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16.4 Dynamics

Preparatory Problems

16.4.1 An object consists of a massless
bar with two attachedmassesm1 andm2.
The object is hinged at O.

a) What is the moment of inertia of
the object about point O (IOzz)?

<

b) Given �, ��, and ��, what is
Ç

H
_O
, the

angular momentum about point
O? <

c) Given �, ��, and ��, what is �ÇH
_O
, the

rate of change of angular momen-
tum about point O? <

d) Given �, ��, and ��, what is T, the
total kinetic energy? <

e) Assume that you don't know �, ��

or �� but you do know that F1 is ap-
plied to the rod, perpendicular to

the rod atm1. What is ��? (Neglect
gravity.) <

f) If F1 were applied tom2 instead of

m1, would
�� be bigger or smaller?

<

O x

θ

F1
m2

m1

�1

�2

� = �1 + �2

Problem 16.4.1

16.4.2 A uniform circular disc rotates at
constant angular speed ! about the ori-
gin, which is also the center of the disc.
It's radius is R. It's total mass isM.

a) What is the total force and mo-
ment required to hold it in place
(use the origin as the reference
point of angular momentum and
torque). <

b) What is the total kinetic energy of
the disk? <

M

O

R

ω

x

y

Problem 16.4.2

16.4.3 The hinged disk of mass m (uni-
formly distributed) is acted upon by a
force P shown in the �gure. Determine
the initial angular acceleration and the
reaction forces at the pin O. <

O

30o

30o

P

R

g

Problem 16.4.3

16.4.4 Amotor turns a bar. A uniform
bar of length l and mass m is turned
by a motor whose shaft is attached to
the end of the bar at O. The angle
that the bar makes (measured counter-
clockwise) from the positive x axis is � =
2� t2_s2. Neglect gravity.

a) Draw a free-body diagram of the
bar.

b) Find the force acting on the bar
from the motor and hinge at t =
1 s. <

c) Find the torque applied to the bar
from the motor at t = 1 s. <

d) What is the power produced by
the motor at t = 1 s? <

motor O

�ı̂

ĵ

θ

Problem 16.4.4

16.4.5 A physical pendulum. A swing-
ing stick is sometimes called a `physical'
pendulum. Take the `body', the system of
interest, to be the whole stick.

a) Draw a free-body diagram of the
system.

b) Write the equation of angular mo-
mentum balance for this system
about point O.

c) Evaluate the left-hand-side as ex-
plicitly as possible in terms of the
forces showing on your Free-Body
Diagram.

d) Evaluate the right hand side as
completely as possible. You may
use the following facts:

Çv = l �� cos � �| + *l �� sin ��{
Ça = *l ��2 [cos ��{ + sin � �|]

+l �� [cos � �| * sin ��{]

where l is the distance along the
pendulum from the top, � is the
angle by which the pendulum is
displaced counter-clockwise from
the vertically down position, �{ is
vertically down, and �| is to the
right. You will have to set up and
evaluate an integral. <

O

L

�

ı̂

ĵ

θ

Problem 16.4.5

16.4.6 A uniform one meter bar is hung
from a hinge that is at the end. It is al-
lowed to swing freely. g = 10m_s2.

a) What is the period of small oscil-
lations for this pendulum? <

b) Suppose the rod is hung 0:4m
from one end. What is the period
of small oscillations for this pen-
dulum? Can you explain why it is
longer or shorter than when it is
hung by its end? <

More-Involved
Problems

16.4.7 Motor turns a dumbbell. Two
uniform bars of length l and massm are
welded at right angles. At the ends of
the horizontal bar are two more masses
m. The bottom end of the vertical rod is
attached to a hinge at O where a motor
keeps the structure rotating at constant
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rate ! (counter-clockwise). What is the
net force andmoment that themotor and
hinge cause on the structure at the in-
stant shown? <

m mm

m

O
x

y

ı̂

ĵ

ω

�

�

motor

Problem 16.4.7

16.4.8 The structure shown in the �g-
ure consists of two point masses con-
nected by three rigid, massless rods such
that the whole structure behaves like a
rigid body. The structure rotates counter-
clockwise at a constant rate of 60 rpm. At
the instant shown, �nd the force in each
rod. <

1m 45o

m = 0.5 kg m

Problem 16.4.8

16.4.9 Balancing a system of rotat-
ing particles. A wire frame structure is
made of four concentric loops of mass-
less and rigid wires, connected to each
other by four rigid wires presently co-
incident with the x and y axes. Three
masses, m1 = 200 grams, m2 =
150 grams and m3 = 100 grams, are
glued to the structure as shown in the
�gure. The structure rotates counter-

clockwise at a constant rate �� = 5 rad_s.
There is no gravity.

a) Find the net force exerted by the
structure on the support at the in-
stant shown. <

b) You are to put a mass m at an
appropriate location on the third
loop so that the net force on the
support is zero. Find the appropri-
ate mass and the location on the
loop. <

r1=10 cm

r2=20 cm

r3=30 cm

r4=40 cm

m1

m2 m345o
30o

x

y

ω

Problem 16.4.9

16.4.10 Motor turns a bent bar. Two
uniform bars of length l and uniform
mass m are welded at right angles. One
end is attached to a hinge at O where
a motor keeps the structure rotating at
a constant rate ! (counterclockwise).
What is the net force and moment that
the motor and hinge cause on the struc-
ture at the instant shown.

a) neglecting gravity <

b) including gravity. <

m

mO
x

y

ı̂

ĵ

ω

�

�

motor

Problem 16.4.10: A bent bar is rotated by
a motor.

16.4.11 A uniform disk of mass M and
radius R rotates about a hinge O in the
xy-plane. A point mass m is �xed to the
disk at a distance R_2 from the hinge. A
motor at the hinge drives the disk/point
mass assembly with constant angular ac-
celeration �. What torque at the hinge
does the motor supply to the system? <

16.4.12 A rigid rod of length l and to-
tal mass m is held �xed at one end and
whirled around in circular motion at a
constant rate ! in the horizontal plane.
Ignore gravity.

a) Find the tension in the rod as a
function of r, the radial distance
from the center of rotation to any
desired location on the rod. <

b) Where does themaximum tension
occur in the rod? <.

c) At what distance from the center
of rotation does the tension drop
to half its maximum value? <.

16.4.13 A thin uniform circular disc of
mass M and radius R rotates in the xy
plane about its center of mass point O.
Driven by a motor, it has rate of change
of angular speed proportional to angular
position, � = k�5_2. The disc starts from
rest at � = 0.

a) What is the rate of change of an-
gular momentum about the origin

at � =
�

3
rad? <

b) What is the torque of the motor at

� =
�

3
rad? <

c) What is the total kinetic energy of

the disk at � =
�

3
rad? <

16.4.14 Neglecting gravity, calculate � =

�! = �� at the instant shown for the system
in the �gure. <

F=10 N
2 kg

4 
cm

5 cm

4 cm

1 cm

rigid
massless
tubingθ

Problem 16.4.14

16.4.15 The uniform square shown is re-
leased from rest at t = 0. What is � =
�! = �� immediately after release? <

x

yup

θ

�

�

uniform
square,

mass=M

Problem 16.4.15

16.4.16 Acceleration of a trap door.
A uniform bar AB of mass m and a ball
of the same mass are released from rest
from the same horizontal position. The
bar is hinged at end A. There is gravity.
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a) Which point on the rod has the
same acceleration as the ball, im-
mediately after release. <

b) What is the reaction force on the
bar at end A just after release? <

L m m

A B C

Problem 16.4.16

16.4.17 A disk with radius R has a string
wrapped around it which is pulled with
a force F. The disk is free to rotate about
the axis through O normal to the page.
The moment of inertia of the disk about
O is Io. A pointA is marked on the string.
Given that xA(0) = 0 and that �xA(0) = 0,
what is xA.t/?

<

R

hinge

O

Spool has mass moment of inertia, IO

A
F

xA(0) = 0
ẋA(0) = 0
xA(t) = ?

xA

Inextensible
string wound
around spool

Problem 16.4.17

16.4.18 A uniform stick with length l

andmassMo is welded to a pulley hinged
at the centerO. The pulley has negligible
mass and radius Rp. A string is wrapped

many times around the pulley. At time
t = 0, the pulley, stick, and string are at
rest and a force F is suddenly applied to
the string. How long does it take for the
pulley to make one full revolution? Ig-
nore gravity. <

F

Rp

massless pulley

stick, mass = Mo

O

ℓ

Problem 16.4.18: String wraps around a
pulley with a stick glued to it.

Gears, Belt Drives, and

Gear Trains

16.4.19 Constant speed gear train.
Gear A is connected to a motor (not

shown) and gear B, which is welded to
gear C, is connected to a ta�y-pulling
mechanism. Assume you know the
torqueMinput = MA and angular velocity

!input = !A of the input shaft. Assume

the bearings and contacts are frictionless.

a) What is the input power? <

b) What is the output power? <

c) What
is the output torqueMoutput = MC ,

the torque that gear C applies to its
surroundings in the clockwise di-
rection? <

RA

MA

RB

RC

ωA

A B

C

no slip

ωC

Problem 16.4.19

16.4.20 At the input to a gear box a
100 lbf force is applied to gear A. At the
output, the machinery (not shown) ap-
plies a force of FB to the output gear.
Gear A rotates at constant angular rate
! = 2 rad_s, clockwise.

a) What is the angular speed of the
right gear? <

b) What is the velocity of point P? <

c) What is FB?
<

d) If the gear bearings had friction,
would FB have to be larger or
smaller in order to achieve the
same constant velocity? <

e) If instead of applying a 100 lbf to
the left gear it is driven by a mo-
tor (not shown) at constant angu-
lar speed !, what is the angular
speed of the right gear? <

RA

RC

RB

A B P

no slip

FA = 100 lb

FB = ?

C

Problem 16.4.20: Two gears with end
loads.

16.4.21 A bevel gear system. A bevel-
type gear system, shown in the �gure,
is used to transmit power between two
shafts that are perpendicular to each
other. The driving gear has a mean ra-
dius of 50mm and rotates at a constant
speed ! = 150 rpm. The mean radius of
the driven gear is 80mm and the driven
shaft is expected to deliver a torque of
Mout = 25N�m. Assuming no power
loss, �nd the input torque supplied by the
driving shaft. <

driving gear

ı̂

ĵ

Problem 16.4.21: A bevel gear

16.4.22 Belt drives are used to transmit
power between parallel shafts. Two par-
allel shafts, 3m apart, are connected by
a belt passing over the pulleys A and B
�xed to the two shafts. The driver pul-
ley A rotates at a constant 200 rpm. The
speed ratio between the pulleys A and B
is 1:2.5. The input torque is 350N�m. As-
sume no loss of power between the two
shafts.

a) Find the input power. <

b) Find the rotational speed of the
driven pulley B <.

c) Find the output torque at B. <

3m

(driven) B
A (driver)

r = 100 mm

Problem 16.4.22

16.4.23 In the belt drive system shown,
assume that the driver pulley rotates at
a constant angular speed !. If the mo-
tor applies a constant torque MO on the
driver pulley, show that the tensions
in the two parts, AB and CD, of the
belt must be di�erent. Which part has
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a greater tension? Does your conclu-
sion about unequal tension depend on
whether the pulley is massless or not?
Assume any dimensions you need. <

driven pulley

B

driver pulley

A

D
C

MO

Problem 16.4.23

16.4.24 Two racks connected by three
constant rate gears. A 100 lbf force is
applied to one rack. At the output, the
machinery (not shown) applies a force of
FB to the other rack.

a) Assume the gear-train is spinning
at constant rate and is frictionless.
What is FB?

<

b) If the gear bearings had friction
would that increase or decreaseFB

to achieve the same constant rate?

c) If instead of applying a 100 lbf to
the left rack it is driven by a motor
(not shown) at constant speed v,
what is the speed of the right rack?
<

d) If the angular velocity of the gear
is increasing at rate � does this in-
crease or decrease FB at the given
!.

massless
rack

massless
rack

no slip

FB = ?

RA

RC
REA b C d E

no slip

100 lb

Bx

y

Problem 16.4.24: Two racks connected
by three gears.

16.4.25 -3-D accelerating gear train.
This is really a 2-D problem; each gear
turns in a di�erent parallel plane. Shaft
B is rigidly connected to gears G4 and G5.
G3 meshes with gear G6. Gears G6 and
G5 are both rigidly attached to shaft AD.
Gear G5 meshes with G2 which is welded
to shaft A. Shaft A and shaft B spin inde-
pendently. Assume you know the torque
Minput, angular velocity !input and the

angular acceleration �input of the input

shaft. Assume the bearings and contacts
are frictionless.

a) What is the input power? <

b) What is the output power? <

c) What is the angular velocity
!output of the output shaft?

<

d) What is the output torque
Moutput?

<

x

y

z

C

A

D

G1

G2 G3
G4

G6

G5

B

C D

BA

G5

G1

G2 G3

G4

G6Front view

ωout

ωin

RG5
 = 3RG2

3RG3
 = 5RG6 ωinωout

Problem 16.4.25: A 3-D gear train.

16.4.26Gear Awith radiusRA = 400mm
is rigidly connected to a drum B with
radius RB = 200mm. The com-
bined moment of inertia of the gear and
the drum about the axis of rotation is
Izz = 0:5 kg � m2. Gear A is driven by
gear C which has radius RC = 300mm.
As the drum rotates, a 5 kg mass m is
pulled up by a string wrapped around
the drum. At the instant of interest,
The angular speed and angular acceler-
ation of the driving gear are 60 rpm and
12 rpm_s, respectively. Find the acceler-
ation of the massm. <

RCRB

RA

ωC,αC

CB

A

no slip

x

y

m

Problem 16.4.26

16.4.27 A spindle and pulley arrange-
ment is used to hoist a 50 kg mass

as shown in the �gure. Assume that
the pulley is to be of negligible mass.
When the motor is running at a constant
100 rpm,

a) Find the velocity of the mass at B.
<

b) Find the tension in stringsAB and
CD. <

motor r = 150 mm

r = 250 mm

50 kgA

B

C

D
spindle

r = 300 mm

Problem 16.4.27

16.4.28 Accelerating rack and pinion.
The two gears shown are welded to-
gether and spin on a frictionless bearing.
The inner gear has radius 0:5m and neg-
ligible mass. The outer disk has 1m ra-
dius and a uniformly distributed mass of
0:2 kg. They are loaded as shown with
the force F = 20N on the massless rack
which is held in place by massless fric-
tionless rollers. At the time of interest the
angular velocity is ! = 2 rad_s (though
! is not constant). The point P is on the
disk a distance 1m from the center. At
the time of interest, point P is on the pos-
itive y axis.

a) What is the speed of point P? <

b) What is the velocity of point P? <

c) What is the angular acceleration �
of the gear? <

d) What is the acceleration of point
P? <

e) What is the magnitude of the ac-
celeration of point P? <

f) What is the rate of increase of the
speed of point P? <
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1m

.5m

no slip

P

x

y

ω

massless rack

massless
inner disk

uniform disk
m = 2kg

F=20N

Problem 16.4.28: Accelerating rack and
pinion

16.4.29 Two racks connected by a
gear. A 100 lbf force is applied to one
rack. At the output the machinery (not
shown) applies a constant force FB to the
other rack.

a) Assume the gear is spinning at
constant rate and is frictionless.
What is FB?

<

b) If the gear bearing had friction,
would that increase or decreaseFB

to achieve the same constant rate?
<

c) If the angular velocity of the gear
is increasing at rate �, does this in-
crease or decrease FB at the given
!. <

d) If the output load FB is given then
the motion of the machine can be
found, assuming friction is negli-
gible. Assume that the machine
starts from rest with a given out-
put load. So long as rack B moves
down and the output force FB is
positive, the output power is posi-
tive. The machine starts from rest
and runs for a �xed amount of
time T. For what value of FB is
the output workmaximum? Once
you �nd an answer, can you �nd
an intuitive explanation for the
answer? <

uniform disk
m = 10 lbm

massless
racks

FB = ?100 lbf

6 in

ω

Problem 16.4.29: Two racks connected
by a gear.

16.4.30 A rack and pinion con-
strained by a linear spring. Neglect
gravity. The spring is relaxed when the
angle � = 0. Assume the system is re-
leased from rest at � = �0. What is the
acceleration of the point P at the end of
the stickwhen � = 0? Answer in terms of
any or all ofm, R, l, �0, k, �{, and �|. [Hint:
There are several steps of reasoning re-
quired. You might want to draw FBD(s),
use angular momentum balance, set up
a di�erential equation, solve it, plug val-
ues into this solution, and use the result
to �nd the quantities of interest. <

P

k

R

m,ℓ

θ
ı̂

̂

Problem 16.4.30

Pendulum Problems

16.4.31 A small particle of massm is at-
tached to the end of a thin rod of mass M
(uniformly distributed), which is pinned
at hinge O, as depicted in the �gure.

a) Obtain the equation of motion
governing the rotation � of the
rod. <

b) What is the natural frequency of
the system for small oscillations
�? <

m

M

�/3

2�/3 θ

O
g

Problem 16.4.31

16.4.32 A rigid massless rod has two
equal masses mB and mC (mB = mC =
m) attached to it at distances 2l and
3l, respectively, measured along the rod
from a frictionless hinge located at a
point A. The rod swings freely from the
hinge. There is gravity. Let � denote the
angle of the rod measured from the ver-

tical. Assume that � and �� are known at
the instant of interest.

a) What is ��? Find �� in terms of m,

l, g, � and ��. <

b) What is the force of the hinge on
the rod? Solve in terms of m, l,
g, �, ��, �� and any unit vectors you
may need to de�ne. <

c) Would you get the same answers
if you put a mass 2m at 2:5l? Why
or why not? <

rigid massless bar
m

m

φ

�

2�

Problem 16.4.32

16.4.33 For the pendula in the �gure :

a) Without doing any calculations,
try to �gure out the relative dura-
tions of the periods of oscillation
for the �ve pendula (i.e. the order,
slowest to fastest) Assume small
angles of oscillation.

b) Calculate the period of small oscil-
lations. [Hint: use balance of an-
gular momentum about the point
0]. <

c) Rank the relative duration of oscil-
lations and compare to your intu-
itive solution in part (a), and ex-
plain in words why things work
the way they do.

Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap



6 Chapter 16.

(a)

(c) (d) (e)

(b)

rigid, 
massless bar

M

M

M

2m

1m

1m

1m

2m

M
M

M

θ
θ θ

g

rigid, 
massless bar

uniform bar
M = 1kg

rigid, 
massless

bar

rigid, 
massless

bar

θ θ

2m

1m

O O

O O O

Problem 16.4.33

16.4.34 A pegged compound pendu-
lum. A uniform bar of mass m and
length l hangs from a peg at point C and
swings in the vertical plane about an axis
passing through the peg. The distance d
from the center of mass of the rod to the
peg can be changed by putting the peg at
some other point along the length of the
rod.

a) Find the angular momentum of
the rod about point C. <

b) Find the rate of change of angular
momentum of the rod about C. <

c) Howdoes the period of the pendu-
lum vary with d? Show the varia-
tion by plotting the period against
d

l
. [Hint, you must �rst �nd the

equations of motion, linearize for
small �, and then solve.] <

d) Find the total energy of the rod
(using point C as a datum for po-
tential energy). <

e) Find �� when � = �_6. <

f) Find the reaction force on the rod
at C, as a function of m, d, l, �,
and ��. <

g) For the given rod, what should be
the value of d (in terms of l) in or-
der to have the fastest pendulum?
<

h) Test of Schuler's pendulum.
The pendulum with the value of
d obtained in (g) is called the
Schuler's pendulum. It is not only
the fastest pendulum but also the
�most accurate pendulum�. The
claim is that even if d changes
slightly over time due to wear at

the support point, the period of
the pendulum does not change
much. Verify this claim by calcu-
lating the percent error in the time
period of a pendulum of length
l = 1m under the following three
conditions: (i) initial d = 0:15m
and after some wear d = 0:16m,
(ii) initial d = 0:29m and after
some wear d = 0:30m, and (iii)
initial d = 0:45m and after some
wear d = 0:46m. Which pen-
dulum shows the least error in its
time period? What is the connec-
tion between this result and the
plot obtained in (c)? <

A

C
d

G

B

m

�θ

Problem 16.4.34

16.4.35 A uniform stick of length l and
mass m is a hair away from vertically up
position when it is released with no an-
gular velocity (a `hair' is a technical word
that means `very small amount, zero for
some purposes'). It falls to the right.
What is the force on the stick at point
O when the stick is horizontal. Solve in
terms of l, m, g, �{, and �|. Carefully de-
�ne any coordinates, base vectors, or an-
gles that you use. <

O

ı̂

ĵ

Problem 16.4.35

16.4.36 A massless 10 meter long bar is
supported by a frictionless hinge at one
end and has a 3:759 kg point mass at the
other end. It is released at t = 0 from
a tip angle of � = :02 radians measured
from vertically upright position (hinge at
the bottom). Use g = 10m s*2.

a) Using a small angle approxima-
tion and the solution to the result-
ing linear di�erential equation,
�nd the angle of tip at t = 1s and
t = 7s. Use a calculator, not a nu-
merical integrator. <

b) Using numerical integration of
the non-linear di�erential equa-
tion for an inverted pendulum
�nd � at t = 1s and t = 7s.

c) Make a plot of the angle versus
time for your numerical solution.
Include on the same plot the angle
versus time from the approximate
linear solution from part (a).

d) Comment on the similarities and
di�erences in your plots.

16.4.37 A zero length spring (relaxed
length l0 = 0) with sti�ness k = 5N_m
supports the pendulum shown.

a) Find �� assuming �� = 2 rad_s, � =
�_2. <

b) Find �� as a function of �� and �
(and k, l,m, and g.) <

[Hint: use vectors (otherwise it's
hard)]

[Hint: For the special case, kD =
mg, the solution simpli�es greatly.]

D = 4 m

m = 2 kg

�0 = 0
k = 5 N/m

g = 10 m/s

θ

x

y

� = 3 m
Problem 16.4.37

16.4.38 A spring-mass-damper system is
depicted in the �gure. The horizontal
damping force applied at B is given by
FD = *c �yB
The dimensions and parameters are as
follows:

rB_0 = 2ft

rA_0 = l = 3ft

k = 2 lbf_ f t

c = 0:3 lbf � s_ f t

For small �, assume that sin.�/ ù � and
cos.�/ ù 1.
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a) Determine the natural circular
frequency of small oscillations
about equilibrium for the pendu-
lum shown. The static equilib-
rium position is � = 0 (pendulum
hanging vertically), so the spring
is at its rest point in this position.
Idealize the pendulum as a point
mass attached to a rigid massless
rod of length 1, so IO = ml2. Also
use the �small angle approxima-
tion� where appropriate. <

b) Sketch a graph of � as a function
of t.t g 0/ if the pendulum is re-
leased from rest at position � =
0:2 rad when t = 0. Your graph
should show the correct qualita-
tive behavior, but calculations are
not necessary.

m

O

B

A

ck

x
y

θ

g

Problem 16.4.38

16.4.39 The asymmetric
dumbbell shown in the �gure is pivoted
in the center and also attached to a spring
at one quarter of its length from the big-
germass. When the bar is horizontal, the
compression in the spring is ys. At the in-
stant of interest, the bar is at an angle �
from the horizontal; � is small enough so

that y ù
L

2
�. If, at this position, the veloc-

ity of mass `m' is v �| and that of mass 3m

is*v �|, evaluate the power term (
³ Ç

F �
Çv)

in the energy balance equation. <

massless

L

3m m

k

Problem 16.4.39

16.4.40 The dumbbell shown in the �g-
ure has a torsional spring with spring
constant k (torsional sti�ness units are
kN�m

rad
). The dumbbell oscillates about the

horizontal positionwith small amplitude
�. At an instant when the angular veloc-

ity of the bar is �� �k, the velocity of the left

mass is *L �� �| and that of the right mass

is L �� �|. Find the expression for the power
P of the spring on the dumbbell at the in-
stant of interest. <

torsional spring

constant k

LL

2m m

ı̂

̂

Problem 16.4.40

16.4.41 A square plate with side l and
massm is hinged at one corner in a grav-
itational �eld g. Find the period of small
oscillation. <

�

g

Problem 16.4.41

16.4.42 A thin hoop of radiusR andmass
M is hung from a point on its edge and
swings in its plane. Assuming it swings
near to the position where its center of
mass G is below the hinge:

a) What is the period of its swinging
oscillations? <

b) If, instead, the hoop was set to
swinging in and out of the plane
would the period of oscillations be
greater or less? <

c) What length l of simple pendu-
lum (a massless rod with a point
mass at the end) has the same
period of oscillation of this hoop,
swinging in its plane? <

R
frictionless

pivot

G

O

θ

Problem 16.4.42

16.4.43 Oscillating disk. A uniform
disk with mass m and radius R pivots
around a frictionless hinge at its center.
It is attached to a massless spring which
is horizontal and relaxed when the at-
tachment point is directly above the cen-
ter of the disk. Assume small rotations
and the consequent geometrical simpli-
�cations. Assume the spring can carry
compression. What is the period of os-
cillation of the disk if it is disturbed from
its equilibrium con�guration? [You may
use the fact that, for the disk shown,
�ÇH
_O

=
1

2
mR2 �� �k, where � is the angle of

rotation of the disk.]. <

k

R

m

g

Problem 16.4.43

16.4.44 Robotics problem: Simplest
balancing of an inverted pendulum.
You are holding a stick upside down, one
end is in your hand, the other end stick-
ing up. To simplify things, think of the
stick as massless but with a point mass
at the upper end. Also, imagine that it is
only a two-dimensional problem (either
you can ignore one direction of falling
for simplicity or imaginewire guides that
keep the stick frommoving in and out of
the plane of the paper onwhich you draw
the problem).

You note that if youmodel your hold-
ing the stick as just having a stationary

hinge then you get �� =
g

l
sin�. Assum-

ing small angles, this hinge leads to ex-
ponentially growing solutions. Upside-
down sticks fall over. How can you pre-
vent this falling?

One way to do keep the stick from
falling over is to �rmly grab it with your
hand, and if the stick tips, apply a torque
in order to right it. This corrective torque
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8 Chapter 16.

is (roughly) how your ankles keep you
balanced when you stand upright. Your
task in this assignment is to design a
robot that keeps an inverted pendulum
balanced by applying appropriate torque.

Your model is: Inverted pendulum,
length l, point mass m, and a hinge at
the bottom with a motor that can apply
a torque Tm. The stick might be tipped
an angle � from the vertical. A hori-
zontal disturbing force F.t/ is applied to
the mass (representing wind, annoying
friends, etc).

a) Draw a picture and a FBD

b) Write the equation for angu-
lar momentum balance about the
hinge point. <

c) Imagine that your robot can sense
the angle of tip � and its rate of

change �� and can apply a torque
in response to that sensing. That is
you canmakeTm any function of�

and �� that you want. Can you �nd
a function that will make the pen-
dulum stay upright? Make a guess
(you will test it below).

d) Test your guess the following way:
plug it into the equation of motion
from part (b), linearize the equa-
tion, assume the disturbing force
is zero, and see if the solution of
the di�erential equation has ex-
ponentially growing (i.e. unsta-
ble) solutions. Go back to (c) if
it does and �nd a control strategy
that works.

e) Pick numbers andmodel your sys-
tem on a computer using the full
non-linear equations. Use initial
conditions both close to and far
from the upright position and plot
� versus time.

f) If you are ambitious, pick a non-
zero forcing function F.t/ (say a
sine wave of some frequency and
amplitude) and see how that af-
fects the stability of the solution in
your simulations.

C

A

x

y

ℓ

φ

êθ êr

m

g

Problem 16.4.44

16.4.45 A thin rod of massm and length
l is hingedwith a torsional spring of sti�-
ness K at A, and is connected to a thin
disk of mass M and radius R at B. The
spring is uncoiled when � = 0. De-
termine the natural frequency !n of the
system for small oscillations �, assuming
that the disk is:

a) welded to the rod, and <

b) pinned frictionlessly to the rod. <

A

MR
B

K

m
�

θ

g

Problem 16.4.45

Mixed Problems

16.4.46 Assume that the pulley shown
in �gure(a) rotates at a constant speed !.
Let the angle of contact between the belt
and pulley surface be �. Assume that the
belt is massless and that the condition of
impending slip exists between the pulley
and the belt. The free-body diagram of
an in�nitesimal section ab of the belt is
shown in �gure(b).

a) Write the equations of linear mo-
mentum balance for section ab of
the belt in the �{ and �| directions.

b) Eliminate the normal force N
from the two equations in part (a)
and get a di�erential equation for
the tension T in terms of the coef-
�cient of friction � and The con-
tact angle �. <

c) Show that the solution to the

equation in part (b) satis�es
T
1

T
2

=

e�� , where T1 and T2 are the ten-
sions in the lower and the upper
segments of the belt, respectively.

a
b

θ

ωdθ

a

b

dθ
dθ/2

dN

T

dFf = µdN

T+dT

(a)

(b)

T2

T1

ı̂

ĵ

Problem 16.4.46

16.4.47 A belt drive is required to trans-
mit 15 kW power from a 750mm diame-
ter pulley rotating at a constant 300 rpm
to a 500mm diameter pulley. The cen-
ters of the pulleys are located 2:5m apart.
The coe�cient of friction between the
belt and pulleys is � = 0:2.

a) (See problem 16.4.46.) Draw a
neat diagram of the pulleys and
the belt-drive system and �nd the
angle of lap, the contact angle �, of
the belt on the driver pulley.

b) Find the rotational speed of the
driven pulley. <

c) (See the �gure in prob-
lem 16.4.46.) The power transmit-
ted by the belt is given by power =
net tension � belt speed, i.e., P =
.T1 * T2/v, where v is the linear
speed of the belt. Find the max-
imum tension in the belt. [Hint:
T
1

T
2

= e�� (see problem 16.4.46).] <

d) The belt in use has a 15mm �
5mm rectangular cross-section.
Find the maximum tensile stress
in the belt. <
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16.4.48 Slippery money A round uni-
form �at horizontal platformwith radius
R and massm is mounted on frictionless
bearings with a vertical axis at 0. At the
instant of interest it is rotating counter
clockwise (looking down) with angular

velocity Ç! = !�k. A force in the xy
plane with magnitude F is applied at the
perimeter at an angle of 30ý from the ra-
dial direction. The force is applied at a
location that is � from the �xed positive
x axis. At the instant of interest a small
coin sits on a radial line that is an an-
gle � from the �xed positive x axis (with
massmuchmuch smaller thanm). Grav-
ity presses it down, the platform holds it
up, and friction (coe�cient=�) keeps it
from sliding.

Find the biggest value of d for which
the coin does not slide in terms of some
or all of F;m; g; R; !; �; �, and �. <

dw

coin

F
R

0 φ

θ 30°

g

x

z

y

Problem 16.4.48

16.4.49 Frequently parents will build a
tower of blocks for their children. Just
as frequently, kids knock them down. In
falling (even when they start to topple
aligned), these towers invariably break in
two (or more) pieces at some point along
their length. Why does this breaking oc-
cur? What condition is satis�ed at the
point of the break? Will the stack bend
towards or away from the �oor after the
break? <

This? This?or
Problem 16.4.49
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