi �
�
Ç

! �
Ç

ri
�

=
d

dt
Ê 1

2
.
Ç

! �
Ç

r/ � .
Ç

! �
Ç

r/dm (d)

É
Ç

! � .
Ç

ri �
Ç

Fi/ =
d

dt
Ê 1

2
!2r2 dm (e)

Ç

! �
É

.
Ç

ri �
Ç

Fi/ =
d

dt
01
2
!21 Ê r2 dm (f)

Ç

! �
É

Ç

M i = �!! Ê r2 dm (g)

Ç

! �
Ç

Mtot = �Ç! � 0Ç! Ê r2 dm1
«­­­¯­­­¬

Ç

H_0

(h)

(16.38)

When not directly labeled, positions and moments are assumed to be rel-

ative to the hinge at 0. Derivation 16.38 is two derivations in one. The left

side about power and the right side about kinetic energy. Let's discuss

one at a time.

Power. On the left side of eqn. (16.38) we note in (c) that the power of

each force is the dot product of the force with the velocity of the point

it touches. In (d) we use what we know about the velocities of points on

rotating rigid bodies. In (e) we use the vector identity
Ç

A �
Ç

B�
Ç

C =
Ç

B �
Ç

C�
Ç

A

(see sec. 1.3, 82). In (f) we note that
Ç

! is common to all points so factors

out of the sum. In (g) we note that
Ç

r�
Ç

Fi is the moment of the force about

pt O. And in (g) we sum the moments of the forces. So the power of a set

of forces acting on a rigid object is the product of their net moment (about

0) and the object angular velocity,

P =
Ç

! �
Ç

Mtot: (16.39)

Kinetic energy. On the right side of eqn. (16.38) we note in (c) that the

kinetic energy is the sum of the kinetic energy of the mass increments.

In (d) we use what we know about the velocities of these bits of mass,

given that they are on a common rotating object. In (e) we use that the

magnitude of the cross product of orthogonal vectors is the product of the

magnitudes (ðÇA�
Ç

Bð = AB) and that the dot product of a vector with itself

is its magnitude squared (
Ç

A �
Ç

A = A2). In (f) we factor out !2 because it is
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Figure 16.48: A uniform disk turned

by a motor at a constant rate. The

free-body diagram shows a force and

moment equivalent to the force sys-

tem that acts including gravity, bear-

ing forces, etc. A bit of mass dm occu-

pies the space between the radial lines

at � and �+d� and between the circles

at radii R and R + dR.

common to all the mass increments and note that the remaining integral

is constant in time for a rigid object. In (g) we carry out the derivative.

In (h) we de-simplify the result from (g) in order to show a more general

form that we will �nd later in 3D mechanics. Eqn. (h) follows from (g)

because
Ç

! is parallel to �Ç! for 2D rotations.

Note that we started here with the basic power balance equation from

the front inside cover. Instead, we could have derived power balance from

our angular momentum balance expression (see box 16.8 on 5).

Example: Spinning disk

The round �at uniform disk in �g. 16.48 is in the xy plane spinning at the con-

stant rate Ç! = !�k about its center. It has massmtot and radius R0. What force is

required to cause this motion? What torque? What power?

From linear momentum balance we have:É
Ç

F i = �ÇL = mtot
Çacm =

Ç

0;

Which we could also have calculated by evaluating the integral �ÇL � � Çadm

instead of using the general result that �
Ç

L = mtot
Çacm. From angular momentum

balance we have:É
Ç

M i_O = �ÇH_O

Ù
Ç

M = Ê Çr_O �
Çadm

= Ê
R
0

0

Ê
2�

0

.R �e
R
/ � .*R!2 �e

R
/

�
© ® ª

Hmtot

�R2
O

I
dA

©­®­ª

R d� dR

«­­­­¯­­­­¬
dm

= Ê Ê Ç

0 d� dR

=
Ç

0:

So the net force and moment needed are
Ç

F =
Ç

0 and
Ç

M =
Ç

0. Like a particle that

moves at constant velocity with no force, a uniform disk rotates at constant rate

with no torque (at least in 2D).

16.8 The relation between angular momentum balance
and power balance

For this system, angular momentum balance can be derived from
power balance and vice versa. Thus neither is essentially more
fundamental than the other and both are reliable. First we can de-
rive power balance from angular momentum balance as follows:

Ç

Mnet = �! �k � r2 dm
Ç

! �

Ç

Mnet = Ç

! �

�
�! �k � r2 dm

�
:

P = �EK

(16.40)

That is, when we dot both sides of the angular momentum equa-
tion with Ç! we get on the left side a term which we recognize as
the power of the forces and on the right side a term which is the
rate of change of kinetic energy.

The opposite derivation starts with the power balance
�g. 16.38(g)

Ç

! �

É
Ç

M i = �!! Ê r2 dm (g)

Ù !

�
�k �

É
Ç

M i

�
= �!! Ê r2 dm

Ù

�
�k �

É
Ç

M i

�
= �! Ê r2 dm

(16.41)

and, assuming ! � 0, divide by ! to get the angular momentum
equation for planar rotational motion.
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Figure 16.49: A two-dimensional body

is rotating around the point O at con-

stant rate !. A di�erential bit of mass

dm is shown. The center-of-mass is

also shown.

Using moment-of-inertia in 2-D circular motion
dynamics

Once one knows the velocity and acceleration of all points in a system one

can �nd all of the motion quantities in the equations of motion by adding

or integrating using the de�ning sums from earlier chapters. This addi-

tion or integration is an impractical task formanymotions ofmany objects

where the required sums may involve billions and billions of atoms or a

di�cult integral. As you recall from earlier chapters, the linear momen-

tum and the rate of change of linear momentum can be calculated by just

keeping track of the center-of-mass of the system of interest. One wishes

for something so simple for the calculation of angular momentum.

It turns out that we are in luck if we are only interested in the two-

dimensional motion of two-dimensional rigid bodies. The luck is not so

great for 3-D rigid bodies but still there is some simpli�cation. For gen-

eral motion of non-rigid bodies there is no simpli�cation to be had. The

simpli�cation is to use the moment of inertia for the bodies rather than

evaluating the momenta and energy quantities as integrals and sums. Of

course one may have to do a sum or integral to evaluate I � Icmzz or [I
cm
]

but once this calculation is done, one need not work with the integrals

while worrying about the dynamics. At this point we will assume that

you are comfortable calculating and looking-up moments of inertia. We

proceed to use it for the purposes of studyingmechanics. For constant rate

rotation, we can calculate the velocity and acceleration of various points

on a rigid body using
Ç

v =
Ç

! �
Ç

r and
Ç

a =
Ç

! � .
Ç

! �
Ç

r/. So we can calcu-

late the various motion quantities of interest: linear momentum
Ç

L, rate

of change of linear momentum �ÇL, angular momentum
Ç

H, rate of change

of angular momentum �ÇH, and kinetic energy EK.

Consider a two-dimensional rigid body like that shown in �g. 16.49.

Now let us consider the variousmotion quantities in turn. First the linear

momentum
Ç

L. The linear momentum of any system in any motion is
Ç

L =
Ç

vcmmtot. So, for a rigid body spinning at constant rate ! about point

O (using
Ç

! = !�k):

Ç

L =
Ç

vcmmtot =
Ç

! �
Ç

rcm_omtot:

Similarly, for any system, we can calculate the rate of change of linear

momentum �ÇL as �ÇL =
Ç

acmmtot. So, for a rigid body spinning at constant

rate,
�ÇL =

Ç

acmmtot =
Ç

! � .
Ç

! �
Ç

rcm_o/mtot:

That is, the linear momentum is correctly calculated for this special mo-

tion, as it is for all motions, by thinking of the body as a point mass at the

center-of-mass.

Unlike the calculation of linear momentum, the angular momentum

turns out to be something di�erent than would be calculated by using a

point mass at the center of mass. You can remember this important fact

by looking at the casewhen the rotation is about the center-of-mass (point
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3 Note that the angular momentum

about some other point thanOwill not

be constant unless the center-of-mass

does not accelerate (i.e., is at point O).

O coincides with the center-of-mass). In this case one can intuitively see

that the angular momentum of a rigid body is not zero even though the

center-of-mass is not moving. Here's the calculation just to be sure:

Ç

H
_O

= � Çr_O �
Ç

vdm (by de�nition of
Ç

H
_O

)

= � Çr_O � .
Ç

! �
Ç

r_O/dm (using Çv =
Ç

! �
Ç

r)

= � .x_O �{ + y_O �|/ �
�
.!�k/ � .x_O �{ + y_O �|/

�
dm (substituting Çr_O and Ç!)

= ^� .x2
_O

+ y2
_O
/dm`!�k (doing cross products)

= ^� r2
_O
dm`!�k

= IO
zz

«̄ ¬

BBM

IO
zz

is the `polar' moment of
inertia.

!�k

We have de�ned the `polar' moment of inertia as Iozz = � r2
_o
dm. In order

to calculate Iozz for a speci�c body, assuming uniform mass distribution

for example, one must convert the di�erential quantity of mass dm into

a di�erential of geometric quantities. For a line or curve, dm = �dl; for

a plate or surface, dm = �dA, and for a 3-D region, dm = �dV. dl,

dA, and dV are di�erential line, area, and volume elements, respectively.

In each case, � is the mass density per unit length, per unit area, or per

unit volume, respectively. To avoid clutter, we do not de�ne a di�erent

symbol for the density in each geometric case. The di�erential elements

must be further de�ned depending on the coordinate systems chosen for

the calculation; e.g., for rectangular coordinates, dA = dxdy or, for polar

coordinates, dA = rdrd�.

Since
Ç

H and
Ç

! always point in the �k direction for two dimensional

problems people often just think of angular momentum as a scalar and

write the equation above simply as `H = I!,' the form usually seen in

elementary physics courses.

The derivation above has a feature that one might not notice at �rst

sight. The quantity called IOzz does not depend on the rotation of the body.

That is, the value of the integral does not change with time, so IOzz is a

constant. So, perhaps unsurprisingly, a two-dimensional body spinning

about the z-axis through O has constant angular momentum about O if it

spins at a constant rate. 3

�ÇH
_O

=
Ç

0:

Now, of course we could �nd this result about constant ratemotion of 2-D

bodies somewhatmore cumbersomely by plugging in the general formula
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Figure 16.50

4 2D vs 3D. Beware of falling into the

common misconception that the for-

mulaM = I� applies in three dimen-

sions by just thinking of the scalars as

vectors and matrices. In 3D the for-

mula
�ÇH
_O

= [I
O

] �

�Ç!
«̄ ¬
Ç

�

is only correct when Ç! is zero or when
Ç! is an eigen vector of [I_O]. That is,

the vector equationÉ
Moments about O = [I

O

] �

Ç�

is generally wrong in 3D.

for rate of change of angular momentum as follows:

�ÇH
_O

= � Ç

r_O �
Ç

adm

= � Ç

r_O � .
Ç

! � .
Ç

! �
Ç

r_O//dm

= � .x_O �{ + y_O �|/ �
�
!�k � .!�k � .x_O �{ + y_O �|//

�
dm

=
Ç

0:

(16.42)

Usingmoment of inertia about the center ofmass. Often it is easier

to think of the motion as composed of two parts, motion of the center of

mass and motion relative to the center of mass, as explained in box 16.9

on page 9. Thus we have two terms for angular momentum
Ç

H
_O

and its

rate of change �ÇH
_O
:

Ç

H
_O

=
Ç

rG_O �m
Ç

vcm + Icmzz !
�k (16.43)

�ÇH
_O

=
Ç

rG_O �m
Ç

acm + Icmzz �
�k (16.44)

Kinetic energy. Finally, we can calculate the kinetic energy by adding

up
1

2
miv

2
i
for all the bits of mass on a 2-D body spinning about the z-axis:

EK = Ê 1

2
v2 dm = Ê 1

2
.!r/2 dm =

1

2
!2 Ê r2 dm =

1

2
Iozz!

2 : (16.45)

The kinetic energy can also bewritten as a sumof contributions ofmotion

of the center of mass and motion relative to the center of mass,

EK =
1

2
mv2cm +

1

2
Icmzz !

2 : (16.46)

Example: Pendulum disk

For the disk shown in �g. 16.50, we can calculate the rate of change of angular

momentum about point O as

�ÇH
_O

=
ÇrG_O �mÇacm + Icmzz �

�k

= R2m �� �k + Icmzz
�� �k

= .Icmzz + R2m/ �� �k:

Alternatively, we could calculate directly

�ÇH
_O

= IOzz�
�k

= .Icmzz + R2m/
«­­¯­­¬

BBM

by the parallel axis theo-

rem

�� �k:

Note that we are using the planarity of the objects and of their motion for

our calculations 4 .

8 Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap



Introduction to Mechanics for Engineers � Ruina & Pratap Ch 16 Section 16.4

The equation for linear momentum balance is the same as always, we

just need to calculate the acceleration of the center-of-mass of the spin-

ning body.

�ÇL = mtot

Ç

acm = mtot

�
Ç

! � .
Ç

! �
Ç

rcm_O/ +
�Ç! �

Ç

rcm_O

�
(16.47)

Finally, the kinetic energy for a planar rigid body rotating in the plane is:

EK =
1

2
Ç

! � .[I
cm
] �

Ç

!/ +
1

2
m v2cm
«̄ ¬

���
Ç

vcm =
Ç

! �
Ç

rcm_O

:

16.9 Simplifying
Ç

H
_C

using the center of mass

The de�nition of angular momentum relative to a point C is

Ç

H
_C

=
É
Ç

ri_C �mi
Ç

vi :

If we rewrite Çvi as

Ç

vi = .Çvi *
Ç

vcm/ +
Ç

vcm = Ç

vi_cm + Ç

vcm

and
Ç

ri = .Çri *
Ç

rcm/ +
Ç

rcm = Ç

ri_cm +Çrcm

then

Ç

H
_C

=
É�

Ç

rcm +Çri_cm

�
�
�
Ç

vcm + Ç

vi_cm

�
mi :

=
É
Ç

rcm � Çvcmmi +
É
Ç

ri_cm � Çvi_cmmi

+
É
Ç

rcm � Çvi_cmmi +
É
Ç

ri_cm � Çvcmmi

= Ç

rcm � Çvcmmtot +
É
Ç

ri_cm � Çvi_cm mi

+Çrcm �
�É

Ç

vi_cm mi

�

«­­­¯­­­¬
Ç

0

+
�É

Ç

ri_cm mi

�

«­­­¯­­­¬
Ç

0

�Çvcm

So,

Ç

H
_C

= Ç

rcm � Çvcmmtot
«­­­¯­­­¬

���

contribution of cen-
ter of mass motion

+
É
Ç

ri_cm � Çvi_cm mi
«­­­­­¯­­­­­¬

BBM

contribution of
motion relative to
center-of-mass

:

The reason
³
Ç

ri_cm mi =
Ç

0 is somewhat intuitive. It is what you

would calculate if youwere looking for the center-of-mass relative
to the center of mass. More formally,

É
Ç

ri_cm mi =
É

.Çri *
Ç

rcm/mi

=
É
Ç

ri mi
«­¯­¬

m
tot

Ç

r
cm

*mtot
Ç

rcm

=
Ç

0:

Similarly,
³
Ç

vi_cm mi =
Ç

0 because it is what you would calculate

if you were looking for the velocity of the center-of-mass relative
to the center of mass.

The central result of this box is that

angular momentum of any system is that due to motion
of the center-of-mass plus motion relative to the center-of-
mass.
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