Introduction to Mechanics for Engineers — Ruina & Pratap Ch 16 Section 16.4

16.4.1 An object consists of a massless f) If F, were applied to m, instead of
bar with two attached masses m, and m,. m,, would 8 be bigger or smaller?

. - . 1
The object is hinged at O.

a) What is the moment of inertia of
the object about point O (12,)? ~_ . L=0 4+t
b) Given 6, 6, and &, what is 17/0, the o ! <
angular momentum about point o ™~ Ez\/ .
~
ny

? "
o7 : ; . 9 W
¢) Given 6, 6, and 6, whatis H, , the
or Fi v
rate of change of angular momen-
tum about point O? Problem 16.1
d) Given 6, 6, and 8, what is T, the

Answer:
total kinetic energy?

(@I = m €7 + m,62.
e) Asgume that you don’t know 6, 6 (b) ﬁ/o — é(mff + mzfz)l}.

or @ but you do know that F, is ap- e .. ) i

plied to the rod, perpendicular to © H/O = e(mlfl S

the rod at m,. What is 87 (Neglect (d) Ex = f(mlff + m,t?)k.

graVitY-) (e) 9 _ 2F1€1

mlt’f+m2€2

(f) © will be bigger if F, is applied to m,
instead of m,.
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16.4.2 A uniform circular disc rotates at
constant angular speed w about the ori-
gin, which is also the center of the disc.
It’s radius is R. It’s total mass is M.

a) What is the total force and mo-

ment required to hold it in place X
(use the origin as the reference
point of angular momentum and
torque).
b) What is the total kinetic energy of Problem 16.2
isk?
the disk? Answer-
(a) F =0N.
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Problem 16.4.3

16.4.3 The hinged disk of mass m (uni-
formly distributed) is acted upon by a
force P shown in the figure. Determine
the initial angular acceleration and the
reaction forces at the pin O.

Problem 16.3

Answer:
8, = LR and R, = P(sin 30i — cos 30j).
m

ZMU = H/o
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Problem 16.4.4

16.4.4 A motor turns a bar. A uniform
bar of length ¢ and mass m is turned
by a motor whose shaft is attached to
the end of the bar at O. The angle
that the bar makes (measured counter-
clockwise) from the positive x axisis @ =
27 t>/s%. Neglect gravity.

a) Draw a free-body diagram of the

bar.

b) Find the force acting on the bar

d) What is the power produced by
the motor att = 1s?

1.

motor

Problem 16.4

from the motor and hinge at t = Answer: o
1s. () Ry, = —% (4mi — j).
¢) Find the torque applied to the bar ©M = 4 rad/s® me?
from the motor att = 1. '
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Problem 16.4.5

16.4.5

A physical pendulum. A

swinging stick is sometimes called a
‘physical’ pendulum. Take the ‘body’, the
system of interest, to be the whole stick.

a)

b)

©)

d)

Draw a free-body diagram of the
system.

Write the equation of angular mo-
mentum balance for this system
about point O.

Evaluate the left-hand-side as ex-
plicitly as possible in terms of the
forces showing on your Free-Body
Diagram.

Evaluate the right hand side as
completely as possible. You may
use the following facts:
16cosfj+ —1fsinbi
—162 [cos 61 + sin 6 ]
+16[cos 6 j — sin 61]

[}

Ql

where ¢ is the distance along the
pendulum from the top, 6 is the
angle by which the pendulum is

displaced counter-clockwise from
the vertically down position, i is
vertically down, and j is to the
right. You will have to set up and
evaluate an integral.

J
Problem 16.5
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Problem 16.4.6

16.4.6 A uniform one meter bar is hung
from a hinge that is at the end. It is al-
lowed to swing freely. g = 10m/s%.

a) What is the period of small oscil-
lations for this pendulum?

b) Suppose the rod is hung 0.4m
from one end. What is the period
of small oscillations for this pen-
dulum? Can you explain why it is
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longer or shorter than when it is
hung by its end?

Answer:

(a)T =1.62s.

(b) The period of oscillations is longer
if the rod is hung at 0.4 m because the
torque due to weight of the portion
above the hinge negates the torque due
to the portion below the hinge. One
way to see it is that if the bar is hinged
at mid, net torque about the hinge be-
comes zero leading to infinitely large
period of oscillation.
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£
m Y m
m
16.4.7 Motor turns a dumbbell. Two v) &‘) —
uniform bars of length ¢ and mass m are
welded at right angles. At the ends of .
the horizontal bar are two more masses J
m. The bottom end of the vertical rod is m I—n VA
attached to a hinge at O where a motor 1
keeps the structure rotating at constant
rate w (counter-clockwise). What is the \w
net force and moment that the motor and O(le o
hinge cause on the structure at the in- motor
?
stant shown? Problem 16.7
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Problem 16.4.8

m=0.5kg m

16.4.8 The structure shown in the fig-

ure consists of two point masses con-

nected by three rigid, massless rods such 1m
that the whole structure behaves like a

rigid body. The structure rotates counter-

clockwise at a constant rate of 60 rpm. At ( A
the instant shown, find the force in each T “’
rod.

45°
BN

Problem 16.8

Answer:
F, = ON, F, = 27%N, and F, =

2V/272N.
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Problem 16.4.9

16.4.9 Balancing a system of rotat-
ing particles. A wire frame structure is
made of four concentric loops of mass-
less and rigid wires, connected to each
other by four rigid wires presently co-
incident with the x and y axes. Three
masses, m, = 200grams, m, =
150grams and m, = 100grams, are
glued to the structure as shown in the
figure. The structure rotates counter-
clockwise at a constant rate 8 = 5 rad/s.
There is no gravity.

a) Find the net force exerted by the

structure on the support at the in-
stant shown.

b) You are to put a mass m at an
appropriate location on the third
loop so that the net force on the
support is zero. Find the appropri-

biven ™ - 02w, ' m

Berl Roza:

M aply

ate mass and the location on the
loop.

y =40 cm
’ r3=30 cm
,a/ =20 cm
r1=10 cm
A x
¥iyay
4o\ 2 iy *

Problem 16.9

Answer:

(a) (@) F = 0.33Ni — 0.54N}j.

(b) The net force on the support be-
comes zero if we put m = 0.84kg on
0.3 m radius loop at 6 = 302.33°.
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16.4.10 Motor turns a bent bar. Two y
uniform bars of length ¢ and uniform
mass m are welded at right angles. One j
end is attached to a hinge at O where |
a motor keeps the structure rotating at ; m ¢
a constant rate w (counterclockwise).
What is the net force and moment that )
the motor and hinge cause on the struc- Ot D\ m
ture at the instant shown. X
motor
. . ‘ e
a) neglecting gravity Problem 16.10: A bent bar is rotated by a
motor.
includi itv.
b) including gravity. Answer: 2
(a) Net force: F,, = —(#)i —
2 o -
(W: L)j, Net moment: M, = 0.
- 2
(b) Net force: F,, = —(#)i +
2 o
(2mg — ma; %), Net moment: M, =
3mgL 2

Metor Twrns a Beut Boa~
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2

(Sax ma,)

M= 3m q L 'i_,\
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Problem 15.2.34 1

15.2.35

= ] X
- motor
£

Figure 15.2.1: (a) A bent bar is rotated by a motor. (b) Free body diagram.

Two uniform bars of length ¢ and uniform mass m are welded at right angles. One end is
attached to a hinge at O where a motor keeps the structure rotating at a constant rate w
(counterclockwise); see Fig. 15.2.1(a). What is the net force and moment that the motor
and hinge cause on the structure at the instant shown, when

(a) neglecting gravity, or

(b) including gravity?

Net force

The free body diagram of the system is shown in Fig. 15.2.1(b). The linear momentum
balance equation for the system is

Fo — 2mgj = ma, jo + mayo, (15.2.1)
where the acceleration of each mass (circular motion) is

We have 11,0 = (2/2)1 and I'yo = i+ (6/2)5, so after simplifying

= = w? /e s
maj o + mag/o = — (31 +J) ) (15.2.3)
we retrieve the net force at the hinge as
. R 02 / ~ s
Fo = 2mgj — " (31 +j) : (15.2.4)

April 12, 2021, M. R. Buche
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15

2 Chapter 15

Note that this force is nonzero even if we neglect gravity, and that the direction of it will
change in general as the hinge rotates the bars. The magnitude of the net force changes as
the bars rotate; however, if we neglect gravity it does not change and remains constant at

mlw?y/10
5 .
This problem can also be done using the center of mass.

Folg=0 = (15.2.5)

Net moment

The gravitational forces cause a net moment of —3mgf/2 about O. The angular momentum
balance equation about O is then

Mo — == = Hyo. (15.2.6)

The rate of change of the angular momentum H,o is zero since w is constant, so the net
moment from the motor is then

Mo =" (15.2.7)

Note that the moment is zero if we neglect gravity.

April 12, 2021, M. R. Buche
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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R
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Ry = v~ 3wl

R

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 16.4.11

16.4.11 A uniform disk of mass M and mass assembly with constant angular ac-
radius R rotates about a hinge O in the celeration «. What torque at the hinge
xy-plane. A point mass m is fixed to the ~ d0es the motor supply to the system?
disk at a distanpe R/ 2.fr0m the .hinge.. A Answer:

motor at the hinge drives the disk/point T = % (M + m).

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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16.4.12 A rigid rod of length ¢ and to-
tal mass m is held fixed at one end and
whirled around in circular motion at a
constant rate w in the horizontal plane.
Ignore gravity.

b) Where does the maximum tension
occur in the rod? .

¢) At what distance from the center
of rotation does the tension drop
to half its maximum value? .

a) Find the tension in the rod as a
function of r, the radial distance
from the center of rotation to any
desired location on the rod.

Answer: ,
@T@) = —*~r?)
(b)atr = 0;1i.e., at the center of rotation

©r=L/\2
Q) Find the tension n the ~od
Guiven 8 = Cemstant = (o
ek s e \e‘r\cj)\\.\ e A : = b
A ook ko
- \oir ™. 2 i
PO LME e B 1ed Al %
e A
2F - ) %
\4
o :
€y = X W o (W xy 6'*\\ am 4
™ e
£ A%
= ((,;‘Ii.v{w\rgr‘sé\,\ 14 dx
E L
3
=
L ™ 2 X A
T \ T e
il muw N b o
— MR, AN l e,
L 2 G
4
e ‘ :
(=T gy = o (L",{'\ ¢
2L X
g 'L A Lam! 3
) ) o) e ‘(_‘v ~ DK
t3 ~ =A \ Lrhen N +"u V‘C*{\ 1 = _: (L i Y\
<L
h) T emion Reeph “SNeweeding an ¥ decvesnpn., Heneg
MG T ™ \Q'\",‘\l(\ﬂ OCCAYA C\\ Y=0 ond G- \m“’ i 2&
C) '_"E R (’i | ‘._'v’ﬂ(
NAVON ANOPA o —

2
™ Lyd Tl
= = BB i
2 21
)
=> L o Y
——— =X
2
-
T
2
(Y ~ - ke
Jo

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 16.4.13

16.4.13 A thin uniform circular disc of
mass M and radius R rotates in the xy
plane about its center of mass point O.
Driven by a motor, it has rate of change
of angular speed proportional to angular
position, a = k6°/2. The disc starts from
restat 6 = 0.

a) What is the rate of change of an-
gular momentum about the origin
atf = g rad?

b) What is the torque of the motor at
0= g rad?

¢) What is the total kinetic energy of
the disk at @ = 7—3[ rad?

Answer:

@, = ()" (7).
o7=k(3)" ()
@5=2(5) ()

M, R

O=-Keo
= 3
LMe= B, ,9-D
3
a) H/o kg% M\ ":
b
- oA
) H/o }‘\(i‘)‘) /5 ’m{\
> 2
b 4 h(ji);/; Mg
S ST
=
o, CH - I i 53

we hknow that

o -

é\

S
Ke'

Disclaimer: We have lost track of the many people who wrote these solutions.

They are not official and have not been reviewed by the authors for correctness.
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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rigid

massless
RS

tubing

16.4.14 Neglecting gravity, calculate o =

@ = 6 at the instant shown for the system S
in the figure. 0’\
Problem 16.14
Answer:

6 = 100rev /sec.

5 F = ma

)

F= 4o i e’ 4
Z_ A0 L‘O£QJ410/§£V101 + R Hziaj\
ma- z(@»'.gas,é*gz,j

=2 [ 8wt apy-onean iy ]

= «8“- ){\ .. so A
( é 39) _,,(9‘_,‘4@ )J

R)( +".0 /S,lf\g o -?6.*3611

‘2

A’\d +1o (088 = 68 - M@

2
-

(:1/0:5 —_GSopntmhk - H/C = --50)<115LN"“

L)
2 s

Hp=81% =0 -2[S17F = 50 &xes™

6 - -|oo cﬁ¢tv5/$“_»

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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16.4.15 The uniform square shown is
released from rest at ¢ = 0. What is
a = @ = O immediately after release?

Problem 16.15

Answer:

= 3, q

6=—=25sin6
2L

Pagei
cwryy wetods @ G [ZE]

* .l'\ .
1\'1'; = E: K J
A
[

Foy = d
Tt LE]

o (@50t +sin64)

]
'_5_...

(&Y
e
M\

G| el s e 2]

Lo b = WY weyd
4 T3
. wm L2 9
]

é*’ _3'_';1 sm@ =

ol
2L A

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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b) What is the reaction force on the

16.4.16 Acceleration of a trap door. r
bar at end A just after release?

A uniform bar AB of mass m and a ball
of the same mass are released from rest |

L l

from the same horizontal position. The ! m m
bar is hinged at end A. There is gravity. I>A B ‘JC
a) Which point on the rod has the Problem 16.16
same acceleration as the ball, im- Answer:
mediately after release. (a) Point at 2L /3 from A
(b) mg/4 directed upwards.
15.4 .16 Accelerarion of a Lrap door
A bor AR with \"‘7”(—‘](— A ‘A ana a ball are yeleayed from test.
|
a) ¥= " suckh That QAcceleration ol P 19 A v J
l1q9-4 21l ~ 2
C\ . ) >4 >
A (ﬁ)yl’“(t“/tng‘ y
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- |- K m L (' { K
2 AN i ]
R = g = — 3
S -
Acce ecaven o) The hall s Q \ .
e
oM (1), @ and fe - \ A " =
f 5 390 1 S
21 A .
bBY R = 9 tromedohall aller o
LMB %6 rAa
om
= 73 g § = A = a " ‘\
> R mMaq (5 2 X
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&
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T
il f Wz
Ne Yeacken ,7,\4 0 i mmed atel, ,_‘1!1“» S ] P ™G 4 )

/
4

Disclaimer: We have lost track of the many people who wrote these solutions.
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Chapter 16.4. Dynamics

Introduction to Mechanics for Engineers «

Problem 16.4.17

© 2026 Andy Ruina & Rudra Pratap

25

16.4.17 A disk with radius R has a string
wrapped around it which is pulled with
a force F. The disk is free to rotate about
the axis through O normal to the page.
The moment of inertia of the disk about
OisI,. Apoint A is marked on the string.
Given that x,(0) = 0 and that x,(0) =0,
what is x, (¢)?

Spool has mas
Problem 16.17

Answer:

Fi?
xA(t) =

2(m+RL2)

A
‘ -
%
Inextensible iiggg : 8

string wound

around spool  *A() = ?

s moment of inertia, /g

2

v ~
EK of wtutim of

512

E:wu_j\/
Ek oF M ,\,‘a,-’qht 304
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E P oF The w&‘jhf
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P, Wpese 4 dwe © »44~f1m«{1 s

"'»(?v':\«] i 4vd X=0
B i r :
ZMX° + 3 T

0= mMyx +
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Disclaimer: We have lost track of the many people who wrote these solutions.
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Problem 16.4.18

16.4.18 A uniform stick with length ¢
and mass M, is welded to a pulley hinged
at the center O. The pulley has negligible
mass and radius R,. A string is wrapped
many times around the pulley. At time
t = 0, the pulley, stick, and string are at
rest and a force F is suddenly applied to
the string. How long does it take for the
pulley to make one full revolution? Ig-
nore gravity.

stick, mass = M,
/\
’ e
]
RS

massless pulley

Problem 16.18: String wraps around a
pulley with a stick glued to it.

RFR < (cml s - )RRy ez
4 B L need b Knew
ReF = ";”13}9' a= @x(Wke) + $X L a.
o als, ws, ”‘f sumlal.Fna{m, m s cage Hhat
20,2 gl [)ed gdtmc O 4
Fak T, i
0, guenflel 4 3
S N
Jerexep)e [ (-5k) § Kk
RpF = w6

M we nead b Jdonow 75 selve ths OPE For  O(F)

Answer:
T _ 2M0€27r
rev 3FR
p
PR ]

Ao rjmvﬁc
Te ‘ 7

= Al

1
. A
w= -9 K
A
@= -8k
probfig 5.15: String wraps around a,
pulley with a stick glued to it.
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ar Trev
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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16.4.19 Constant speed gear train. surroundings in the clockwise di-
Gear A is connected to a motor (not rection?
shown) and gear B, which is welded to no slip
gear C, is connected to a taffy-pulling wp
mechanism. Assume you know the /
torque M,,,,, = M, and angular velocity
Winput = @, Of the input shaft. Assume
the bearings and contacts are frictionless.
a) What is the input power? M\\
b) What is the output power?
) putp Problem 16,19
¢) What
. A 3
is the output torque My, = M, nswer

(@) P, =M,w,.

(b) Pout = A}(;)A'

M, =M,-L
RA

the torque that gear C applies toits

[54-19
By Pp= MW = MW, . g o
' V"" % \ ¥ :
- N |
b) l£ 1 = 10(‘% =?  Pagls =Pia= Mad, &3

c [ = o] \ 5
) \w’—,_ LO.AL" = Wy R‘__)

Wy = W Ra
Rs

T R oy s

3, T 5 —

L3, Wy Ra RA

Rg

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 16.4.20

16.4.20 At the input to a gear box a
1001bf force is applied to gear A. At the
output, the machinery (not shown) ap-
plies a force of F to the output gear.
Gear A rotates at constant angular rate
w = 2rad/s, clockwise.

a) What is the angular speed of the
right gear?

b) What is the velocity of point P?

c) Whatis Fp?

d) If the gear bearings had friction,
would F, have to be larger or
smaller in order to achieve the
same constant velocity?

lar speed w, what is the angular
speed of the right gear?

no slip

Fa =1001b

Problem 16.20: Two gears with end
loads.

Answer:
— -4
() wy = W=

@

e) If instead of applying a 1001bf to b))V, = 2RRy
the left gear it is driven by a mo- - };c
tor (not shown) at constant angu- (c)Fp = ?z L

(d) Fp will ﬁave to be smaller.
(e) The left gear is constrained to rotate

wR
o A
atwg = 5

Re

13,122

Fa=iooth

(%) D

Tois oleng the line Conusting Oa and  Ca. D s a4y Point of crumoe

-

A
Yos0m =~Re

0
— — o
°A+WA><?D/QA = ~ —
es P, Yo om

Gear A rotuges Uochwsr  gof th

W T Dpadss
Wa = —wk
Assum o [}b:WaE
= ~Vd/zXRA? = w&kX(—RU)
~) Iwﬂ: WRA
Re , ;We7o s

tha Hj(* JRex rotutes Countediks

Jear B vetates  counterclop,, .
R ecth 5#1/ a/“ju»(m-

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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5,420
Tuesday, April 9, 2019 3:30 PM
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Faz too L b

gear A rvotates 0l0ckw.‘$e
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Fy=1001b dfs
Filename:pg131-3 ) . w - - UU k
Problem 15.4.20: Two gears with end
loads.
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¢ We="

D ¢ the Po.‘n+ o-t contat as SAOW'I
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MAE2030 HW P51 (16.4.20) Solution
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J L

16.4.21 A bevel gear system. A bevel- .

type gear system, shown in the figure, ] h t

is used to transmit power between two (
shafts that are perpendicular to each

other. The driving gear has a mean ra-

dius of 50 mm and rotates at a constant

speed w = 150 rpm. The mean radius of

the driven gear is 80 mm and the driven é
shaft is expected to deliver a torque of
M., = 25N-m. Assuming no power
loss, find the input torque supplied by the
driving shaft.

driving gear

Problem 16.21: A bevel gear

Answer:
M;, = 15.625N - m.

Ra= 50mm,
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16.4.22 Belt drives are used to transmit
power between parallel shafts. Two par-
allel shafts, 3m apart, are connected by

driven pulley B .
¢) Find the output torque at B.

a belt passing over the pulleys A and B A (driver) (driven) B
fixed to the two shafts. The driver pul-
ley A rotates at a constant 200 rpm. The —
speed ratio between the pulleys A and B r=100 mm
is 1:2.5. The input torque is 350 N-m. As- ‘ ‘
sume no loss of power between the two 3m
shafts. Problem 16.22
a) Find the input power. Answer:
. . a) P,, = 7.33kilo-watts
b) Find the rotational speed of the Eb; 58'0 e W
(©)M,,, = 140N-m
Min = 350. N-m 03,
Pin = Min 31y, = 350 %300 x 25 W
o X / .
Pia = 7330.38% w \ /
L"" 153 RO “\\ ,,/,
Con =50 W
Wp= 25 Y300 = 500%pPm
52-269 A e
M Pos
bud oud:
— = £33.99 N-m
W~
e
X5
WA
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Problem 16.4.23

16.4.23 In the belt drive system shown,
assume that the driver pulley rotates at
a constant angular speed w. If the mo-
tor applies a constant torque M, on the
driver pulley, show that the tensions
in the two parts, AB and CD, of the
belt must be different. Which part has
a greater tension? Does your conclu-
sion about unequal tension depend on
whether the pulley is massless or not?

Z M(o = Q/o

Assume any dimensions you need.

A
B
D¢
< C driven pulley
driver pulley
Problem 16.23
Answer:

M,,, = 140N-m
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16.4.24 Two racks connected by three
constant rate gears. A 1001bf force is
applied to one rack. At the output, the
machinery (not shown) applies a force of
F, to the other rack.

a) Assume the gear-train is spinning
at constant rate and is frictionless.
What is Fg?

b) If the gear bearings had friction
would that increase or decrease F
to achieve the same constant rate?

c) If instead of applying a 1001bf to
the left rack it is driven by a motor
(not shown) at constant speed v,
what is the speed of the right rack?

crease or decrease Fy at the given
w.

y
massless

massless

rack
Problem 16.24: Two racks connected by
three gears.

d) If the angular velocity of the gear Answer:
is increasing at rate a does this in- (a) Fz = 1001bf.
(C) vright =0.
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Problem 16.4.25

16.4.25 -3-D accelerating gear train.
This is really a 2-D problem; each gear
turns in a different parallel plane. Shaft
B is rigidly connected to gears G, and G;.
G, meshes with gear G,. Gears G, and
G, are both rigidly attached to shaft AD.
Gear G meshes with G, which is welded
to shaft A. Shaft A and shaft B spin inde-
pendently. Assume you know the torque
Minput. angular velocity wijnpy and the
angular acceleration Ainput of the input

shaft. Assume the bearings and contacts
are frictionless.

a) What is the input power?
b) What is the output power?

c) What is the angular velocity
woutput of the output shaft?

d) What is the output torque
Moutput?

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.

RG5 = 3RG2
3RG3 = SRG(,

Problem 16.25: A 3-D gear train.

Answer:

(a) P, = 25007 N - m/s.

(b) P,,, = 2500 N - m/s.
(¢) woutput = 257 rad/s.
(d) Moutput = 100N - m.
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Problem 16.4.26

16.4.26 Gear A with radius R, =
400 mm is rigidly connected to a drum
B with radius R; = 200mm. The com-
bined moment of inertia of the gear and
the drum about the axis of rotation is
I,, = 0.5 kg - m? Gear A is driven by
gear C which has radius R, = 300 mm.
As the drum rotates, a 5kg mass m is
pulled up by a string wrapped around
the drum. At the instant of interest,
The angular speed and angular acceler-
ation of the driving gear are 60 rpm and
12rpm/s, respectively. Find the acceler-
ation of the mass m.

Ra= O4m,

Re= 0+3 m ‘m-"d“'\‘j , (5\:

Z) M/o = L_’ lo

~FR4M™Mg= é‘.'ﬂgk

Vp= Rew, =
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o 17{—‘3')'0((9‘}'9:
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Problem 16.26
Answer:
— 24
a, =0.188m/s
" ~ ABfs
@3 - Oam, i;zz LGS ;_;? P
( 6o ¥ pmy @!(: 125 Pn (e

xOr22m =

J".C;"'Jp ()
M/S LMy

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.



Chapter 16.4. Dynamics Introduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap Problem 16.4.27

47

16.4.27 A spindle and pulley arrange- motor ~ =150 mm
ment is used to hoist a 50kg mass
as shown in the figure. Assume that
the pulley is to be of negligible mass.
When the motor is running at a constant
100 rpm,

r=250 mm

a) Find the velocity of the mass at B. spindle
r =300 mm

b) Find the tension in strings AB and

CD.
50 kg
Problem 16.27
Answer:
() Vg =3.77m/s.
(b) Ty = 500N, T, = 1000N.
5\3 ‘-_(\'\A ‘\\'\E \{(\Ot'.‘\j 0( ™Meys, (\1 %
C-\.vé'n motos 5?*"“, (")"1_' V00 vpm
A x
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| ™
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Problem 16.4.28

16.4.28 Accelerating rack and pin-
ion. The two gears shown are welded
together and spin on a frictionless bear-
ing. The inner gear has radius 0.5 m and
negligible mass. The outer disk has 1m
radius and a uniformly distributed mass
of 0.2kg. They are loaded as shown with
the force F = 20N on the massless rack

which is held in place by massless fric-
tionless rollers. Atthe time of interest the
angular velocity is w = 2rad/s (though
w is not constant). The point P is on the
disk a distance 1 m from the center. At
the time of interest, point P is on the pos-
itive y axis.

a) What is the speed of point P?

b) What is the velocity of point P?

¢) Whatis the angular acceleration o
of the gear?

d) What is the acceleration of point
p?

e) What is the magnitude of the ac-
celeration of point P?

f) What is the rate of increase of the
speed of point P?

uniform disk
m =2k

%ON <

g P w

massless
inner disk

y
massless rack—_/

X
Problem 16.28: Accelerating rack and
pinion
Answer:

(a) |ﬁp| =2m/s.

(b) 6P = —2im/s.

(c)a = 100rad/s>.

(d) @, = (1008 — 4j) m/s2,

(e) |ap = 100.08 m/s?.
djv,
dr

T ,

Hhare " u

() = —100m/s?.
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16.4.29 Two racks connected by a
gear. A 1001bf force is applied to one
rack. At the output the machinery (not
shown) applies a constant force F to the
other rack.

a) Assume the gear is spinning at
constant rate and is frictionless.
What is F?

b) If the gear bearing had friction,
would that increase or decrease F
to achieve the same constant rate?

¢) If the angular velocity of the gear
isincreasing at rate «, does this in-
crease or decrease Fj at the given
w.

d) Ifthe output load Fy is given then
the motion of the machine can be
found, assuming friction is negli-
gible. Assume that the machine
starts from rest with a given out-
put load. So long as rack B moves
down and the output force Fj is
positive, the output power is posi-
tive. The machine starts from rest
and runs for a fixed amount of
time T. For what value of Fy is

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.

the output work maximum? Once
you find an answer, can you find
an intuitive explanation for the
answer?

el

uniform disk
m =10 Ibm

100 lbfT massless TFB =?
racks

Problem 16.29: Two racks connected by
a gear.

Answer:

(a) F = 1001bf.

(b) If gear bearing has friction, F has
to increase.

(c) Fp will decrease if the angular veloc-
ity of the gear is increasing.

(d) For work to be maximum, F, =
50 Ibf. Initially work increases with Fp
but too large Fj leads to small w, thus
giving smaller net work.

a asnv

spal
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ues into this solution, and use the result

16.430 A rack and pinion con- ;5,4 the quantities of interest.

strained by a linear spring. Neglect
gravity. The spring is relaxed when the
angle 6 = 0. Assume the system is re-
leased from rest at 6 = 6,. What is the
acceleration of the point P at the end of
the stick when 6 = 0? Answer in terms of
anyorallofm, R, ¢, 6, k,1,and j. [Hint:
There are several steps of reasoning re-
quired. You might want to draw FBD(s), Problem 16.30
use angular momentum balance, set up Answer-

a differential equation, solve it, plug val- N 302R%k
a, = —

tm
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16.4.31 A small particle of mass m is at-

tached to the end of a thin rod of mass M

(uniformly distributed), which is pinned ¢ /*
at hinge O, as depicted in the figure.

‘|

a) Obtain the equation of motion M
governing the rotation 6 of the 2013 0
rod.
—m
b) What is the natural frequency of /
the system for small oscillations Problem 16.31
6? Answer:

2 .
(G, (om0,

= 1 [ sgv+am)
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16.4.32 A rigid massless rod has two
equal masses m, and m. (m; = m, =
m) attached to it at distances 2¢ and
3¢, respectively, measured along the rod
from a frictionless hinge located at a
point A. The rod swings freely from the
hinge. There is gravity. Let ¢ denote the
angle of the rod measured from the ver-
tical. Assume that ¢ and ¢ are known at
the instant of interest.

a) What is ¢? Find ¢ in terms of m,
¢,g,¢and ¢.

b) What is the force of the hinge on
the rod? Solve in terms of m, ¢,

g, ¢, ¢, $ and any unit vectors you
may need to define.

¢) Would you get the same answers
if you put a mass 2m at 2.5¢? Why

or why not?
. < \
2¢
A
X
m E
\
rigid massless bar SN
m
Problem 16.32
Answesr:
©_ e
¢ = o Sin ¢.

F = —5mt($*cos¢ + ¢ sin ¢p)i —2mgi +
5ml(¢ cos p — $? sin p) j.

Answer will change because although
total moment of force about the hinge
stays same but moment of inertia re-

duces. In this case we get ¢§ =
_S_g Sin¢
12.5¢ '

L3 — 1
- -nc.l'x g h
| :
= }.{Lx o m . T, e, ™ -
No F: Hi i # i
[4 0l @ & gyt . v, e
: £
=h £ n 4 . o
i el K @ = =54 Sviph
L 154
bl baioy LR st
% ama: i ey % .
e ITERE ml Bk &, - @nad) r'-.r|q|3_\-§_l._'9.-_,'._f'-__jl 4
=0 CRUL BT Bt Uy o G G - - %
S Ll Bong + a1 ‘L“"'"!i’f"c"‘-\"‘—ﬁ"wa i
e wentd nel gel e i ; =
et some amieerd D s thput e iy £
oy T i e = *
W Weduceh . yue el gy o= 59 Shag o
251 Q

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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16.4.33 For the pendula in the figure : (@) o . (b)
(0) G o)
P 1m
a) Without doing any calculations, 0 \/
try to figure out the relative dura- M A\
. ; a1 Im
tions of the periods of oscillation A\ \ ¢ \
for the five pendula (i.e. the order, rigid,” V)~ uf;gOfI{lkbaf
ar M = 1kg
slowest to fastest) Assume small
angles of oscillation. gl
b) Calculate the period of small oscil- ©
lations. [Hint: use balance of an- 0 0 ~
gular momentum about the point lrg
0]. m O\ »
S oM
. . . rigid,
¢) Rank the relative duration of oscil- massless
. . massless > bar
lations and compare to your intu- bar JM
itive solution in part (a), and ex-
plain in words why things work ~ Problem16.33
the way they do. Answer:
(b)
(b) T =2.29s
(e) T=1.99s
(b) has a longer period than (e) does
since in (b) the moment of inertia about
the center of mass (located at the same
position as the mass in (e)) is non-zero.
\ TAM 203 Jumner 96 i 7 Sobs :
TA crch  Stheeot .,IZLJ VoW (4 543 ‘-‘Afl‘*'“{ £l
- &= :2_ => =
| S.43 conpre O purisdh of Spundl eEv ey by 5
podwlun- @
Rl £Mp = T )
"’g'(b?}s n6 = MOpo)- 6
23 y gy |
2 & 2> 54 =] B 4
i =0 “> 1/ {:‘g
pind ulim @
ke £My = 5 f—ﬁ)
‘Mg Lsin® = mMp2g
P(.u‘o 'S ¢ caladste poried
il wse the e >
Sowl oo i T R R
5%, il A 245 2:5%
Iy, GdenveL‘ ff}/p :D’/a -IJJ i)’iég" B 1—'76‘ 2-29
Guls;» J has tha shortest period g zlzg ;/-;/;/
e) has the lngest o g %
period of d) lo-ger thin ,w-Pq.;\ of 6)15) E 316 / 77 -t
=T Ty 2 Th STy BT : c) Ty T >Tp>Ta>Te >Te .
8) caleahbons
Perdulur Tz are two « g eof-)f'i hare:
K’{ - T"l“‘) A C_NM 7:mré Io Caues
.,u.re,,‘ne -2MRg5inB = =(mor, u(ze)’-)e c.;: /Ca dewease (snd T ¢ J'm/v—ga.\e)
k. A & ?fdé morvend 1 the sit.ve direction
% B e fe ol ks Wt L Sy Pl i e o
4 Differetisl an m G =-2%6 waedd  fo swine bick foward epuiliorium
£ f_fb’:yel 4 "f fof J i Koion ?““)L] (_/_ﬂ‘_:" s catih b:fbade"
i W=7 __Q & the p:r-ad' 'T} = be sl\qrnf
perdulern (@ g The 13 Eo nofe  that the moment
f M/:; = I; ‘(-1:') ) "LN“J KZ'N“ 0 cr!.',ld 51. 0 M58 Mg ises
- MRgsn8 = L2r)2 B Lu\l.d’/y with e disfomce.  of the mass
B -_3)? 3 3 fro»n P e 4 (o} ('vf or R), wivle e manent
7 R Orew ® s 7‘ martia mereases 9 the  square s
perdudum ©: Tha  dstumce /Ycu A"‘-' LS ok
£-( $Mp = I;} @) Thas, e e nx’d)\{'/‘f nfe~G  for nStae,
-M(zQ)gs.nS MRsnO = smp2 é that To5Tp ¥ (smee the wass s hwee a3
T3y e ds for pudcdon @ for from puad O mtic case of podidum D.
Disclaimer: We have lost track of the many people who wrote these solutions.

They are not official and have not been reviewed by the authors for correctness.
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16.4.34 A pegged compound pendu-
lum. A uniform bar of mass m and
length ¢ hangs from a peg at point C and
swings in the vertical plane about an axis
passing through the peg. The distance d
from the center of mass of the rod to the
peg can be changed by putting the peg at
some other point along the length of the
rod.

a) Find the angular momentum of
the rod about point C.

b) Find the rate of change of angular
momentum of the rod about C.

¢) How does the period of the pendu-
lum vary with d? Show the varia-
tion by plotting the period against

g. [Hint, you must first find the
equations of motion, linearize for

the pendulum does not change
much. Verify this claim by calcu-
lating the percent error in the time
period of a pendulum of length
¢ = 1m under the following three
conditions: (i) initial d = 0.15m
and after some wear d = 0.16m,
(ii) initial d = 0.29m and after
some wear d = 0.30m, and (iii)
initial d = 0.45m and after some
wear d = 0.46m. Which pen-
dulum shows the least error in its
time period? What is the connec-
tion between this result and the
plot obtained in (c)?

A

-

Problem 16.4.34

© 2026 Andy Ruina & Rudra Pratap

small 6, and then solve.]

d) Find the total energy of the rod
(using point C as a datum for po-
tential energy).

e) Find 6 when 6 = /6.

f) Find the reaction force on the rod
at C, as a function of m, d, ¢, 6,
and 6.

Problem 16.34
g) For the given rod, what should be .
the value of d (in terms of ¢) in or- Anszver o .
der to have the fastest pendulum? (a H, = (7 + md2> Ok.

h) Test of Schuler’s pendulum. 2 me? e

The pendulum with ?he value of (b) H, = (f B mdz) Ok.
d obtained in (g) is called the -

Schuler’s pendulum. It is not only (©T= NAzG
the fastest pendulum but also the L w2 .
“most accurate pendulum”, The d E = 3 (7 + mdz) 6> —
claim is that even if d changes

slightly over time due to wear at
the support point, the period of

1
+
12d/¢) ¢

s

mgd cos 6.
(e) 6= -2,
12d2+¢2

(f) R =

C

12gd - A . a
—m( £ cos@sinf + 62d51n6)l +
12d2+¢2
12mgd

12d2+¢£2
(g) d=029¢

(h) The error in the time period of
the pendulum for the three cases is (i)
1.767%, (ii) 0.034%, and (iii) 0.470% re-
spectively.

sin 6% + méd cos 9) J-

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem...

E 4). Use the hnighe of point ¢ as o detwmn ofor poteatiak cnorgy .
At a  positim with anyle B .

Ep= -~ mgduspg

- _| a !
Er= 3mVe + 3Tew = £1 w2 o nare e
I— ET=Ek+Ep=
T
e). 0= 7 D sino = o
29d
TR S0 s0  is  coepd ol the ti
S ¥ .8 Sue 694
2,52 Sin S |l- T
12d+¢ rd*4 g2 | f 8= %
) Use Lmp
If amage = R 3 a
> RC ‘”‘3) = h"\aﬁ.
W}lm QG = 'e’d é‘e - é;d ér = (_ /l?d A R A
) 2aiz > Sh0 €6 ) - 9% B,
€o = (ospT + S"\OJ' . ér = Sing 7§ —moj
S —~ _,1294d
a6 (%r‘; Cos6 sin@ “a . A 129d
YO, ne + g As,ﬂe)i—(m,s:ﬂ’esé‘o!wwf
. J
The. reattion -fwu.
EC b S & - °
‘ m(,ldl_w w3 6sne + 6 dsing )i + (mg - '%ﬁ'(_ Sin*0 +mé’AwsB);/
2 )+11 4
g‘). T QK 12 d?+ Q2
123&
To fMA the minimwm T, set "a
od O
2T
EX S Jm‘/"llazd"‘z ( - A
2d +Q 9 = /_2\,44) =0
) &
D> T [ =
2 = 0 ) = e
1294 > ]Olm‘ /2 X ’2'0-—18&71
when & < 2T .
d_r-\, A <9 2 whaa d>o\m,%{‘>o

Disclaimer: We have lost track of the many people who wrote these solutions.
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r

dm = (—‘—';- [§ is  the minimum  pont 7“’-' T.
[12d° 4 £L* 2 X /
). L=im. 9 = 78 m/s> T = 2 Taga - V¥ D"‘ii"g
. mtk aitidd 4,z 0.18m “7\‘::}
I_ _r° = /‘6857 S
Ll#'te)" Sm WW, A: O-I‘m, T:/-6$6‘$
o IT—To : o
error = { = 787 7
i) intial  de = 0.29m To = 1-8251 s
after  Soma  wear d=0-3oem, Te=/,%25¢¢
T—To °
Crrog , T = 0.054-5/0
3t ) initiak do = o0 45m, Te = 1°5996 s
a’ff% Soma_ wean d.‘_ O46m T: /- 607]5
T-T
CAror | T‘:‘ l = 0470 Z’
The secoms -
(AR whore oLo = 0.27,,, 811: 55 'f/u. [ ervor
Sin. do = 0.2 m ; /
7 S (/LOSQ to AM = /T X g 0 -1887,(
* Ve
R - oT
AT—,F /DI Yy (o(-olo)l
For all the 3 cases, dedo s orfm | Hlowever . do = 0.29 m
S clo ~ T 2T
doese o dm > 02874 whee S oz o So —aTh:u\ is
the (east wheo n do = o.-»? m.
From tha 3)—qu givea in (). one (an sex tha SE‘pc heor dm = JT2
very  smald that rs, the cwrve s flat heor dm .

Disclaimer: We have lost track of the many people who wrote these solutions.
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clc;
clear;
close all;

% Define D = d/1, ranging from 0 to 0.5

% Pick D ranging from 0.15 to 0.35 to clearly see approximate minimum
D = linspace(0.2,0.35,100);

% Plot the normalized period vs D=d/1;

T = sqrt(D+1./(12*D));

plot(D,T)

hold on

title('The period changes with d/1');

xlabel('d/1");

ylabel( 'Normalized period');

% Find numerical/approximate mim, for analytical/acurate min see
derivative

Tmin = min(T);

Dmin = D(find(T==Tmin));

plot(Dmin,Tmin, '0o");

fprintf('Mimimum normalized time period is %.4f\n',Tmin);
fprintf('When D is equal to %.4f\n',Dmin);

Mimimum normalized time period is 0.7598
When D is equal to 0.2894

The period changes with d/I
079 T T

0.785 -

078 - 1

=)
o
-~
a
T
Il

Nomalized period
o
3

o
1

N
0765 \\ .
S ”//
076 ———a A
0.755 L |
02 025 03 035
di

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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(6434- Hne Ps2 Teayn )50\7

\A\—,’: - 3 Ak Pod 8 used here ore e some os & oand & used in lecture.

¢

!
!
:
f
%

o
L 1<
@) Find H/c .
=f7;‘c *xTdm let = r7, uvhe »r s distmee defred fom c
Fe= [rixrég 4m
He = Jr‘a’?dm
di+d _
:J p“é?_’g_,{r‘ dm_f&’f‘
:-é mass /fength
=J+4%9,xk4r\ or cm Hink of as %:%
-4
ES M'D’—‘ I H’
N B = ~-A)F e el = g oo
2 4-4 — 4 - 44 srsdtd
T = dt L 7
=30 s[Usd)-@-4r]8 =7
= 35 6 [ 45 3d1L) + 3T +(8)° — > 43 4°6) 32T+ (£)'] B
=32 (34t 4)E
Fe= md (42 +4)2
APPrw.ch #2:
B, = 1°@ I [radm L 2 dr)
A pAtE P
=6R[  r@a PO
_
Some. i/rfegn:l a5 approach #1.
b) Fe =4 F,
= —iz [/ne ( A+ ) ’I;]
|T:ig= mé (d2+4) I?|
¢) How does period T depend on d 7 Plot Tys. 4~
Pon : First fiad Eom, then determive (o opd  calealete T.
6
_— —_— —_— 6 ~
FeD SH, = Toy #E 3
= - drn_qsm&l/:\ % R

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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AMB: W, = ﬁ/c
- . Small le .t 8nPA 8
~ dpysno F = pit’ (d2+ &) F = .,a??m{ ,M(;
9 = - 2, /2 g
-dgsine =6 (4*+ &) - -

2d*+ 22 Recall S/‘MF/e hormenic oscillodor ¥ = - 0'x

i}

0

-5ne

p
—adg
Here : o = ’ 249
T=25 =2R’Izt;l’+..al rd.0?
12dg

for Pa.rioal :

Te see how T depends on A ser d=d

Z
(ad*+2%) /12 ’12(4)’*-’ ’I D]
T= 22 [Tojgus =2 124) 4 an —sz_?
- 12 D*+| T [3 .
T zz(j%— ’_ub— — ;‘E_ . D s Floh‘ea( on He next page.

I:, “Normalized Peciod” is =3

2T

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.



Chapter 16.4. Dynamics Introduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap Problem... 61

A) Find ol eneqgy of rod. e C o0s o dafum for & .

i Eo= [4vidn  Sice i#s He sum of KE of all pacfictes.
réé - [W=v=ré

V-
d-4 srs J+4

9
B <? dmn = B4
at$ .
Be =f_ 2 (ro)(@dr) Ep= —my [ows0) PE of Com.
2 Ihé
= ,Lé’_l_’l r:d
T Bt = Ep+E&e
=L o2 A+ =2
=362 (% i = < me*(d +J,u*)—n@a’msa|

;2

3677 3 [(deh)* (d-27°]
+46 3L+ £°)

Ee = dmé" (d*+ 2%

"

n

€) Find 6 fr 0=Z

o = —(,’;—,,éﬁ—. 509

é‘ = — 'ld an(%) 0 = _w_l

ed%2* (244

) Find resction free ot C as tuction of md, L.8,6.

)
More  kinematics -
se Va= dg @ . 8 3
da= 468 — d6°7 8

= A§(-sino T + c=s67) ~d6°(coso7 + 5in67F)

>

- Oo =(-désing -A6cos0) T + (ddcosd —~ds%sine)F
LMB: ZF =mag

{Prrf‘ + R f4mgd = ma’&}
H ‘T Rytmg = m(-désing ~dé'sess)
Rs = ~m(d8sing+dé*cesd +9)
{} g j\f Ry = m(Adcosd —-/0'33/'/7(9)
But e ako knod Hat § = — 5%—.) sing
Pu#,‘fy everything ﬁﬁeﬁw :

5 = A R N .
R= Rt & R is always behieen He vertical

R =m {(;;IM,{_?) sine - dé*coso— 3J T - ’"M‘,l_ﬂ,zli) 5in@ cosd + A85inG J 7 ond e lne pocalel o e rod.

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem...

q) Whats e valbe of d (intems of L) that makes the fustest pendalum ?
Fom b) . ratio d

7 =

0.287 leads to minimum period T, uhich mems fasfest perclulurm .
An ana{yﬁcal ﬂﬂz’bach is eutlined below.

I D‘ l 2
T= znfaz ’-—1’2‘)‘” to minimze T, 2L

s reeds fo be minimized.
24D2_+3—l =0 ond e  pumecator should be ©.
— p=fE ence
Check i€ D= [F is a minimum:

whea D < [ o7

l2p*-) =0

D comot be /)ﬁq'h‘ue by definition.

<o 5 whn D>fE ,% >0

So peciod s minimized

= Ths is a minimom
when A< JEL = 0.288% 8 > wuiches mmerical Solution 35

h) V@f’i‘fy that the  Schuler s Pendu/wn is accurate b}’ Ca[w(aﬁ/g W error. Use L=Im.
() di=oism —s ds=o.l6m

_ 12 D*+| im 2(o. ls _
no= 271]{‘ 2D = 2"% 12(o-15 = [é8ss
T2 = [6&5 s
Ta-T
oo = |27
(i di= 029 —=d: = 0.30m Note -
T = [s293s

the Skpe of T vs. D

s o0 at He minipum,
= so linemized senstivity meoswed at min. is O.
e = |0.036 N
T: = 5249 s rer This  0.0365% Jifterence aomes from the qaag[mﬂc
(i) A= o4sm — dz= 0.46m
Ti=[5788s

error -
T2= (, 60633

The secnd cose has the smallest perent  error by for, and that’s becouse e d vales ore e  Clsest

to ‘A“\FE‘ If ne P/Of‘ the some Curve In port b) from 0 fo 0.3. th slope. of e corve is
very small neo~ e minimum , ad e shpe & O at e minimum.

See P/o+ on next page

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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63

Ao rote how th Stepe ot d values For cose | s s‘kefx«- then Hhat in case 3. This s
ovh)/ te ivm'l’ error g Iﬂ/de/‘ for case |I.

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 16.4.35

16.4.35 A uniform stick of length ¢ and

mass m is a hair away from vertically up

position when it is released with no an-

gular velocity (a ‘hair’ is a technical word .

that means ‘very small amount, zero for J

some purposes’). It falls to the right. L,

What is the force on the stick at point i

O when the stick is horizontal. Solve in 0
terms of ¢, m, g, i, and j. Carefully de- “
fine any coordinates, base vectors, or an- Problem 16.35

les that .
gles that you use Answer:

£ pne .
R=-"6%+ 1285
2 4

/’\'-p\n‘l.B Ay obouk 0 s M W
~fo "~ y
A A s
=2 A N X m * >
2 (‘]l J) \I'/
‘o
y A R
= !} \ A \
|~y _; 5in® k 2] ML K ‘:-, ;
e a b4 (&) ) >
pae S € 2> Q0O % g
2\ ?\: CaB - 3n09
When the aktew ia Nowzental =723 . A ¢ » . A :
ey ", ,\’(L : 507 A , D=1 ; A = '1 x ’\‘nv Qv(g:.ﬁ“)
Npoluine . -
PPy in L M sF-ma

L’i‘(l‘p” R — —r'v@'»‘

Disclaimer: We have lost track of the many people who wrote these solutions.
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65

16.4.36 A massless 10 meter long bar is
supported by a frictionless hinge at one
end and has a 3.759 kg point mass at the
other end. It is released at t = 0 from
a tip angle of ¢ = .02radians measured
from vertically upright position (hinge at
the bottom). Use g = 10ms~2.

a) Using a small angle approxima-
tion and the solution to the result-
ing linear differential equation,
find the angle of tip at ¢ = 1s and
t = 7s. Use a calculator, not a nu-
merical integrator.

b) Using numerical integration of

D =M :
“"/o" H

= &6 X hq(_‘i\

A "
LRI lf_\ * mc)j

k/(‘

= l;,“ ”‘[éﬁl,'\} -éql;]\}

the non-linear differential equa-
tion for an inverted pendulum
find¢att =1sand t = 7s.

c) Make a plot of the angle versus
time for your numerical solution.
Include on the same plot the angle
versus time from the approximate
linear solution from part (a).

d) Comment on the similarities and
differences in your plots.

Answer:
(a) Angle of tip is 0.031rad at t = 1s
and 10.967rad att = 7s.

&App\-.\mw-\ AN oroul C}

= lbxm[‘é’xkﬁ-«(th-:»l{‘ﬂ Y

5 § ; | o .
L'—mgl‘loc/k = —@m) K \ A
vy= B 4+
{18 T RSP > Cag §
2N =D @ = T Sing
A %gu‘-.‘-_ﬂq S meadl (\nrﬂ, a.P proximation l(Z ~ 3i0@
= g=13 ¢
L
’»‘) \ At t ~ q (qQ
olving Yhe 4ecomd ovden Affenenbkad eamaier PY=rizd oy ) 15
,IV: L < t
> B-ce f
Given ot t-.0 @=o002™and g=-o 3 alse  9=10my and L-iom
= Qi o2 )
\ (2 b ( G 0.0l =C,
EimCy = ¢

At t=14
ond o8 =714

ot -\
- oolle +e)

& = ©.03%09 ¥ad

@ - 10 .-9666 yod

Disclaimer: We have lost track of the many people who wrote these solutions.
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Problem 16.4.37

16.4.37 A zero length spring (relaxed
length ¢, = 0) with stiffness k = 5N/m
supports the pendulum shown.

a) Find 8 assuming 6 = 2rad/s, 0 =
/2.

b) Find § as a function of 6 and 6
(and k, ¢, m, and g.)

[Hint: use vectors (otherwise it’s
hard)]

[Hint: For the special case, kD =
mg, the solution simplifies greatly.]

Problem 16.37

Ang_wer:
(@6=0 rad/s?.
(b)6 = %(Dk - mg).

FBh

o S

\

sl

O\) é = sm /:.

5 =0

n‘Juj
= J'“/s ,8:="%
b) €ind 8 asa Tunctionck & and ©

0)fad & a‘,wm.nlr &

> < K ‘-
e /o

= MjL InOK ¢ L(cos®] rsing \ N

zm, —i;m\jLs'nG’l’:\ ‘L- s (cos@l w.-&‘) ((L:cse b) Ls..lb)
SRR -M?Ls nG‘K*LK,[L:gses 6L +Lmsel~cn<ros«eﬂ

_H_mfé’2 Mot o 208
(zm, 9T T
 Gorem o =m0
e Sme (bkg ”‘j)

Lq,,,)(s ) aoq/]

@’fj)li-v)

DRES T 03“*"“3)

Page [A

j30%

= Lsin® § ¥ Mj"qu)‘K Q/
MjLSmeK (Lr_n 6\ + »ré‘);
Ks(fo/a ro,_)

ke (D 7+ Lue -Lsin83)

Disclaimer: We have [0sL track o] the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 16.4.38

67

16.4.38 A spring-mass-damper system
is depicted in the figure. The horizon-
tal damping force applied at B is given by
Fp = —cy;

The dimensions and parameters are as
follows:

fgpo = 2ft
Yapp = ¢ =3ft
k = 2Ibf/ft
¢ = 03Ibf-s/ft

For small 6, assume that sin(6) ~ 6 and

cos(f) ~ 1.

a) Determine the natural circular
frequency of small oscillations
about equilibrium for the pendu-
lum shown. The static equilib-
rium position is 6 = 0 (pendulum
hanging vertically), so the spring
is at its rest point in this position.

Idealize the pendulum as a point Answer: .
mass attached to a rigid massless () o, =, [ Lstlams
n %
A
N, . S "
\niven L;: = ) ET,\-,: 28k s heall Ko ow ta, e ”
TP €OV
o= (Is\&l\+<_,qci‘
‘J.s = =58 4 r_f,g:_j 1\
Atply AME  abet ¢ S™M, - )
5 T ¢ [ P
AR TR0 G sy e ny : o
) Tiae¥ Tp H sxasngl S el c_%

B-RG ek - ), mept

=

Natuval Cixculay 3:«;7::-‘.-..;«.-

B wy- [ KEadme |

o m1,

v"-}‘\'e' 1 cl

rod of length 1, so I® = m¢£2. Also
use the “small angle approxima-
tion” where appropriate.

b) Sketch a graph of 6 as a function
of t(t > 0) if the pendulum is re-
leased from rest at position 6 =
0.2rad when ¢t = 0. Your graph
should show the correct qualita-
tive behavior, but calculations are
not necessary.

LUJT |

Problem 16.38

clgbr ~m)g L\II
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in the energy balance equation.
16.4.39 The asymmetric dumbbell |

\
shown in the figure is pivoted in the | L
center and also attached to a spring at P
one quarter of its length from the bigger @ = @
mass. When the bar is horizontal, the -
compression in the springis y,. Atthein- k
stant of interest, the bar is at an angle 0 massless

from the horizontal; 6 is small enough so
thaty =~ %9. If, at this position, the veloc-
ity of mass ‘m’ is v j and that of mass 3m
is —v j, evaluate the power term (3, F - D)

1. 9
&.57 1J
Given , mass m' has v§ Veloeity, = ¥
= A
(-]
Mass Im' | 2 = s
e LA VL)\O(M J
S 2
WCL.QG“ 'P S F.v
= 3 ma ¢ A
JE-3) 0 V) & mag ey . v L & .
) g eihenyf - (1)
= P-

?N’r\ V-may -~ RV /L6
C} cj —rz‘(‘]( “jz\,

P = er\q =8V LD 413

2 4

Disclaimer: We have lost track of the many people who wrote these solutions.
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16.4.40 The dumbbell shown in the fig-
ure has a torsional spring with spring
constant k (torsional stiffness units are

L?). The dumbbell oscillates about the

horizontal position with small amplitude
6. At an instant when the angular veloc-
ity of the bar is 8k, the velocity of the left
mass is —L6 j and that of the right mass
is L6 j. Find the expression for the power
P of the spring on the dumbbell at the in-
stant of interest.

19.4.40

Guveq \/e\octfcj ogl moss m .

torsional spring
constant k

N

i
| L
Problem 16.40

>

(m)

L

Answer:' ]
P = mgL6 — k66.

>

Lo 8-

\/Q\DCI(\) ti Moss 9m '—Léj

POLL:'G v P

2mg (- 3\ x

= P

7 » W\ i e e
L0} A mg (1)L (L V) 4 ko (k) {6%)

9 MmalLe - r’r\rjté‘ -k 06

= MqLE -K66
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Problem 16.4.41

16.4.41 A square plate with side ¢ and
mass m is hinged at one corner in a grav-
itational field g. Find the period of small

oscillation.

Problem 16.41

Answer:
20/2¢

3g

T =2m

A’\)p\\l AN about 'O < M/ = )—'-)/.
) ~/0 ~o
=N 5 e \ @
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€= (024 5nBY
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16.4.42 A thin hoop of radius R and mass
M is hung from a point on its edge and
swings in its plane. Assuming it swings
near to the position where its center of
mass G is below the hinge:

a) What is the period of its swinging
oscillations?

b) If, instead, the hoop was set to
swinging in and out of the plane
would the period of oscillations be
greater or less?

¢) What length ¢ of simple pendu-
lum (a massless rod with a point
mass at the end) has the same

period of oscillation of this hoop,
swinging in its plane?

pivot

Problem 16.42

Answer:
(@) T =2rx x,
g
(b) The period will reduce to T =
27 X
Zg'
¢ =2R
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Problem 16.4.43

16.4.43 Oscillating disk. A uniform
disk with mass m and radius R pivots
around a frictionless hinge at its center.
It is attached to a massless spring which
is horizontal and relaxed when the at-
tachment point is directly above the cen-
ter of the disk. Assume small rotations
and the consequent geometrical simpli-
fications. Assume the spring can carry
compression. What is the period of os-
cillation of the disk if it is disturbed from
its equilibrium configuration? [You may
use the fact that, for the disk shown,

IfI/O = imRzélAc, where 0 is the angle of

rotation of the disk.].

Problem 16.43
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period = 774/ sz
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16.4.44 Robotics problem: Simplest
balancing of an inverted pendulum.
You are holding a stick upside down, one
end is in your hand, the other end stick-
ing up. To simplify things, think of the
stick as massless but with a point mass
at the upper end. Also, imagine that it is
only a two-dimensional problem (either
you can ignore one direction of falling
for simplicity or imagine wire guides that
keep the stick from moving in and out of
the plane of the paper on which you draw
the problem).

You note that if you model your hold-
ing the stick as just having a stationary
hinge then you get ¢ = ? sin ¢. Assum-
ing small angles, this hinge leads to ex-
ponentially growing solutions. Upside-
down sticks fall over. How can you pre-
vent this falling?

One way to do keep the stick from
falling over is to firmly grab it with your
hand, and if the stick tips, apply a torque
in order to right it. This corrective torque
is (roughly) how your ankles keep you
balanced when you stand upright. Your
task in this assignment is to design a
robot that keeps an inverted pendulum
balanced by applying appropriate torque.

Your model is: Inverted pendulum,
length ¢, point mass m, and a hinge at
the bottom with a motor that can apply
a torque T,,. The stick might be tipped
an angle ¢ from the vertical. A hori-
zontal disturbing force F(t) is applied to
the mass (representing wind, annoying
friends, etc).

a) Draw a picture and a FBD

b) Write the equation for angu-
lar momentum balance about the
hinge point.

¢) Imagine that your robot can sense
the angle of tip ¢ and its rate of
change ¢ and can apply a torque
in response to that sensing. That is

you can make T, any function of ¢
and ¢ that you want. Can you find
a function that will make the pen-
dulum stay upright? Make a guess
(you will test it below).

d) Test your guess the following way:
plug itinto the equation of motion
from part (b), linearize the equa-
tion, assume the disturbing force
is zero, and see if the solution of
the differential equation has ex-
ponentially growing (i.e. unsta-
ble) solutions. Go back to (c) if
it does and find a control strategy
that works.

e) Pick numbers and model your sys-
tem on a computer using the full
non-linear equations. Use initial
conditions both close to and far
from the upright position and plot
¢ versus time.

f) If you are ambitious, pick a non-
zero forcing function F(¢) (say a
sine wave of some frequency and
amplitude) and see how that af-
fects the stability of the solution in

your simulations.
&yl

m
Y wc

N
gl /
L ¢
Y b4
A

Problem 16.44

Answer:

(b) —F(t)¢ cos¢p — mgt'sing + T,, =
—mt>.

Problem 16.4.44
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Problem 16.4.45

16.4.45 A thinrod of mass m and length
¢ is hinged with a torsional spring of stift-
ness K at A, and is connected to a thin
disk of mass M and radius R at B. The
spring is uncoiled when 8 = 0. De-
termine the natural frequency w,, of the
system for small oscillations 8, assuming
that the disk is:

a) welded to the rod, and

Problem 16.45

b) pinned frictionlessly to the rod. ANswer:
gL(M+§)+K
@, =, ————p.
(M+?)L +M
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16.4.46 Assume that the pulley shown
in figure(a) rotates at a constant speed w.
Let the angle of contact between the belt
and pulley surface be 8. Assume that the
belt is massless and that the condition of
impending slip exists between the pulley
and the belt. The free-body diagram of
an infinitesimal section ab of the belt is
shown in figure(b).

a) Write the equations of linear mo-
mentum balance for section ab of
the belt in the i and j directions.

b) Eliminate the normal force N
from the two equations in part (a)
and get a differential equation for
the tension T in terms of the coef-
ficient of friction u and The con-
tact angle 6.

¢) Show that the solution to the

equation in part (b) satisfies % =
2

uo -
e’”, where T, and T, are the ten Problem 16.46
sions in the lower and the upper A
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Problem 16.4.47

16.4.47 A belt drive is required to trans-
mit 15 kW power from a 750 mm diame-
ter pulley rotating at a constant 300 rpm
to a 500 mm diameter pulley. The cen-
ters of the pulleys are located 2.5 m apart.
The coefficient of friction between the
belt and pulleys is u = 0.2.

a) (See problem 16.4.46.) Draw a
neat diagram of the pulleys and
the belt-drive system and find the
angle of lap, the contact angle 6, of
the belt on the driver pulley.

b) Find the rotational speed of the
driven pulley.

c) (See the figure in prob-

lem 16.4.46.) The power transmit-
ted by the belt is given by power =
net tension X belt speed, i.e., P =
(T, — T,)v, where v is the linear
speed of the belt. Find the max-
imum tension in the belt. [Hint:
% = ¢ (see problem 16.4.46).]
2
d) The belt in use has a 15mm X
5mm rectangular cross-section.
Find the maximum tensile stress
in the belt.

Answer:
(b) N, = 450 rpm.
()T, =2793.8N.
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16.4.48 Slippery money A round uni-
form flat horizontal platform with radius
R and mass m is mounted on frictionless
bearings with a vertical axis at 0. At the
instant of interest it is rotating counter
clockwise (looking down) with angular
velocity @ = wk. A force in the xy
plane with magnitude F is applied at the
perimeter at an angle of 30° from the ra-
dial direction. The force is applied at a
location that is ¢ from the fixed positive
X axis. At the instant of interest a small
coin sits on a radial line that is an an-
gle 6 from the fixed positive x axis (with
mass much much smaller than m). Grav-
ity presses it down, the platform holds it
up, and friction (coefficient=u) keeps it
from sliding.

Find the biggest value of d for which
the coin does not slide in terms of some
orallof F,m,g,R,w,0,¢, and u.
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16.4.49 Frequently parents will build a
tower of blocks for their children. Just
as frequently, kids knock them down. In
falling (even when they start to topple
aligned), these towers invariably break in
two (or more) pieces at some point along
their length. Why does this breaking oc-
cur? What condition is satisfied at the
point of the break? Will the stack bend
towards or away from the floor after the
break?

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.

2 e

This? or This?

Problem 16.49

Answer:

The stack will bend away from the floor
after the break. This breaking occurs
because gravity is not able to provide
equal angular momentum to all the
falling blocks.

Problem 16.4.49



