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1 Accuracy of planar analysis.

The planar analysis might be accurate

for one of two di�erent reasons: 1)

the objects are nearly planar, or 2) the

projection of the 3D equations to 2D

gives the planar equations.
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Figure 16.47: a) A rigid object rotates

about 0. It has center of mass at G.

Forces
Ç

F1 and
Ç

F2 are applied. b) The

free-body diagram shows all the forces

acting on the object, including the re-

action force (
Ç

F0 = F0x �{+F0y �|) at 0 and

the gravity forcemg at G.

16.4 Dynamics of a rigid object in
planar circular motion

We now want to �nd what we can about the forces on and motions of

a single planar object that is hinged at one point. The most famous ex-

amples are pendula and gears. But many things move like pendula, like

people or towers falling over or boats rocking in the water. And many

machine parts besides gears rotate about a bearing including propellers,

lawn mower blades, and printing-press rollers. None of these things are

strictly planar objects, but, for many analyses, the planar approximation

is more or less accurate 1 .

The basic method, as always, is to use a free-body diagram and kine-

matics results to evaluate terms in the linear momentum, angular mo-

mentum and energy balance equations. Then these equations are used to

calculate unknown forces or to �nd di�erential equations of motion. The

terms involving force and moment are found from a free-body diagram

exactly as in statics. The terms involving motion, namely momentum,

angular momentum and energy, are evaluated using the various tools de-

veloped earlier in this chapter.

Mechanics and the motion quantities

We can evaluate all the momentum and energy terms in the equations of

motion (inside cover), namely:
Ç

L; �
Ç

L;
Ç

H_C;
�ÇH
_C
; EK and �EK (for any refer-

ence point C of our choosing) if we can calculate the velocity and accel-

eration of every point in the system. For circular motion of a rigid object

about point C,we know from sec. 16.2 that the velocities and accelerations

of a point at
Ç

r =
Ç

r_C are

Ç

v =
Ç

! �
Ç

r;
Ç

a = �Ç! �
Ç

r +
Ç

! � .
Ç

! �
Ç

r/;

= �Ç! �
Ç

r * !2Çr

where
Ç

! is the angular velocity of the object relative to a �xed frame. This

situation is a little more complex than the special case of straight-linemo-

tion in chapter 14, where all points in a system had the same acceleration

as each other, but is still quite manageable. The most general case of 2D

rigid-object circular motion is an arbitrarily shaped 2D rigid object with

arbitrary ! and �!. The situation shown in �g. 16.47 shows the general

case (but in that example exactly two forces are applied, as opposed to an

arbitrary number).

Linear momentum:
Ç

L and �

Ç

L

For any system in any motion we have the general result that

Ç

L = mtot
Ç

vcm and �ÇL = mtot
Ç

acm:
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For a rigid object, the center-of-mass is a particular point G that is �xed

relative to the object. So the velocity and acceleration of that point can be

expressed the same way as for any other point. So, for an object in planar

rotational motion about 0

Ç

L = mtot
Ç

! �
Ç

rG_0

and

�ÇL = mtot

�
�Ç! �

Ç

rG_0 * !2ÇrG_0

�
«­­­­­¯­­­­­¬

Ç

aG

:

If the center-of-mass is at 0 themomentum and its rate of change are both

zero. But if the center-of-mass is o� the axis of rotation, there must be a

net force on the object with a component parallel to
Ç

r0_G (if ! � 0) and

also a component orthogonal to
Ç

r0_G (if �! � 0). This net force might be

applied at 0 or G or any other place(s) on the object.

Angular momentum:
Ç

H
_O

and �

Ç

H
_O

The angular momentum itself is easy enough to calculate, using the short

hand notation that
Ç

r is the position vector
Ç

r_0 of a point relative to hinge

point O.
Ç

H
_O

= Ê
all mass

Ç

r �
Ç

vdm (a)

= Ê Ç

r � .
Ç

! �
Ç

r/dm (b)

= !�k Ê r2 dm (c)

= IOzz
«̄ ¬

B
BM

IOzz is the `polar' moment
of inertia.

!�k

Ù H0 = !IOzz (d)

(16.35)

Here eqn. (16.35)c is a vector equation. But since both sides are in the �k

direction we can dot both sides with �k to get the scalar moment equation

eqn. (16.35)d, taking bothMnet and ! as positive when counterclockwise.

The moment of inertia shortcut. Note that an integral over all

the mass of
Ç

r �
Ç

v has been reduced to a simple multiplication by

using that

Ê r2 dm = I0zz:
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2 Forces distributed on a curve, sur-

face or throughout a volume could be

treated similarly with sums replaced

by line, surface, or volume integrals.

This shortcut is especially useful because � r2 dm does not change

as the object rotates about 0.

However, themoment of inertia is never needed for problem solving. One

can just evaluate, for example,
Ç

H
_O

by evaluating the integral � Ç

r �
Ç

vdm

for the speci�c problem at hand.

To get the all important term for angular momentum balance, namely
�ÇH/0, for this system we can di�erentiate eqn. (16.35). We can also use

the general expression for �ÇH
_O

to write the angular momentum balance

equation as follows.

�ÇH
_O

= rate of change of angular momentum
_0

(a)

= Ê
all mass

Ç

r �
Ç

adm (b)

= Ê Ç

r � r̀rp
*!2Çr + �! �k �

Ç

r
«­­­¯­­­¬

Ç

a

assq
dm (c)

= Ê Ç

r �
�
�! �k �

Ç

r
�
dm .because

Ç

r �
Ç

r =
Ç

0/ (d)

= Ê Ç

r �
�
�! �k �

Ç

r
�
dm (e)

�ÇH
_O

= �! �k Ê r2 dm = �!I0zz
�k (f)

Ù �H_0 = �! Ê r2 dm = �!I0zz (g)

(16.36)

We get from eqn. (16.36)e to eqn. (16.36)f by noting that
Ç

r is perpendicular

to �k. Thus, using the right hand rule twice we get
Ç

r � . �k �
Ç

r/ = r2 �k.

Eqn. 16.36f and eqn. (16.36)g are the vector and scalar versions for the

rate of change of angular momentum with respect to point 0 for rotation

of a planar object about 0. Repeating,

�ÇH
_O

= �! �k Ê r2 dm = �!I0zz
�k

and �H_0 = �! Ê r2 dm = �!I0zz: (16.37)

Again, �ÇH
_O

can always be evaluated either of two ways: 1) as a sum or

integral of
Ç

r_0 �
Ç

a over all the mass or 2) using the shortcut with I0zz.

Power and Energy

Let's assume that there are a set of point forces applied to an object 2 .
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And, to be contrary, let's assume the mass is continuously distributed

(the derivation for rigidly connected point masses would be similar). The

power balance equation for one rotating rigid object is (discussed below):

Net power in = rate of change of kinetic energy (a)

P = �EK (b)É
all applied forces

Ç

Fi �
Ç

vi =
d

dt
Ê
all mass

1

2
v2 dm (c)

É
Ç

Fi �
�
Ç

! �
Ç

ri
�

=
d

dt
Ê 1

2
.
Ç

! �
Ç

r/ � .
Ç

! �
Ç

r/dm (d)

É
Ç

! � .
Ç

ri �
Ç

Fi/ =
d

dt
Ê 1

2
!2r2 dm (e)

Ç

! �
É

.
Ç

ri �
Ç

Fi/ =
d

dt
01
2
!21 Ê r2 dm (f)

Ç

! �
É

Ç

M i = �!! Ê r2 dm (g)

Ç

! �
Ç

Mtot = �Ç! � 0Ç! Ê r2 dm1
«­­­¯­­­¬

Ç

H_0

(h)

(16.38)

When not directly labeled, positions and moments are assumed to be rel-

ative to the hinge at 0. Derivation 16.38 is two derivations in one. The left

side about power and the right side about kinetic energy. Let's discuss

one at a time.

Power. On the left side of eqn. (16.38) we note in (c) that the power of

each force is the dot product of the force with the velocity of the point

it touches. In (d) we use what we know about the velocities of points on

rotating rigid bodies. In (e) we use the vector identity
Ç

A �
Ç

B�
Ç

C =
Ç

B �
Ç

C�
Ç

A

(see sec. 1.3, 82). In (f) we note that
Ç

! is common to all points so factors

out of the sum. In (g) we note that
Ç

r�
Ç

Fi is the moment of the force about

pt O. And in (g) we sum the moments of the forces. So the power of a set

of forces acting on a rigid object is the product of their net moment (about

0) and the object angular velocity,

P =
Ç

! �
Ç

Mtot: (16.39)

Kinetic energy. On the right side of eqn. (16.38) we note in (c) that the

kinetic energy is the sum of the kinetic energy of the mass increments.

In (d) we use what we know about the velocities of these bits of mass,

given that they are on a common rotating object. In (e) we use that the

magnitude of the cross product of orthogonal vectors is the product of the

magnitudes (ðÇA�
Ç

Bð = AB) and that the dot product of a vector with itself

is its magnitude squared (
Ç

A �
Ç

A = A2). In (f) we factor out !2 because it is
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Figure 16.48: A uniform disk turned

by a motor at a constant rate. The

free-body diagram shows a force and

moment equivalent to the force sys-

tem that acts including gravity, bear-

ing forces, etc. A bit of mass dm occu-

pies the space between the radial lines

at � and �+d� and between the circles

at radii R and R + dR.

common to all the mass increments and note that the remaining integral

is constant in time for a rigid object. In (g) we carry out the derivative.

In (h) we de-simplify the result from (g) in order to show a more general

form that we will �nd later in 3D mechanics. Eqn. (h) follows from (g)

because
Ç

! is parallel to �Ç! for 2D rotations.

Note that we started here with the basic power balance equation from

the front inside cover. Instead, we could have derived power balance from

our angular momentum balance expression (see box 16.8 on 5).

Example: Spinning disk

The round �at uniform disk in �g. 16.48 is in the xy plane spinning at the con-

stant rate Ç! = !�k about its center. It has massmtot and radius R0. What force is

required to cause this motion? What torque? What power?

From linear momentum balance we have:É
Ç

F i = �ÇL = mtot
Çacm =

Ç

0;

Which we could also have calculated by evaluating the integral �ÇL � � Çadm

instead of using the general result that �
Ç

L = mtot
Çacm. From angular momentum

balance we have:É
Ç

M i_O = �ÇH_O

Ù
Ç

M = Ê Çr_O �
Çadm

= Ê
R
0

0

Ê
2�

0

.R �e
R
/ � .*R!2 �e

R
/

�
© ® ª

Hmtot

�R2
O

I
dA

©­®­ª

R d� dR

«­­­­¯­­­­¬
dm

= Ê Ê Ç

0 d� dR

=
Ç

0:

So the net force and moment needed are
Ç

F =
Ç

0 and
Ç

M =
Ç

0. Like a particle that

moves at constant velocity with no force, a uniform disk rotates at constant rate

with no torque (at least in 2D).

16.8 The relation between angular momentum balance
and power balance

For this system, angular momentum balance can be derived from
power balance and vice versa. Thus neither is essentially more
fundamental than the other and both are reliable. First we can de-
rive power balance from angular momentum balance as follows:

Ç

Mnet = �! �k � r2 dm
Ç

! �

Ç

Mnet = Ç

! �

�
�! �k � r2 dm

�
:

P = �EK

(16.40)

That is, when we dot both sides of the angular momentum equa-
tion with Ç! we get on the left side a term which we recognize as
the power of the forces and on the right side a term which is the
rate of change of kinetic energy.

The opposite derivation starts with the power balance
�g. 16.38(g)

Ç

! �

É
Ç

M i = �!! Ê r2 dm (g)

Ù !

�
�k �

É
Ç

M i

�
= �!! Ê r2 dm

Ù

�
�k �

É
Ç

M i

�
= �! Ê r2 dm

(16.41)

and, assuming ! � 0, divide by ! to get the angular momentum
equation for planar rotational motion.
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Figure 16.49: A two-dimensional body

is rotating around the point O at con-

stant rate !. A di�erential bit of mass

dm is shown. The center-of-mass is

also shown.

Using moment-of-inertia in 2-D circular motion
dynamics

Once one knows the velocity and acceleration of all points in a system one

can �nd all of the motion quantities in the equations of motion by adding

or integrating using the de�ning sums from earlier chapters. This addi-

tion or integration is an impractical task formanymotions ofmany objects

where the required sums may involve billions and billions of atoms or a

di�cult integral. As you recall from earlier chapters, the linear momen-

tum and the rate of change of linear momentum can be calculated by just

keeping track of the center-of-mass of the system of interest. One wishes

for something so simple for the calculation of angular momentum.

It turns out that we are in luck if we are only interested in the two-

dimensional motion of two-dimensional rigid bodies. The luck is not so

great for 3-D rigid bodies but still there is some simpli�cation. For gen-

eral motion of non-rigid bodies there is no simpli�cation to be had. The

simpli�cation is to use the moment of inertia for the bodies rather than

evaluating the momenta and energy quantities as integrals and sums. Of

course one may have to do a sum or integral to evaluate I � Icmzz or [I
cm
]

but once this calculation is done, one need not work with the integrals

while worrying about the dynamics. At this point we will assume that

you are comfortable calculating and looking-up moments of inertia. We

proceed to use it for the purposes of studyingmechanics. For constant rate

rotation, we can calculate the velocity and acceleration of various points

on a rigid body using
Ç

v =
Ç

! �
Ç

r and
Ç

a =
Ç

! � .
Ç

! �
Ç

r/. So we can calcu-

late the various motion quantities of interest: linear momentum
Ç

L, rate

of change of linear momentum �ÇL, angular momentum
Ç

H, rate of change

of angular momentum �ÇH, and kinetic energy EK.

Consider a two-dimensional rigid body like that shown in �g. 16.49.

Now let us consider the variousmotion quantities in turn. First the linear

momentum
Ç

L. The linear momentum of any system in any motion is
Ç

L =
Ç

vcmmtot. So, for a rigid body spinning at constant rate ! about point

O (using
Ç

! = !�k):

Ç

L =
Ç

vcmmtot =
Ç

! �
Ç

rcm_omtot:

Similarly, for any system, we can calculate the rate of change of linear

momentum �ÇL as �ÇL =
Ç

acmmtot. So, for a rigid body spinning at constant

rate,
�ÇL =

Ç

acmmtot =
Ç

! � .
Ç

! �
Ç

rcm_o/mtot:

That is, the linear momentum is correctly calculated for this special mo-

tion, as it is for all motions, by thinking of the body as a point mass at the

center-of-mass.

Unlike the calculation of linear momentum, the angular momentum

turns out to be something di�erent than would be calculated by using a

point mass at the center of mass. You can remember this important fact

by looking at the casewhen the rotation is about the center-of-mass (point
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3 Note that the angular momentum

about some other point thanOwill not

be constant unless the center-of-mass

does not accelerate (i.e., is at point O).

O coincides with the center-of-mass). In this case one can intuitively see

that the angular momentum of a rigid body is not zero even though the

center-of-mass is not moving. Here's the calculation just to be sure:

Ç

H
_O

= � Çr_O �
Ç

vdm (by de�nition of
Ç

H
_O

)

= � Çr_O � .
Ç

! �
Ç

r_O/dm (using Çv =
Ç

! �
Ç

r)

= � .x_O �{ + y_O �|/ �
�
.!�k/ � .x_O �{ + y_O �|/

�
dm (substituting Çr_O and Ç!)

= ^� .x2
_O

+ y2
_O
/dm`!�k (doing cross products)

= ^� r2
_O
dm`!�k

= IO
zz

«̄ ¬

BBM

IO
zz

is the `polar' moment of
inertia.

!�k

We have de�ned the `polar' moment of inertia as Iozz = � r2
_o
dm. In order

to calculate Iozz for a speci�c body, assuming uniform mass distribution

for example, one must convert the di�erential quantity of mass dm into

a di�erential of geometric quantities. For a line or curve, dm = �dl; for

a plate or surface, dm = �dA, and for a 3-D region, dm = �dV. dl,

dA, and dV are di�erential line, area, and volume elements, respectively.

In each case, � is the mass density per unit length, per unit area, or per

unit volume, respectively. To avoid clutter, we do not de�ne a di�erent

symbol for the density in each geometric case. The di�erential elements

must be further de�ned depending on the coordinate systems chosen for

the calculation; e.g., for rectangular coordinates, dA = dxdy or, for polar

coordinates, dA = rdrd�.

Since
Ç

H and
Ç

! always point in the �k direction for two dimensional

problems people often just think of angular momentum as a scalar and

write the equation above simply as `H = I!,' the form usually seen in

elementary physics courses.

The derivation above has a feature that one might not notice at �rst

sight. The quantity called IOzz does not depend on the rotation of the body.

That is, the value of the integral does not change with time, so IOzz is a

constant. So, perhaps unsurprisingly, a two-dimensional body spinning

about the z-axis through O has constant angular momentum about O if it

spins at a constant rate. 3

�ÇH
_O

=
Ç

0:

Now, of course we could �nd this result about constant ratemotion of 2-D

bodies somewhatmore cumbersomely by plugging in the general formula
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Figure 16.50

4 2D vs 3D. Beware of falling into the

common misconception that the for-

mulaM = I� applies in three dimen-

sions by just thinking of the scalars as

vectors and matrices. In 3D the for-

mula
�ÇH
_O

= [I
O

] �

�Ç!
«̄ ¬
Ç

�

is only correct when Ç! is zero or when
Ç! is an eigen vector of [I_O]. That is,

the vector equationÉ
Moments about O = [I

O

] �

Ç�

is generally wrong in 3D.

for rate of change of angular momentum as follows:

�ÇH
_O

= � Ç

r_O �
Ç

adm

= � Ç

r_O � .
Ç

! � .
Ç

! �
Ç

r_O//dm

= � .x_O �{ + y_O �|/ �
�
!�k � .!�k � .x_O �{ + y_O �|//

�
dm

=
Ç

0:

(16.42)

Usingmoment of inertia about the center ofmass. Often it is easier

to think of the motion as composed of two parts, motion of the center of

mass and motion relative to the center of mass, as explained in box 16.9

on page 9. Thus we have two terms for angular momentum
Ç

H
_O

and its

rate of change �ÇH
_O
:

Ç

H
_O

=
Ç

rG_O �m
Ç

vcm + Icmzz !
�k (16.43)

�ÇH
_O

=
Ç

rG_O �m
Ç

acm + Icmzz �
�k (16.44)

Kinetic energy. Finally, we can calculate the kinetic energy by adding

up
1

2
miv

2
i
for all the bits of mass on a 2-D body spinning about the z-axis:

EK = Ê 1

2
v2 dm = Ê 1

2
.!r/2 dm =

1

2
!2 Ê r2 dm =

1

2
Iozz!

2 : (16.45)

The kinetic energy can also bewritten as a sumof contributions ofmotion

of the center of mass and motion relative to the center of mass,

EK =
1

2
mv2cm +

1

2
Icmzz !

2 : (16.46)

Example: Pendulum disk

For the disk shown in �g. 16.50, we can calculate the rate of change of angular

momentum about point O as

�ÇH
_O

=
ÇrG_O �mÇacm + Icmzz �

�k

= R2m �� �k + Icmzz
�� �k

= .Icmzz + R2m/ �� �k:

Alternatively, we could calculate directly

�ÇH
_O

= IOzz�
�k

= .Icmzz + R2m/
«­­¯­­¬

BBM

by the parallel axis theo-

rem

�� �k:

Note that we are using the planarity of the objects and of their motion for

our calculations 4 .
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The equation for linear momentum balance is the same as always, we

just need to calculate the acceleration of the center-of-mass of the spin-

ning body.

�ÇL = mtot

Ç

acm = mtot

�
Ç

! � .
Ç

! �
Ç

rcm_O/ +
�Ç! �

Ç

rcm_O

�
(16.47)

Finally, the kinetic energy for a planar rigid body rotating in the plane is:

EK =
1

2
Ç

! � .[I
cm
] �

Ç

!/ +
1

2
m v2cm
«̄ ¬

���
Ç

vcm =
Ç

! �
Ç

rcm_O

:

16.9 Simplifying
Ç

H
_C

using the center of mass

The de�nition of angular momentum relative to a point C is

Ç

H
_C

=
É
Ç

ri_C �mi
Ç

vi :

If we rewrite Çvi as

Ç

vi = .Çvi *
Ç

vcm/ +
Ç

vcm = Ç

vi_cm + Ç

vcm

and
Ç

ri = .Çri *
Ç

rcm/ +
Ç

rcm = Ç

ri_cm +Çrcm

then

Ç

H
_C

=
É�

Ç

rcm +Çri_cm

�
�
�
Ç

vcm + Ç

vi_cm

�
mi :

=
É
Ç

rcm � Çvcmmi +
É
Ç

ri_cm � Çvi_cmmi

+
É
Ç

rcm � Çvi_cmmi +
É
Ç

ri_cm � Çvcmmi

= Ç

rcm � Çvcmmtot +
É
Ç

ri_cm � Çvi_cm mi

+Çrcm �
�É

Ç

vi_cm mi

�

«­­­¯­­­¬
Ç

0

+
�É

Ç

ri_cm mi

�

«­­­¯­­­¬
Ç

0

�Çvcm

So,

Ç

H
_C

= Ç

rcm � Çvcmmtot
«­­­¯­­­¬

���

contribution of cen-
ter of mass motion

+
É
Ç

ri_cm � Çvi_cm mi
«­­­­­¯­­­­­¬

BBM

contribution of
motion relative to
center-of-mass

:

The reason
³
Ç

ri_cm mi =
Ç

0 is somewhat intuitive. It is what you

would calculate if youwere looking for the center-of-mass relative
to the center of mass. More formally,

É
Ç

ri_cm mi =
É

.Çri *
Ç

rcm/mi

=
É
Ç

ri mi
«­¯­¬

m
tot

Ç

r
cm

*mtot
Ç

rcm

=
Ç

0:

Similarly,
³
Ç

vi_cm mi =
Ç

0 because it is what you would calculate

if you were looking for the velocity of the center-of-mass relative
to the center of mass.

The central result of this box is that

angular momentum of any system is that due to motion
of the center-of-mass plus motion relative to the center-of-
mass.
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θ

Figure 16.51: A rod goes in circles at a

constant rate.

B

O

mg
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G
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Ry

M

(a) FBD of rod+ball system

dm 

O

s

ds

(b) Calculation of        of the rod˙⇀HO

θ

λ̂

Figure 16.52: A rod goes in circles at a

constant rate.

1 The values obtained above make

sense (at least qualitatively). To make

the rod and the ball go up from the 0ý

position, the motor has to apply some

torque in the counterclockwise direc-

tion. In the 90ý position no torque is

required for the dynamic balance. In

the 180ý position the system is acceler-

ating downwards under gravity; there-

fore, the motor has to apply a clock-

wise torque to make the system main-

tain a uniform speed.

SAMPLE 16.13 A rod in a constant rate circular motion: A uniform

rod of mass m and length l is connected to a motor at end O. A ball of

mass m is attached to the rod at end B. The motor turns the rod in the

counterclockwise direction at a constant angular speed!. There is gravity

pointing in the * �| direction. Find the torque applied by the motor (i) at

the instant shown and (ii) when � = 0ý; 90ý; 180ý. How does the torque

change if the angular speed is doubled?

Solution The FBD of the rod and ball system is shown in Fig. 16.52(a). Since the system

is undergoing circular motion at a constant speed, the acceleration of the ball as well as

every point on the rod is just radial (pointing towards the center of rotationO) and is given

by Ça = *!2r ��where r is the radial distance from the center O to the point of interest and
�� is a unit vector along OB pointing away from O (Fig. 16.52(b)).

Angular Momentum Balance about point O givesÉ
Ç

M
O
= �ÇH

_OÉ
Ç

M
O

= ÇrG_O � .*mg �|/ + ÇrB_O � .*mg �|/ +M�k

= *
l

2
cos �mg �k * l cos �mg �k +M�k

= .M *
3l

2
mg cos �/ �k (16.48)

�ÇH
_O

=

.
�Ç
H
_O

/
ball

©­­®­­ª
ÇrB_O �mÇaB +

.
�Ç
H
_O

/
rod

©­­­­­®­­­­­ª

Ê
m

Çrdm_O � Çadm dm

= l �� � .*m!2l ��/ + Ê
m

Ç

r
dm_O
©®ª

s �� �

Ç

a
dm©­®­ª

.*!2s ��/dm

=
Ç

0 (since �� � �� =
Ç

0) (16.49)

(i) Equating (16.48) and (16.49) we get

M =
3

2
mgl cos �:

M =
3

2
mgl cos �

(ii) Substituting the given values of � in the above expression we get

M.� = 0ý/ =
3

2
mgl; M.� = 90ý/ = 0 M.� = 180ý/ = *

3

2
mgl

M.0ý/ =
3

2
mgl; M.90ý/ = 0 M.180ý/ = *

3

2
mgl

1

It is clear from the expression of the torque that it does not depend on the value of the

angular speed !! Therefore, the torque will not change if the speed is doubled. In fact, as

long as the speed remains constant at any value, the only torque required to maintain the

motion is the torque to counteract the moments due to gravity at O.
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y

a = 4 ft

b = 2 ft G

O

Figure 16.53: A rectangular plate is

released from rest from the position

shown.
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êR

⇀
r G/O

ı̂

ĵ
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êθ

Figure 16.54: (a) The free-body dia-

gram of the plate. (b) Computation

of the integral in �ÇH
_O

= �! �k �
m
r2dm.

(c) The geometry of motion. From the

given dimensions, �e
R
=

a�{*b �|
ù
.a2+b2/

,

�e
�
=

b�{+a �|
ù
.a2+b2/

, and rG_O =

ù
a2+b2

2
.

SAMPLE 16.14 At the onset of circular motion: A 2¨ � 4¨ rectangular

plate of mass 20 lbm is pivoted at one of its corners as shown in the �gure.

The plate is released from rest in the position shown. Find the force on

the support immediately after release.

Solution The free-body diagram of the plate is shown in Fig. 16.54. The force
Ç

F applied

on the plate by the support is unknown.

The linear momentum balance for the plate givesÉ
Ç

F = mÇaG

Ç

F *mg �| = m. �� rG_O �e� *
��2rG_O �eR/

= m �� rG_O �e� (since �� = 0 at t = 0): (16.50)

Thus to �nd
Ç

F we need to �nd ��.

The angular momentum balance for the plate about the �xed support point O gives

Ç

MO = �ÇHO

where
Ç

MO = ÇrG_O �mg.* �|/

= .
a

2
�{ *

b

2
�|

«­¯­¬
Ç

r
G_O

/ �mg.* �|/ = *mg
a

2
�k;

and

�ÇH
_O

= �! �k Ê
m

r2dm = �� �k Ê
b

0

Ê
a

0

r2

©­®­ª

.x2 + y2/

dm
©­®­ª
m

ab
dxdy

=
m.a2 + b2/

3
�� �k:

Thus,

*mg
a

2
�k =

m.a2 + b2/

3
�� �k

Ù �� = *
3ga

2.a2 + b2/

= *
3 � 32:2 f t_s2 � 4 f t

2.16 + 4/ f t
2

= *9:66 rad_s2:

From eqn. (16.50), the support force is now readily calculated:

Ç

F = mg �| +m �� rG_O �e�

= mg �| +m ��

ù
a2 + b2

2

b�{ + a �|ù
.a2 + b2/

=
1

2
m ��b�{ + .mg +

1

2
m ��a/ �|

Using the given numerical values ofm; a, and b, �� = *9:66 rad_s2, and g = 32:2 f t_s2, we

get
Ç

F = .*6�{ + 8 �|/ lbf :

Ç

F = .*6�{ + 8 �|/ lbf
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Figure 16.55: A compound gear train.
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Figure 16.56:

SAMPLE 16.15 A compound gear train. When the gear of an input

shaft, often called the driver or the pinion, is directly meshed in with the

gear of an output shaft, the motion of the output shaft is opposite to that

of the input shaft. To get the output motion in the same direction as that

of the input motion, an idler gear is used. If the idler shaft has more than

one gear in mesh, then the gear train is called a compound gear train.

In the gear train shown in Fig. 16.55, the input shaft is rotating at 2000

rpm and the input torque is 200 N-m. The e�ciency (de�ned as the ratio

of output power to input power) of the train is 0.96 and the various radii

of the gears are: R
A
= 5 cm; R

B
= 8 cm; R

C
= 4 cm; and R

D
= 10 cm.

Find

1. the input power Pin and the output power Pout,

2. the output speed !out, and

3. the output torque.

Solution

1. The power:

Pin = Min!in = 200N�m � 2000 rpm

= 400000N�m �
¡rev

¡min
�

2�

1 ¡rev
�
1 ¡min

60 s

= 41887:9Nm_s ù 42 kW:

Ù pout = e�ciency � Pin = 0:96 � 42 kW ù 40 kW

Pin = 42 kW; pout = 40 kW

2. The angular speed of meshing gears can be easily calculated by realizing that the

linear speed of the point of contact has to be the same irrespective of which gear's

speed and geometry is used to calculate it. Thus,

vP = !in RA = !B RB

Ù !B = !in �
RA

RB

and vR = !C RC = !out RD

Ù !out = !C �
RC

RD

But !C = !B

Ù !out = !in �
RA

RB

�
RC

RD

= 2000 rpm �
5

8
�
4

10
= 500 rpm:

!out = 500 rpm

3. The output torque,

Mout =
Pout

!out

=
40 kW

500 rpm
=

40

500
� 1000

N�m

¡ s
�

¡min

¡rev
�
1 ¡rev

2�
�

60¡ s

1 ¡min

= 764N�m:

Mout = 764N�m
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Figure 16.57: An accelerating com-

pound gear train.
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Figure 16.58: The velocity or acceler-

ation of the point of contact between

two meshing gears has to be the same

irrespective of which meshing gear's

geometry and motion is used to com-

pute them.

SAMPLE 16.16 An accelerating gear train. In the gear train shown in

Fig. 16.57, the torque at the input shaft isMin = 200N�m and the angular

acceleration is �in = 50 rad_s2. The radii of the various gears are: R
A
=

5 cm; R
B
= 8 cm; R

C
= 4 cm; and R

D
= 10 cm and themoments of inertia

about the shaft axis passing through their respective centers are: I
A

=

0:1 kg m2; I
BC

= 5I
A
; I

D
= 4I

A
. Find the output torqueMout of the gear

train.

Solution Since the di�erence between the input power and the output power is used in

accelerating the gears, we may write

Pin * Pout = �EK

LetMout be the output torque of the gear train. Then,

Pin * Pout = Min !in *Mout !out: (16.51)

Now,

�EK =
d

dt
.EK/ (16.52)

=
d

dt
01
2
IA !

2
in
+

1

2
IBC !

2
BC

+
1

2
ID !

2
out1

= IA !in �!in + IBC !BC �!BC + ID !out �!out

= IA !in �in + 5IA !BC �BC + 4IA !out �out: (16.53)

The di�erent !'s and the �'s can be related by realizing that the linear speed or the tan-

gential acceleration of the point of contact between any two meshing gears has to be the

same irrespective of which gear's speed and geometry is used to calculate it. Thus, using

the linear speed and tangential acceleration calculations for points P and R in Fig. 16.58,

we can �nd !B, �B and !out, �out. Considering the linear speed of point P, we �nd

vP = !in RA = !B RB

Ù !B = !in �
RA

RB

;

and considering the tangential acceleration of point P, .aP/� , we �nd

.aP/� = �in RA = �B RB

Ù �B = �in �
RA

RB

:

Similarly,

vR = !C RC = !out RD

Ù !out = !C �
RC

RD

;

and

.aR/� = �C RC = �out RD

Ù �out = �C �
RC

RD

:

But

!C = !B = !BC

Ù !out = !in �
RA

RB

�
RC

RD
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and

�C = �B = �BC

Ù �out = �in �
RA

RB

�
RC

RD

:

Substituting these expressions for !out; �out; !BC and �BC in equations (16.51) and

(16.53), we get

Pin * Pout = Min !in *Mout!in �
RA

RB

�
RC

RD

= !in 0Min *Mout �
RA

RB

�
RC

RD

1 :
�EK = IA L!in�in + 5!in�in 0RA

RB

12 + 4!in�in 0RA

RB

�
RC

RD

12M
= IA!in L�in + 5�in 0RA

RB

12 + 4�in 0RA

RB

�
RC

RD

12M :
Now equating the two quantities, Pin*Pout and �EK, and canceling !in from both sides, we

obtain

Mout

RA

RB

�
RC

RD

= Min * IA�in L1 + 5 0RA

RB

12 + 4 0RA

RB

�
RC

RD

12M
Mout

5

8
�
4

10
= 200N�m* 5kg m2 � rad_s2 L1 + 5 05

8
12 + 4 05

8
�
4

10
12M

Mout = 735:94N�m

ù 736N�m:

Mout = 736N�m
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Figure 16.59: Two drums with strings

wrapped around are used to pull up a

massm.
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Figure 16.60: Free-body diagram of

the drums and the mass m. T is the

tension in the string supporting mass

m and Ox and Oy are the reactions of

the support at O.

SAMPLE 16.17 Drums used as pulleys. Two drums, A and B of radii

R
o
= 200mm and R

i
= 100mm are welded together. The combinedmass

of the drums is m
D
= 20 kg and the combined moment of inertia about

the z-axis passing through their common center O is I
zz_O = 1:6 kg m2. A

string attached to andwrapped around drumB supports amassm = 2kg.

The string wrapped around drum A is pulled with a force F = 20N as

shown in Fig. 16.59. Assume there is no slip between the strings and the

drums. Find

1. the angular acceleration of the drums,

2. the tension in the string supporting massm, and

3. the acceleration of massm.

Solution The free-body diagram of the drums and the mass are shown in Fig. 16.60

separately where T is the tension in the string supporting massm and Ox and Oy are the

support reactions at O. Since the drums can only rotate about the z-axis, let

Ç! = !�k and �Ç! = �! �k:

Now, let us do angular momentum balance about the center of rotation O:É
Ç

M
O
= �ÇH

_OÉ
Ç

M
O

= TRi
�k * FRo

�k

= .TRi * FRo/
�k:

Since the motion is restricted to the xy-plane (i.e., 2-D motion), the rate of change of

angular momentum �ÇH
_O

may be computed as

�ÇH
_O

= Izz_cm �! �k + Çrcm_O � Çacm mD

= Izz_O �! �k + ÇrO_O
«̄ ¬

0

� Çacm
«̄ ¬

0

mD

= Izz_O �! �k:

Setting
³ Ç

M
O
= �ÇH

_O
we get

TRi * FRo = Izz_O �!: (16.54)

Now, let us write linear momentum balance,
³ Ç

F = mÇa, for massm:

.T *mg/ �|
«­­¯­­¬

³Ç
F

= mÇa:

Do we know anything about acceleration Ça of the mass? Yes, we know its direction (, �|)

and we also know that it has to be the same as the tangential acceleration .ÇaD/� of point

D on drum B (why?). Thus,

Ça = .ÇaD/�

= �! �k � .*Ri �{/

= * �!Ri �|: (16.55)
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Therefore,

T *mg = *m �!Ri : (16.56)

1. Calculation of �!: We now have two equations, (16.54) and (16.56), and two un-

knowns, �! and T. Subtracting Ri times Eqn.(16.56) from Eqn. (16.54) we get

*FRo +mgRi = .Izz_O +mR2
i
/ �!

Ù �! =
*FRo +mgRi

.Izz_O +mR2
i
/

=
*20N � 0:2m + 2kg � 9:81m_s2 � 0:1m

1:6 kg m2 + 2kg � .0:1m/2

=
*2:038 kg m2_ s2

1:62 kg m2

= *1:258
1

s2

�Ç! = *1:26 rad_s2 �k

2. Calculation of tension T: From equation (16.56):

T = mg *m �!Ri

= 2kg � 9:81m_s2 * 2kg � .*1:26 s*2/ � 0:1m

= 19:87N

T = 19:87N

3. Calculation of acceleration of the mass: Since the acceleration of the mass

is the same as the tangential acceleration of point D on the drum, we get (from

eqn. (16.55))

Ça = .ÇaD/� = * �!Ri �|

= *.*1:26 s*2/ � 0:1m

= 0:126m_s2 �|

Ça = 0:13m_s2 �|

Comments: It is important to understand why the acceleration of the mass is the same

as the tangential acceleration of point D on the drum. We have assumed (as is common

practice) that the string is massless and inextensible. Therefore each point of the string

supporting the mass must have the same linear displacement, velocity, and acceleration

as the mass. Now think about the point on the string which is momentarily in contact

with point D of the drum. Since there is no relative slip between the drum and the string,

the two points must have the same vertical acceleration. This vertical acceleration for

point D on the drum is the tangential acceleration .ÇaD/� .
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Figure 16.61: Free-body-diagram of

the pulley-mass system together. Note

that the forces acting at the support

point O do no work since point O is

stationary.

SAMPLE 16.18 Energy method for pulley dynamics: Consider the

pulley problem of Sample 16.17 again. Use energy method to

1. �nd the angular acceleration of the pulley, and

2. the acceleration of the mass.

Solution In energymethodwe use speeds, not velocities. Therefore, we have to be careful

in our thinking about the direction of motion. In the present problem, let us assume that

the pulley rotates and accelerates clockwise. Consequently, the mass moves up against

gravity.

1. The energy equation we want to use is

P = �EK :

The power P is given by P =
³ Ç

F i �
Çvi where the sum is carried out over all external

forces. For the mass and pulley system the external forces that do work are F and

mg. The other external forces on the system�the reaction force of the support

point O and the weight of the pulley�are acting at point O (see �g. 16.61). But,

since point O is stationary, these forces do no work. Therefore,

P =
Ç

F �
ÇvA +mÇg �

Çvm

= F�{ � vA �{ + .*mg �|/ � vD �|
«̄ ¬
Ç

v
m

= FvA *mgvD : (16.57)

Now we need to calculate the rate of change of kinetic energy �EK . There are two

objects here that have kinetic energy�the hanging mass and the pulley. Hence,

�EK = . �EK/m + . �EK/pulley :

The hanging mass has pure translational motion and hence its kinetic energy is

.EK/m =
1

2
mv2

where v is the linear speed of the mass. If we assume the string to be inextensible,

then the linear speed v of the mass has to be the same as the tangential speed of

point D of the pulley. Thus v = vD and

.EK/m =
1

2
mv2

D
:

The pulley, on the other hand, has pure rotationalmotion about point O, and hence

its kinetic energy is given by

.EK/pulley =
1

2
IOzz!

2:

Summing the two kinetic energies and di�erentiating with respect to time t, we get

�EK =
d

dt
01
2
mv2

D
+

1

2
IOzz!

21 (16.58)

= mvD �vD + IOzz ! �!: (16.59)

Now equating the power and the rate of change of kinetic energy from

eqns. eqn. (16.57) and eqn. (16.59), we get

F vA *mg vD = mvD �vD + IOzz ! �!:
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From kinematics of circular motion,

vA = !Ro;

vD = !Ri

and �vD � .aD/� = �!Ri :

Substituting these values in the power balance equation above, we get

!.FRo *mgRi/ = ! �!.mR2
i
+ IOzz/

Ù �! =
FRo *mgRi

.IOzz +mR2
i
/

=
20N � 0:2m * 2kg � 9:81m_s2 � 0:1m

1:6 kg m2 + 2kg � .0:1m/2

= 1:258
1

s2
: (same as the answer before.)

Since the sign of �! is positive, our initial assumption of clockwise acceleration of

the pulley is correct.

�! = 1:26 rad_s2

2. From kinematics of circular motion,

am = .aD/�

= �!Ri

= 0:126m_s2:

am = 0:13m_s2
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SAMPLE 16.19 Energy Accounting: Consider the pulley problem of

Sample 16.17 again.

1. What percentage of the input energy (work done by the applied force

F) is used in raising the mass by 1 m?

2. Where does the rest of the energy go? Provide an energy-balance

sheet.

Solution

1. LetWi andWh be the input energy and the energy used in raising the mass by 1m,

respectively. Then the percentage of energy used in raising the mass is

% of input energy used =
Wh

Wi

� 100:

Thusweneed to calculateWi andWh to �nd the answer. Wi is thework done by the

force F on the system during the interval in which themass moves up by 1m. Let s

be the displacement of the forceF during this interval. Since the displacement is in

the same direction as the force (we know it is from Sample 16.17), the input-energy

is

Wi = F s:

So to �ndWi we need to �nd s.

For the mass to move up by 1 m the inner drum Bmust rotate by an angle � where

1m = � Ri Ù � =
1m

0:1m
= 10 rad:

Since the two drums, A and B, are welded together, drum A must rotate by � as

well. Therefore the displacement of force F is

s = � Ro = 10 rad � 0:2m = 2m;

and the energy input is

Wi = F s = 20N � 2m = 40J:

Now, the work done in raising the mass by 1m is

Wh = mgh = 2kg � 9:81m_s2 � 1m = 19:62J:

Therefore, the percentage of input-energy used in raising the mass

=
19:62N�m

40
� 100 = 49:05~ ù 49~:

2. The rest of the energy (= 51~) goes in accelerating the mass and the pulley. Let us

�nd out how much energy goes into each of these activities. Since the initial state

of the system fromwhich we begin energy accounting is not prescribed (that is, we

are not given the height of the mass from which it is to be raised 1m, nor do we

know the velocities of the mass or the pulley at that initial height), let us assume

that at the initial state, the angular speed of the pulley is !o and the linear speed of

the mass is vo. At the end of raising the mass by 1m from this state, let the angular

speed of the pulley be !f and the linear speed of the mass be vf . Then, the energy
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used in accelerating the pulley is

.�EK/pulley = �nal kinetic energy * initial kinetic energy

=
1

2
I!2

f
*

1

2
I!2

o

=
1

2
I .!2

f
* !2

o/
«­¯­¬

BBM

assuming constant acceler-

ation, !2
f

= !2
o + 2��, or

!2
f
* !2

o = 2��.

= I� � (from Sample 16.18, � = 1:258 rad_s2: )

= 1:6 kgm2 � 1:258 rad_s2 � 10 rad

= 20:13N�m = 20:13 J:

Similarly, the energy used in accelerating the mass is

.�EK/mass = �nal kinetic energy * initial kinetic energy

=
1

2
mv2

f
*

1

2
mv2o

=
1

2
m.v2

f
* v2o

« ¯ ¬
2ah

/

= mah

= 2kg � 0:126m_s2 � 1m

= 0:25 J:

We can calculate the percentage of input energy used in these activities to get a

better idea of energy allocation. Here is the summary table:

Activities Energy Spent

in Joule as % of input energy

In raising the mass by 1m 19.62 49.05%

In accelerating the mass 0.25 0.62 %

In accelerating the pulley 20.13 50.33 %

Total 40.00 100 %

So, what would you change in the set-up so thatmore of the input energy is used in raising

the mass? Think about what aspects of the motion would change due to your proposed

design.

Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap



12 Chapter 16.

O

A

m 

ı̂

ĵ

k̂

�θ

Figure 16.62: A uniform rod swings in

the plane about its pinned end O.

O

A

dm 

ds
s

x
y

θ

Figure 16.64: Computation of �ÇH
_O

by

integration over the rod.

SAMPLE 16.20 Equation of motion of a swinging stick: A uniform

bar of massm and length l is pinned at one of its ends O. The bar is dis-

placed from its vertical position by an angle � and released (Fig. 16.62).

1. Find the equation of motion using momentum balance.

2. Find the reaction at O as a function of .�; ��; g; m; l/.

Solution First we draw a simple sketch of the given problem showing relevant geometry

(Fig. 16.62(a)), and then a free-body diagram of the bar (Fig. 16.62(b)).

G

(b)(a)

O

A

m mg 

G

O

A

ĵ

ı̂

�

Rx

Ry

θ

Figure 16.63: (a) A line sketch of the swinging rod and (b) free-body diagram of the rod.

We should note for future reference that

Ç! = !�k � �� �k

�Ç! = �! �k � �� �k

1. Equation ofmotionusingmomentumbalance: We canwrite angularmomen-

tum balance about point O as É
Ç

M
O
= �ÇH

_O
:

Let us now calculate both sides of this equation:É
Ç

M
O

= ÇrG_O �mg.* �|/

=
l

2
.sin ��{ * cos � �|/ �mg.* �|/

= *
l

2
mg sin � �k: (16.60)

�ÇH
_O

= �! �k Ê
m

r2dm

= �� �k Ê
l

0

s2
m

l
ds .dm = m_l � ds/

=
m ��

l
L s3
3

óóóóóóól0M = ml2

3
�� �k (16.61)
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Equating (16.60) and (16.61) we get

*
l

2
¡mg sin � = ¡m

l2

3
��

or �! +
3g

2l
sin � = 0

or �� +
3g

2l
sin � = 0: (16.62)

�� +
3g

2l
sin � = 0

2. Reaction at O: Using linear momentum balanceÉ
Ç

F = m ÇaG ;

where
É

Ç

F = Rx �{ + .Ry *mg/ �|;

and ÇaG =
l

2
�!.cos ��{ + sin � �|/ +

l

2
!2.* sin ��{ + cos � �|/

=
l

2
[. �! cos � * !2 sin �/�{ + . �! sin � + !2 cos �/ �|]:

Dotting both sides of
³ Ç

F = m ÇaG with �{ and �| and rearranging, we get

Rx = m
l

2
. �! cos � * !2 sin �/

� m
l

2
. �� cos � * ��2 sin �/;

Ry = mg +m
l

2
. �! sin � + !2 cos �/

� mg +m
l

2
. �� sin � + ��2 cos �/:

Now substituting the expression for �� from (16.62) in Rx and Ry , we get

Rx = *m sin � 03
4
g cos � +

l

2
��21 ; (16.63)

Ry = mg 01 * 3

4
sin

2
�1 +m

l

2
��2 cos �: (16.64)

Ç

R = *m.
3

4
g cos � +

l

2

��2/ sin ��{ + [mg.1 *
3

4
sin

2
�/ +m

l

2

��2 cos �] �|

Check: We can check the reaction force in the special case when the rod does not

swing but just hangs from point O. The forces on the bar in this case have to satisfy

static equilibrium. Therefore, the reaction at O must be equal to mg and directed

vertically upwards. Plugging � = 0 and �� = 0 (no motion) in Eqn. (16.63) and

(16.64) we get Rx = 0 and Ry = mg, the values we expect.
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ı̂

ĵ

k̂

�θ

Figure 16.65: A uniform rod swings in

the plane about its pinned end O.

mg 

G

O

A

ĵ

ı̂

�

Rx

Ry

θ

Figure 16.66: The free-body diagram

of the rod.

A

O

G

ω2�/2

⇀
rG

ω̇�/2θ
θ

Figure 16.67: Radial and tangential

components of ÇaG . Since the radial

component is parallel to ÇrG ,
ÇrG �

ÇaG =
l2

4
�! �k.

SAMPLE 16.21 Swinging stick dynamics using moment of inertia:

A uniform bar of mass m and length l is pinned at one of its ends O.

The bar is displaced from its vertical position by an angle � and released

(Fig. 16.65). Find the equation of motion of the stick.

Solution We repeat the problem solved in Sample 16.20 here with just one di�erent step

of �nding the rate of change of angular momentum with the help of moment of inertia

formula. As usual, we �rst draw a free-body diagram of the bar (Fig. 16.66). We assume,
Ç! = !�k � �� �k, and �Ç! = �! �k � �� �k We can write angular momentum balance about point

O as É
Ç

M
O
= �ÇH

_O
:

Let us now calculate both sides of this equation:É
Ç

M
O

= ÇrG_O �mg.* �|/

=
l

2
.sin ��{ * cos � �|/ �mg.* �|/

= *
l

2
mg sin � �k: (16.65)

�ÇH
_O

= Izz_G
�Ç! + ÇrG �mÇaG

=
ml2

12
�! �k + ÇrG �m.

Ç

a
G©­­­­®­­­­ª

�! �k � ÇrG * !2ÇrG/

=
ml2

12
�! �k +

ml2

4
�! �k (16.66)

=
ml2

3
�! �k (16.67)

where the last step, ÇrG �m
ÇaG =

ml2

4
�! �k, should be clear from Fig. 16.67. Equating (16.60)

and (16.61) we get

*
l

2
¡mg sin � = ¡m

l2

3
�!

or �! +
3g

2l
sin � = 0

or �� +
3g

2l
sin � = 0: (16.68)

�� +
3g

2l
sin � = 0
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Figure 16.68: Numerical solution is

shown by plotting � and ! against

time.
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Figure 16.69: Time t corresponding to

� = 0.

SAMPLE 16.22 Numerical solution of the swinging stick motion:

For the swinging stick considered in Samples 16.20 or 16.23, �nd the time

that the rod takes to fall from � = �_2 to � = 0 if it is released from rest

at � = �_2?

Solution The given initial angle �_2 is a big value of � � big in that we cannot as-

sume sin � ù � (obviously 1 � 1:5708). Therefore we may not use the linearized equa-

tion (16.71) to solve for t explicitly. We have to solve the full nonlinear equation (16.68) to

�nd the required time. Unfortunately, we cannot get a closed form solution of this equa-

tion using mathematical skills you have at this level. Therefore, we resort to numerical

integration of this equation.

For numerical integration, we need to �rst write the given di�erential equation as a

set of �rst order ordinary di�erential equations. To do so, we introduce! as a new variable

and rewrite eqn. (16.68) as

�� = ! (16.69)

�! = *
3g

2l
sin � (16.70)

Now we need to specify the initial conditions and the time duration for integration, and

solve the equations using some ODE solver program. Here is a pseudo-code that lists the

steps:

g = 9.81, L = 1 % define constants
ODES = { thetadot = omega

omegadot = -3*g/(2*L) * sin(theta) }
ICs = { theta_0 = pi/2

omega_0 = 0 }
solve ODES with ICs for t = 0 to 4 s
plot theta vs t and plot omega vs t

The results obtained from the numerical solution are shown in Fig. 16.68.

The problem of �nding the time taken by the bar to fall from � = �_2 to � = 0

numerically is nontrivial. It is called a boundary value problem. We have only illustrated

how to solve initial value problems. However, we can get a fairly good estimate of the time

from the solution obtained.

We �rst plot � against time t as shown in �g. 16.69. We �nd the values of t and the

corresponding values of � that bracket � = 0. Now, we can use linear interpolation to �nd

the value of t at � = 0. Proceeding this way, we get t = 0:48 (seconds), a little more than

we get from the linear ODE in sample 16.23 (t = 0:41).

Comments: Additionally, we can also get the value of �� � ! when � = 0 using similar

interpolation. In fact, from the ! vs t plot, we �nd that at t = 0:48 s, ! = *5:42 rad_s.

How does this result compare with the analytical value of ! from sample 16.23 (which

did not depend on the small angle approximation)? Well, we found that

! = *

u
3g

l
= *

u
3 � 9:81m_s2

1m
= *5:4249 s*1:

Thus, we get a fairly accurate value from numerical integration.
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�/2

θ

Figure 16.70: Work done by the force

of gravity in moving from G¨ to G � Ç

F �

dÇr = *mg �| � h �| = *mgh.

O

A

dm 

ds
s

x
y

θ

Figure 16.71: The in�nitesimal mass

dm considered in the calculation of

EK.

SAMPLE 16.23 The swinging stick dynamics with energy bal-

ance: Consider the same swinging stick as in Sample 16.20. The stick

is, again, displaced from its vertical position by an angle � and released

(See Fig. 16.62).

1. Find the equation of motion using energy balance.

2. What is �� at � = 0 if �.t = 0/ = �_2?

3. Find the period of small oscillations about � = 0.

Solution

1. Equation of motion using energy balance: We use the power equation,
�EK = P, to derive the equation of motion of the bar. Now, the kinetic energy

is given by

EK =
1

2
Ê
m

v2dm

where v is the speed of the in�nitesimal mass element dm. Referring to �g. 16.71,

we can write, dm = .m_l/ds, and v = !s � ��s. Thus,

EK =
1

2
Ê

l

0

��2s2
m

l
ds

=
m ��2

2l
Ê

l

0

s2ds

=
1

6
ml2 ��2

and, therefore,

�EK =
d

dt
.
1

6
ml2!2/ =

1

3
ml2! �! =

1

3
ml2 �� ��:

Calculation of power (P): There are only two forces acting on the bar, the reac-

tion force,
Ç

R.= Rx �{ + Ry �|/ and the force due to gravity, *mg �|. Since the support

point O does not move, no work is done by
Ç

R. Therefore,

W = Work done by gravity force in moving from G¨ to G. = *mgh

Note that the negative sign stands for the work done against gravity. Now,

h = OG¨ * OG¨¨ =
l

2
*

l

2
cos � =

l

2
.1 * cos �/:

Therefore,

W = *mg
l

2
.1 * cos �/

and P = �W =
dW

dt
= *mg

l

2
sin � ��:

Equating �EK and P we get

*¡mg
l

2
sin �¡ �� =

1

3
¡m l2¡ �� ��

or �� +
3g

2l
sin � = 0:

�� +
3g

2l
sin � = 0

This equation is, of course, the same as we obtained using balance of angular mo-

mentum in Sample 16.20.
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h=�/2

V=0
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  =    /2

2

1 θ π

θ

Figure 16.72: The total energy be-

tween positions (1) and (2) is constant.

2. Find! at � = 0: We are given that at t = 0; � = �_2 and �� � ! = 0 (released from

rest). This position is (1) shown in Fig. 16.72. In position (2) � = 0, i.e., the rod is

vertical. Since there are no dissipative forces, the total energy of the system remains

constant. Therefore, taking datum for potential energy as shown in Fig. 16.72, we

may write

EK1
«̄ ¬

0

+V1 = EK2
+ V2
«̄ ¬

0

or mg
l

2
=

1

2
Ê
m

v2dm

=
1

6
ml2!2 .see part (a)/

Ù ! = ,

u
3g

l

! = ,
t

3g

l

3. Period of small oscillations: The equation of motion is

�� +
3g

2l
sin � = 0:

For small �, sin � ù �

Ù �� +
3g

2l
� = 0 (16.71)

or �� + �2� = 0

where �2 =
3g

2l
:

Therefore,

the circular frequency = � =

u
3g

2l
;

and the time period T =
2�

�
= 2�

v
2l

3g
:

T = 2�

u
2l

3g

[Say for g = 9:81m_s2;l = 1m we get
T

4
=

�

2

t
2

3

1

9:81
s = 0:4097 s]
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mg
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M

Figure 16.73: Free-body diagram of

the bar with applied torque
Ç

M and

force
Ç

F

SAMPLE 16.24 The swinging stickwith adestabilizing torque. Con-

sider the swinging stick of Sample 16.20 once again.

1. Find the equation of motion of the stick, if a torque
Ç

M = M�k is

applied at end O and a force
Ç

F = F�{ is applied at the other end A.

2. Take F = 0 and M = C�. For C = 0 you get the equation of free

oscillations obtained in Sample 16.20 or 16.23. For smallC, does the

period of the pendulum increase or decrease?

3. What happens if C is big?

Solution

1. A free-body diagram of the bar is shown in Fig. 16.73. Once again, we can use³ Ç

M
O
= �ÇH

_O
to derive the equation of motion as in Sample 16.20. We calculated³ Ç

M
O
and �ÇH

_O
in Sample 16.20. Calculation of �ÇH

_O
remains the same in the present

problem. We only need to recalculate
³ Ç

M
O
.É

Ç

M
O

= M�k + ÇrG_O �mg.* �|/ + ÇrA_O �
Ç

F

= M�k *
l

2
mg sin � �k + Fl cos � �k

= .M + Fl cos � *
l

2
mg sin �/ �k

and

�ÇH
_O

= m ��
l2

3
�k (see Sample 16.20)

Therefore, from
³ Ç

M
O
= �ÇH

_O

M + Fl cos � *
l

2
mg sin � = m ��

l2

3

Ù �� +
3g

2l
sin � *

3F

ml
cos � *

3M

ml2
= 0:

�� +
3g

2l
sin � *

3F

ml
cos � *

3M

ml2
= 0

2. Now, setting F = 0 andM = C � we get

�� +
3g

2l
sin � *

3C�

ml2
= 0 (16.72)

Numerical Solution: We can numerically integrate (16.72) just as in the previous

Sample to �nd �.t/. Here is the pseudo-code that can be used for this purpose.

g = 9.81, L = 1 % specify parameters
m = 1, C = 4
ODES = { thetadot = omega

omegadot = -(3*g/(2*L)) * sin(theta)
+ 3*C/(m*L^2) * theta }

ICs = { thetazero = pi/20
omegazero = 0 }

solve ODES with ICs until t = 10

Using this pseudo-code, we �nd the response of the pendulum. Figure 16.74 shows

di�erent responses for various values of C. Note that for C = 0, it is the same case

as unforced bar pendulum considered above. From Fig. 16.74 it is clear that the

bar has periodic motion for small C, with the period of motion increasing with
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increasing values of C. It makes sense if you look at Eqn. (16.72) carefully. Gravity

acts as a restoring force while the applied torque acts as a destabilizing force. Thus,

with the resistance of the applied torque, the stick swings more sluggishly making

its period of oscillation bigger.
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0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0 1 2 3 4 5 6 7 8 9 10
t (s)

C = 0 C =  1 C = 2
C = 4

C = 4.905

C = 5

 θ
 (

ra
d)

Figure 16.74: �.t/ with applied torque M = C � for C = 0; 1; 2; 4; 4:905; 5:

Note that for small C the motion is periodic but for large C (C g 4:4) the motion

becomes aperiodic.

3. From Fig. 16.74, we see that at about C ù 4:9 the stability of the system changes

completely. �.t/ is not periodic anymore. It keeps on increasing at a faster and

faster rate, that is, the bar makes complete loops about point O with ever increas-

ing speed. Does it make physical sense? Yes, it does. As the value of C is increased

beyond a certain value (can you guess the value?), the applied torque overcomes

any restoring torque due to gravity. Consequently, the bar is forced to rotate con-

tinuously in the direction of the applied force.
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Figure 16.75
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Figure 16.76

SAMPLE 16.25 A torsional pendulum with linear springs: A uni-

form rigid bar of massm = 2kg and length l = 1m is pinned at one end

and connected to two springs, each with spring constant k, at the other

end. The bar is tweaked slightly from its vertical position. It then oscil-

lates about its original position. The bar is timed for 20 full oscillations

which take 12.5 seconds. Ignore gravity.

1. Find the equation of motion of the rod.

2. Find the spring constant k.

3. What should be the spring constant of a torsional spring if the bar is

attached to one at the bottom and has the same oscillating motion

characteristics?

Solution

1. Refer to the free-body diagram in �gure 16.76. Angular momentum balance for

the rod about point O gives É
Ç

M
O
= �ÇH

_O

where
Ç

M
O

= *2k

l sin �
©®ª
x �l cos � �k

= *2kl2 sin � cos � �k;

and �ÇH
_O

= IOzz
�� �k =

1

3
ml2

«¯¬
IOzz

�� �k:

Thus
1

3
ml2 �� = *2kl2 sin � cos �:

However, for small �; cos � ù 1 and sin � ù �,

Ù �� +
6k ¡l2

m ¡l2
� = 0: (16.73)

�� +
6k

m
� = 0

2. Comparing Eqn. (16.73) with the standard harmonic oscillator equation �x+�2x =

0, we get

angular frequency � =

u
6k

m
;

and the time period T =
2�

�

= 2�

u
m

6k
:

From the measured time for 20 oscillations, the time period (time for one oscilla-

tion) is

T =
12:5

20
s = 0:625 s
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Figure 16.77

Now equating the measured T with the derived expression for T we get

2�

u
m

6k
= 0:625 s

Ù k = 4�2�
m

6.0:625 s/2

=
4�2�2 kg

6.0:625 s/2

= 33:7N_m:

k = 33:7N_m

3. If the two linear springs are to be replaced by a torsional spring at the bottom,

we can �nd the spring constant of the torsional spring by comparison. Let ktor
be the spring constant of the torsional spring. Then, as shown in the free-body

diagram (see �gure 16.77), the restoring torque applied by the spring at an angular

displacement � is ktor�. Now, writing the angular momentum balance about point

O, we get É
Ç

M
O

= �ÇH
_O

*ktor�
�k = IOzz.

�� �k/

Ù �� +
ktor

IOzz
� = 0:

Comparing with the standard harmonic equation, we �nd the angular frequency

� =

v
ktor

IOzz
=

yxxxw ktor
1

3
ml2

:

If this system has to have the same period of oscillation as the �rst system, the two

angular frequencies must be equal, i.e.,yxxxw ktor
1

3
ml2

=

u
6k

m

Ù ktor = 6k�
1

3
l2 = 2kl2

= 2�.33:7N_m/�.1m/2

= 67:4N�m:

ktor = 67:4N�m
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ı̂

ĵ

θ

R

Figure 16.79: Free-body diagrams

2 Here, we are considering a very

small y so that we can ignore the arc

the point mass Bmoves on and take its

motion to be just vertical (i.e., sin � ù

� for small �).

SAMPLE 16.26 A spring loaded seesaw: A kid, modelled as a point

mass with m = 10 kg, is sitting at end B of a rigid rod AB of negligible

mass. The rod is supported by a spring at end A and a pin at point O.

The system is in static equilibrium when the rod is horizontal. Someone

pushes the kid vertically downwards by a small distance y and lets go.

Given that AB = 3m; AC = 0:5m; k = 1kN_m; �nd

1. the unstretched (relaxed) length of the spring,

2. the equation of motion (a di�erential equation relating the position

of the mass to its acceleration) of the system, and

3. the natural frequency of the system.

If the rod is pinned at the midpoint instead of at O, what is the natural

frequency of the system? How does the new natural frequency compare

with that of a massm simply suspended by a spring with the same spring

constant?

Solution

1. Static Equilibrium: The FBD of the (rod + mass) system is shown in Fig. 16.79.

Let the stretch in the spring in this position be yst and the relaxed length of the

spring be l0. The balance of angular momentum about point O gives:É
Ç

M_o =
�ÇH_o =

Ç

0 (no motion)

Ù .kyst/d1 * .mg/d2 = 0

Ù yst =
mg

k
�
d2
d1

=
10 kg � 9:8m_s2 � 2l

1000N_m � l
= 0:196m

Therefore, l0 = AC * yst

= 0:5m * 0:196m = 0:304m:

l0 = 30:4 cm

2. Equation of motion: As point B gets displaced downwards by a distance y, point

A moves up by a proportionate distance ya. From geometry, 2

y ù d2� Ù � =
y

d2

ya ù d1� =
d1
d2
y

Therefore, the total stretch in the spring, in this position,

�y = ya + yst =
d1
d2
y +

d2
d1

mg

k

Now, Angular Momentum Balance about point O gives:É
Ç

M_o = �ÇH_oÉ
Ç

M_o = ÇrB �mg �| + ÇrA � k�y �|

= .d2mg * d1k�y/
�k (16.74)

�ÇH_o = ÇrB �mÇa = ÇrB �m �y �| (16.75)

= d2m �y �k (16.76)
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Equating (16.74) and (16.76) we get

d2mg * d1k�y = d2m �y

or d2mg * d1k Hd1d2 y + d2mg

d1k
I = d2m �y

or ¡d2mg * k
d2
1

d2
y * ¡d2mg = d2m �y

or �y +
k

m
Hd1
d2
I2 y = 0

�y +
k

m
0 d1
d
2

12 y = 0

3. The natural frequency of the system: Wemay also write the previous equation

as

�y + �2y = 0 where �2 =
k

m

d2
1

d2
2

: (16.77)

Substituting d1 = l and d2 = 2l in the expression for � we get the natural fre-

quency of the system

� =
1

2

u
k

m
=

1

2

v
1000N_m

10 kg
= 5 s*1

� = 5 s*1

4. Comparison with a simple spring mass system:

L

m 

L

m 

k≡

k

A

C

BO

Figure 16.80:

When d1 = d2, the equation of motion (16.77) becomes

�y +
k

m
y = 0

and the natural frequency of the system is simply

� =

u
k

m

which corresponds to the natural frequency of a simple spring mass system shown

in Fig. 16.80.

In our system (with d1 = d2 ) any vertical displacement of the mass at B induces

an equal amount of stretch or compression in the spring which is exactly the case

in the simple spring-mass system. Therefore, the two systems are mechanically

equivalent. Such equivalences are widely used in modeling complex physical sys-

tems with simpler mechanical models.
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16.4 Dynamics

Preparatory Problems

16.4.1 An object consists of a massless
bar with two attachedmassesm1 andm2.
The object is hinged at O.

a) What is the moment of inertia of
the object about point O (IOzz)?

<

b) Given �, ��, and ��, what is
Ç

H
_O
, the

angular momentum about point
O? <

c) Given �, ��, and ��, what is �ÇH
_O
, the

rate of change of angular momen-
tum about point O? <

d) Given �, ��, and ��, what is T, the
total kinetic energy? <

e) Assume that you don't know �, ��

or �� but you do know that F1 is ap-
plied to the rod, perpendicular to

the rod atm1. What is ��? (Neglect
gravity.) <

f) If F1 were applied tom2 instead of

m1, would
�� be bigger or smaller?

<

O x

θ

F1
m2

m1

�1

�2

� = �1 + �2

Problem 16.4.1

16.4.2 A uniform circular disc rotates at
constant angular speed ! about the ori-
gin, which is also the center of the disc.
It's radius is R. It's total mass isM.

a) What is the total force and mo-
ment required to hold it in place
(use the origin as the reference
point of angular momentum and
torque). <

b) What is the total kinetic energy of
the disk? <

M

O

R

ω

x

y

Problem 16.4.2

16.4.3 The hinged disk of mass m (uni-
formly distributed) is acted upon by a
force P shown in the �gure. Determine
the initial angular acceleration and the
reaction forces at the pin O. <

O

30o

30o

P

R

g

Problem 16.4.3

16.4.4 Amotor turns a bar. A uniform
bar of length l and mass m is turned
by a motor whose shaft is attached to
the end of the bar at O. The angle
that the bar makes (measured counter-
clockwise) from the positive x axis is � =
2� t2_s2. Neglect gravity.

a) Draw a free-body diagram of the
bar.

b) Find the force acting on the bar
from the motor and hinge at t =
1 s. <

c) Find the torque applied to the bar
from the motor at t = 1 s. <

d) What is the power produced by
the motor at t = 1 s? <

motor O

�ı̂

ĵ

θ

Problem 16.4.4

16.4.5 A physical pendulum. A swing-
ing stick is sometimes called a `physical'
pendulum. Take the `body', the system of
interest, to be the whole stick.

a) Draw a free-body diagram of the
system.

b) Write the equation of angular mo-
mentum balance for this system
about point O.

c) Evaluate the left-hand-side as ex-
plicitly as possible in terms of the
forces showing on your Free-Body
Diagram.

d) Evaluate the right hand side as
completely as possible. You may
use the following facts:

Çv = l �� cos � �| + *l �� sin ��{
Ça = *l ��2 [cos ��{ + sin � �|]

+l �� [cos � �| * sin ��{]

where l is the distance along the
pendulum from the top, � is the
angle by which the pendulum is
displaced counter-clockwise from
the vertically down position, �{ is
vertically down, and �| is to the
right. You will have to set up and
evaluate an integral. <

O

L

�

ı̂

ĵ

θ

Problem 16.4.5

16.4.6 A uniform one meter bar is hung
from a hinge that is at the end. It is al-
lowed to swing freely. g = 10m_s2.

a) What is the period of small oscil-
lations for this pendulum? <

b) Suppose the rod is hung 0:4m
from one end. What is the period
of small oscillations for this pen-
dulum? Can you explain why it is
longer or shorter than when it is
hung by its end? <

More-Involved
Problems

16.4.7 Motor turns a dumbbell. Two
uniform bars of length l and massm are
welded at right angles. At the ends of
the horizontal bar are two more masses
m. The bottom end of the vertical rod is
attached to a hinge at O where a motor
keeps the structure rotating at constant
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rate ! (counter-clockwise). What is the
net force andmoment that themotor and
hinge cause on the structure at the in-
stant shown? <

m mm

m

O
x

y

ı̂

ĵ

ω

�

�

motor

Problem 16.4.7

16.4.8 The structure shown in the �g-
ure consists of two point masses con-
nected by three rigid, massless rods such
that the whole structure behaves like a
rigid body. The structure rotates counter-
clockwise at a constant rate of 60 rpm. At
the instant shown, �nd the force in each
rod. <

1m 45o

m = 0.5 kg m

Problem 16.4.8

16.4.9 Balancing a system of rotat-
ing particles. A wire frame structure is
made of four concentric loops of mass-
less and rigid wires, connected to each
other by four rigid wires presently co-
incident with the x and y axes. Three
masses, m1 = 200 grams, m2 =
150 grams and m3 = 100 grams, are
glued to the structure as shown in the
�gure. The structure rotates counter-

clockwise at a constant rate �� = 5 rad_s.
There is no gravity.

a) Find the net force exerted by the
structure on the support at the in-
stant shown. <

b) You are to put a mass m at an
appropriate location on the third
loop so that the net force on the
support is zero. Find the appropri-
ate mass and the location on the
loop. <

r1=10 cm

r2=20 cm

r3=30 cm

r4=40 cm

m1

m2 m345o
30o

x

y

ω

Problem 16.4.9

16.4.10 Motor turns a bent bar. Two
uniform bars of length l and uniform
mass m are welded at right angles. One
end is attached to a hinge at O where
a motor keeps the structure rotating at
a constant rate ! (counterclockwise).
What is the net force and moment that
the motor and hinge cause on the struc-
ture at the instant shown.

a) neglecting gravity <

b) including gravity. <

m

mO
x

y

ı̂

ĵ

ω

�

�

motor

Problem 16.4.10: A bent bar is rotated by
a motor.

16.4.11 A uniform disk of mass M and
radius R rotates about a hinge O in the
xy-plane. A point mass m is �xed to the
disk at a distance R_2 from the hinge. A
motor at the hinge drives the disk/point
mass assembly with constant angular ac-
celeration �. What torque at the hinge
does the motor supply to the system? <

16.4.12 A rigid rod of length l and to-
tal mass m is held �xed at one end and
whirled around in circular motion at a
constant rate ! in the horizontal plane.
Ignore gravity.

a) Find the tension in the rod as a
function of r, the radial distance
from the center of rotation to any
desired location on the rod. <

b) Where does themaximum tension
occur in the rod? <.

c) At what distance from the center
of rotation does the tension drop
to half its maximum value? <.

16.4.13 A thin uniform circular disc of
mass M and radius R rotates in the xy
plane about its center of mass point O.
Driven by a motor, it has rate of change
of angular speed proportional to angular
position, � = k�5_2. The disc starts from
rest at � = 0.

a) What is the rate of change of an-
gular momentum about the origin

at � =
�

3
rad? <

b) What is the torque of the motor at

� =
�

3
rad? <

c) What is the total kinetic energy of

the disk at � =
�

3
rad? <

16.4.14 Neglecting gravity, calculate � =

�! = �� at the instant shown for the system
in the �gure. <

F=10 N
2 kg

4 
cm

5 cm

4 cm

1 cm

rigid
massless
tubingθ

Problem 16.4.14

16.4.15 The uniform square shown is re-
leased from rest at t = 0. What is � =
�! = �� immediately after release? <

x

yup

θ

�

�

uniform
square,

mass=M

Problem 16.4.15

16.4.16 Acceleration of a trap door.
A uniform bar AB of mass m and a ball
of the same mass are released from rest
from the same horizontal position. The
bar is hinged at end A. There is gravity.
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Chapter 16. 3

a) Which point on the rod has the
same acceleration as the ball, im-
mediately after release. <

b) What is the reaction force on the
bar at end A just after release? <

L m m

A B C

Problem 16.4.16

16.4.17 A disk with radius R has a string
wrapped around it which is pulled with
a force F. The disk is free to rotate about
the axis through O normal to the page.
The moment of inertia of the disk about
O is Io. A pointA is marked on the string.
Given that xA(0) = 0 and that �xA(0) = 0,
what is xA.t/?

<

R

hinge

O

Spool has mass moment of inertia, IO

A
F

xA(0) = 0
ẋA(0) = 0
xA(t) = ?

xA

Inextensible
string wound
around spool

Problem 16.4.17

16.4.18 A uniform stick with length l

andmassMo is welded to a pulley hinged
at the centerO. The pulley has negligible
mass and radius Rp. A string is wrapped

many times around the pulley. At time
t = 0, the pulley, stick, and string are at
rest and a force F is suddenly applied to
the string. How long does it take for the
pulley to make one full revolution? Ig-
nore gravity. <

F

Rp

massless pulley

stick, mass = Mo

O

ℓ

Problem 16.4.18: String wraps around a
pulley with a stick glued to it.

Gears, Belt Drives, and

Gear Trains

16.4.19 Constant speed gear train.
Gear A is connected to a motor (not

shown) and gear B, which is welded to
gear C, is connected to a ta�y-pulling
mechanism. Assume you know the
torqueMinput = MA and angular velocity

!input = !A of the input shaft. Assume

the bearings and contacts are frictionless.

a) What is the input power? <

b) What is the output power? <

c) What
is the output torqueMoutput = MC ,

the torque that gear C applies to its
surroundings in the clockwise di-
rection? <

RA

MA

RB

RC

ωA

A B

C

no slip

ωC

Problem 16.4.19

16.4.20 At the input to a gear box a
100 lbf force is applied to gear A. At the
output, the machinery (not shown) ap-
plies a force of FB to the output gear.
Gear A rotates at constant angular rate
! = 2 rad_s, clockwise.

a) What is the angular speed of the
right gear? <

b) What is the velocity of point P? <

c) What is FB?
<

d) If the gear bearings had friction,
would FB have to be larger or
smaller in order to achieve the
same constant velocity? <

e) If instead of applying a 100 lbf to
the left gear it is driven by a mo-
tor (not shown) at constant angu-
lar speed !, what is the angular
speed of the right gear? <

RA

RC

RB

A B P

no slip

FA = 100 lb

FB = ?

C

Problem 16.4.20: Two gears with end
loads.

16.4.21 A bevel gear system. A bevel-
type gear system, shown in the �gure,
is used to transmit power between two
shafts that are perpendicular to each
other. The driving gear has a mean ra-
dius of 50mm and rotates at a constant
speed ! = 150 rpm. The mean radius of
the driven gear is 80mm and the driven
shaft is expected to deliver a torque of
Mout = 25N�m. Assuming no power
loss, �nd the input torque supplied by the
driving shaft. <

driving gear

ı̂

ĵ

Problem 16.4.21: A bevel gear

16.4.22 Belt drives are used to transmit
power between parallel shafts. Two par-
allel shafts, 3m apart, are connected by
a belt passing over the pulleys A and B
�xed to the two shafts. The driver pul-
ley A rotates at a constant 200 rpm. The
speed ratio between the pulleys A and B
is 1:2.5. The input torque is 350N�m. As-
sume no loss of power between the two
shafts.

a) Find the input power. <

b) Find the rotational speed of the
driven pulley B <.

c) Find the output torque at B. <

3m

(driven) B
A (driver)

r = 100 mm

Problem 16.4.22

16.4.23 In the belt drive system shown,
assume that the driver pulley rotates at
a constant angular speed !. If the mo-
tor applies a constant torque MO on the
driver pulley, show that the tensions
in the two parts, AB and CD, of the
belt must be di�erent. Which part has
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a greater tension? Does your conclu-
sion about unequal tension depend on
whether the pulley is massless or not?
Assume any dimensions you need. <

driven pulley

B

driver pulley

A

D
C

MO

Problem 16.4.23

16.4.24 Two racks connected by three
constant rate gears. A 100 lbf force is
applied to one rack. At the output, the
machinery (not shown) applies a force of
FB to the other rack.

a) Assume the gear-train is spinning
at constant rate and is frictionless.
What is FB?

<

b) If the gear bearings had friction
would that increase or decreaseFB

to achieve the same constant rate?

c) If instead of applying a 100 lbf to
the left rack it is driven by a motor
(not shown) at constant speed v,
what is the speed of the right rack?
<

d) If the angular velocity of the gear
is increasing at rate � does this in-
crease or decrease FB at the given
!.

massless
rack

massless
rack

no slip

FB = ?

RA

RC
REA b C d E

no slip

100 lb

Bx

y

Problem 16.4.24: Two racks connected
by three gears.

16.4.25 -3-D accelerating gear train.
This is really a 2-D problem; each gear
turns in a di�erent parallel plane. Shaft
B is rigidly connected to gears G4 and G5.
G3 meshes with gear G6. Gears G6 and
G5 are both rigidly attached to shaft AD.
Gear G5 meshes with G2 which is welded
to shaft A. Shaft A and shaft B spin inde-
pendently. Assume you know the torque
Minput, angular velocity !input and the

angular acceleration �input of the input

shaft. Assume the bearings and contacts
are frictionless.

a) What is the input power? <

b) What is the output power? <

c) What is the angular velocity
!output of the output shaft?

<

d) What is the output torque
Moutput?

<

x

y

z

C

A

D

G1

G2 G3
G4

G6

G5

B

C D

BA

G5

G1

G2 G3

G4

G6Front view

ωout

ωin

RG5
 = 3RG2

3RG3
 = 5RG6 ωinωout

Problem 16.4.25: A 3-D gear train.

16.4.26Gear Awith radiusRA = 400mm
is rigidly connected to a drum B with
radius RB = 200mm. The com-
bined moment of inertia of the gear and
the drum about the axis of rotation is
Izz = 0:5 kg � m2. Gear A is driven by
gear C which has radius RC = 300mm.
As the drum rotates, a 5 kg mass m is
pulled up by a string wrapped around
the drum. At the instant of interest,
The angular speed and angular acceler-
ation of the driving gear are 60 rpm and
12 rpm_s, respectively. Find the acceler-
ation of the massm. <

RCRB

RA

ωC,αC

CB

A

no slip

x

y

m

Problem 16.4.26

16.4.27 A spindle and pulley arrange-
ment is used to hoist a 50 kg mass

as shown in the �gure. Assume that
the pulley is to be of negligible mass.
When the motor is running at a constant
100 rpm,

a) Find the velocity of the mass at B.
<

b) Find the tension in stringsAB and
CD. <

motor r = 150 mm

r = 250 mm

50 kgA

B

C

D
spindle

r = 300 mm

Problem 16.4.27

16.4.28 Accelerating rack and pinion.
The two gears shown are welded to-
gether and spin on a frictionless bearing.
The inner gear has radius 0:5m and neg-
ligible mass. The outer disk has 1m ra-
dius and a uniformly distributed mass of
0:2 kg. They are loaded as shown with
the force F = 20N on the massless rack
which is held in place by massless fric-
tionless rollers. At the time of interest the
angular velocity is ! = 2 rad_s (though
! is not constant). The point P is on the
disk a distance 1m from the center. At
the time of interest, point P is on the pos-
itive y axis.

a) What is the speed of point P? <

b) What is the velocity of point P? <

c) What is the angular acceleration �
of the gear? <

d) What is the acceleration of point
P? <

e) What is the magnitude of the ac-
celeration of point P? <

f) What is the rate of increase of the
speed of point P? <
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1m

.5m

no slip

P

x

y

ω

massless rack

massless
inner disk

uniform disk
m = 2kg

F=20N

Problem 16.4.28: Accelerating rack and
pinion

16.4.29 Two racks connected by a
gear. A 100 lbf force is applied to one
rack. At the output the machinery (not
shown) applies a constant force FB to the
other rack.

a) Assume the gear is spinning at
constant rate and is frictionless.
What is FB?

<

b) If the gear bearing had friction,
would that increase or decreaseFB

to achieve the same constant rate?
<

c) If the angular velocity of the gear
is increasing at rate �, does this in-
crease or decrease FB at the given
!. <

d) If the output load FB is given then
the motion of the machine can be
found, assuming friction is negli-
gible. Assume that the machine
starts from rest with a given out-
put load. So long as rack B moves
down and the output force FB is
positive, the output power is posi-
tive. The machine starts from rest
and runs for a �xed amount of
time T. For what value of FB is
the output workmaximum? Once
you �nd an answer, can you �nd
an intuitive explanation for the
answer? <

uniform disk
m = 10 lbm

massless
racks

FB = ?100 lbf

6 in

ω

Problem 16.4.29: Two racks connected
by a gear.

16.4.30 A rack and pinion con-
strained by a linear spring. Neglect
gravity. The spring is relaxed when the
angle � = 0. Assume the system is re-
leased from rest at � = �0. What is the
acceleration of the point P at the end of
the stickwhen � = 0? Answer in terms of
any or all ofm, R, l, �0, k, �{, and �|. [Hint:
There are several steps of reasoning re-
quired. You might want to draw FBD(s),
use angular momentum balance, set up
a di�erential equation, solve it, plug val-
ues into this solution, and use the result
to �nd the quantities of interest. <

P

k

R

m,ℓ

θ
ı̂

̂

Problem 16.4.30

Pendulum Problems

16.4.31 A small particle of massm is at-
tached to the end of a thin rod of mass M
(uniformly distributed), which is pinned
at hinge O, as depicted in the �gure.

a) Obtain the equation of motion
governing the rotation � of the
rod. <

b) What is the natural frequency of
the system for small oscillations
�? <

m

M

�/3

2�/3 θ

O
g

Problem 16.4.31

16.4.32 A rigid massless rod has two
equal masses mB and mC (mB = mC =
m) attached to it at distances 2l and
3l, respectively, measured along the rod
from a frictionless hinge located at a
point A. The rod swings freely from the
hinge. There is gravity. Let � denote the
angle of the rod measured from the ver-

tical. Assume that � and �� are known at
the instant of interest.

a) What is ��? Find �� in terms of m,

l, g, � and ��. <

b) What is the force of the hinge on
the rod? Solve in terms of m, l,
g, �, ��, �� and any unit vectors you
may need to de�ne. <

c) Would you get the same answers
if you put a mass 2m at 2:5l? Why
or why not? <

rigid massless bar
m

m

φ

�

2�

Problem 16.4.32

16.4.33 For the pendula in the �gure :

a) Without doing any calculations,
try to �gure out the relative dura-
tions of the periods of oscillation
for the �ve pendula (i.e. the order,
slowest to fastest) Assume small
angles of oscillation.

b) Calculate the period of small oscil-
lations. [Hint: use balance of an-
gular momentum about the point
0]. <

c) Rank the relative duration of oscil-
lations and compare to your intu-
itive solution in part (a), and ex-
plain in words why things work
the way they do.
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(a)

(c) (d) (e)

(b)

rigid, 
massless bar

M

M

M

2m

1m

1m

1m

2m

M
M

M

θ
θ θ

g

rigid, 
massless bar

uniform bar
M = 1kg

rigid, 
massless

bar

rigid, 
massless

bar

θ θ

2m

1m

O O

O O O

Problem 16.4.33

16.4.34 A pegged compound pendu-
lum. A uniform bar of mass m and
length l hangs from a peg at point C and
swings in the vertical plane about an axis
passing through the peg. The distance d
from the center of mass of the rod to the
peg can be changed by putting the peg at
some other point along the length of the
rod.

a) Find the angular momentum of
the rod about point C. <

b) Find the rate of change of angular
momentum of the rod about C. <

c) Howdoes the period of the pendu-
lum vary with d? Show the varia-
tion by plotting the period against
d

l
. [Hint, you must �rst �nd the

equations of motion, linearize for
small �, and then solve.] <

d) Find the total energy of the rod
(using point C as a datum for po-
tential energy). <

e) Find �� when � = �_6. <

f) Find the reaction force on the rod
at C, as a function of m, d, l, �,
and ��. <

g) For the given rod, what should be
the value of d (in terms of l) in or-
der to have the fastest pendulum?
<

h) Test of Schuler's pendulum.
The pendulum with the value of
d obtained in (g) is called the
Schuler's pendulum. It is not only
the fastest pendulum but also the
�most accurate pendulum�. The
claim is that even if d changes
slightly over time due to wear at

the support point, the period of
the pendulum does not change
much. Verify this claim by calcu-
lating the percent error in the time
period of a pendulum of length
l = 1m under the following three
conditions: (i) initial d = 0:15m
and after some wear d = 0:16m,
(ii) initial d = 0:29m and after
some wear d = 0:30m, and (iii)
initial d = 0:45m and after some
wear d = 0:46m. Which pen-
dulum shows the least error in its
time period? What is the connec-
tion between this result and the
plot obtained in (c)? <

A

C
d

G

B

m

�θ

Problem 16.4.34

16.4.35 A uniform stick of length l and
mass m is a hair away from vertically up
position when it is released with no an-
gular velocity (a `hair' is a technical word
that means `very small amount, zero for
some purposes'). It falls to the right.
What is the force on the stick at point
O when the stick is horizontal. Solve in
terms of l, m, g, �{, and �|. Carefully de-
�ne any coordinates, base vectors, or an-
gles that you use. <

O

ı̂

ĵ

Problem 16.4.35

16.4.36 A massless 10 meter long bar is
supported by a frictionless hinge at one
end and has a 3:759 kg point mass at the
other end. It is released at t = 0 from
a tip angle of � = :02 radians measured
from vertically upright position (hinge at
the bottom). Use g = 10m s*2.

a) Using a small angle approxima-
tion and the solution to the result-
ing linear di�erential equation,
�nd the angle of tip at t = 1s and
t = 7s. Use a calculator, not a nu-
merical integrator. <

b) Using numerical integration of
the non-linear di�erential equa-
tion for an inverted pendulum
�nd � at t = 1s and t = 7s.

c) Make a plot of the angle versus
time for your numerical solution.
Include on the same plot the angle
versus time from the approximate
linear solution from part (a).

d) Comment on the similarities and
di�erences in your plots.

16.4.37 A zero length spring (relaxed
length l0 = 0) with sti�ness k = 5N_m
supports the pendulum shown.

a) Find �� assuming �� = 2 rad_s, � =
�_2. <

b) Find �� as a function of �� and �
(and k, l,m, and g.) <

[Hint: use vectors (otherwise it's
hard)]

[Hint: For the special case, kD =
mg, the solution simpli�es greatly.]

D = 4 m

m = 2 kg

�0 = 0
k = 5 N/m

g = 10 m/s

θ

x

y

� = 3 m
Problem 16.4.37

16.4.38 A spring-mass-damper system is
depicted in the �gure. The horizontal
damping force applied at B is given by
FD = *c �yB
The dimensions and parameters are as
follows:

rB_0 = 2ft

rA_0 = l = 3ft

k = 2 lbf_ f t

c = 0:3 lbf � s_ f t

For small �, assume that sin.�/ ù � and
cos.�/ ù 1.

Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap
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a) Determine the natural circular
frequency of small oscillations
about equilibrium for the pendu-
lum shown. The static equilib-
rium position is � = 0 (pendulum
hanging vertically), so the spring
is at its rest point in this position.
Idealize the pendulum as a point
mass attached to a rigid massless
rod of length 1, so IO = ml2. Also
use the �small angle approxima-
tion� where appropriate. <

b) Sketch a graph of � as a function
of t.t g 0/ if the pendulum is re-
leased from rest at position � =
0:2 rad when t = 0. Your graph
should show the correct qualita-
tive behavior, but calculations are
not necessary.

m

O

B

A

ck

x
y

θ

g

Problem 16.4.38

16.4.39 The asymmetric
dumbbell shown in the �gure is pivoted
in the center and also attached to a spring
at one quarter of its length from the big-
germass. When the bar is horizontal, the
compression in the spring is ys. At the in-
stant of interest, the bar is at an angle �
from the horizontal; � is small enough so

that y ù
L

2
�. If, at this position, the veloc-

ity of mass `m' is v �| and that of mass 3m

is*v �|, evaluate the power term (
³ Ç

F �
Çv)

in the energy balance equation. <

massless

L

3m m

k

Problem 16.4.39

16.4.40 The dumbbell shown in the �g-
ure has a torsional spring with spring
constant k (torsional sti�ness units are
kN�m

rad
). The dumbbell oscillates about the

horizontal positionwith small amplitude
�. At an instant when the angular veloc-

ity of the bar is �� �k, the velocity of the left

mass is *L �� �| and that of the right mass

is L �� �|. Find the expression for the power
P of the spring on the dumbbell at the in-
stant of interest. <

torsional spring

constant k

LL

2m m

ı̂

̂

Problem 16.4.40

16.4.41 A square plate with side l and
massm is hinged at one corner in a grav-
itational �eld g. Find the period of small
oscillation. <

�

g

Problem 16.4.41

16.4.42 A thin hoop of radiusR andmass
M is hung from a point on its edge and
swings in its plane. Assuming it swings
near to the position where its center of
mass G is below the hinge:

a) What is the period of its swinging
oscillations? <

b) If, instead, the hoop was set to
swinging in and out of the plane
would the period of oscillations be
greater or less? <

c) What length l of simple pendu-
lum (a massless rod with a point
mass at the end) has the same
period of oscillation of this hoop,
swinging in its plane? <

R
frictionless

pivot

G

O

θ

Problem 16.4.42

16.4.43 Oscillating disk. A uniform
disk with mass m and radius R pivots
around a frictionless hinge at its center.
It is attached to a massless spring which
is horizontal and relaxed when the at-
tachment point is directly above the cen-
ter of the disk. Assume small rotations
and the consequent geometrical simpli-
�cations. Assume the spring can carry
compression. What is the period of os-
cillation of the disk if it is disturbed from
its equilibrium con�guration? [You may
use the fact that, for the disk shown,
�ÇH
_O

=
1

2
mR2 �� �k, where � is the angle of

rotation of the disk.]. <

k

R

m

g

Problem 16.4.43

16.4.44 Robotics problem: Simplest
balancing of an inverted pendulum.
You are holding a stick upside down, one
end is in your hand, the other end stick-
ing up. To simplify things, think of the
stick as massless but with a point mass
at the upper end. Also, imagine that it is
only a two-dimensional problem (either
you can ignore one direction of falling
for simplicity or imaginewire guides that
keep the stick frommoving in and out of
the plane of the paper onwhich you draw
the problem).

You note that if youmodel your hold-
ing the stick as just having a stationary

hinge then you get �� =
g

l
sin�. Assum-

ing small angles, this hinge leads to ex-
ponentially growing solutions. Upside-
down sticks fall over. How can you pre-
vent this falling?

One way to do keep the stick from
falling over is to �rmly grab it with your
hand, and if the stick tips, apply a torque
in order to right it. This corrective torque

Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap



8 Chapter 16.

is (roughly) how your ankles keep you
balanced when you stand upright. Your
task in this assignment is to design a
robot that keeps an inverted pendulum
balanced by applying appropriate torque.

Your model is: Inverted pendulum,
length l, point mass m, and a hinge at
the bottom with a motor that can apply
a torque Tm. The stick might be tipped
an angle � from the vertical. A hori-
zontal disturbing force F.t/ is applied to
the mass (representing wind, annoying
friends, etc).

a) Draw a picture and a FBD

b) Write the equation for angu-
lar momentum balance about the
hinge point. <

c) Imagine that your robot can sense
the angle of tip � and its rate of

change �� and can apply a torque
in response to that sensing. That is
you canmakeTm any function of�

and �� that you want. Can you �nd
a function that will make the pen-
dulum stay upright? Make a guess
(you will test it below).

d) Test your guess the following way:
plug it into the equation of motion
from part (b), linearize the equa-
tion, assume the disturbing force
is zero, and see if the solution of
the di�erential equation has ex-
ponentially growing (i.e. unsta-
ble) solutions. Go back to (c) if
it does and �nd a control strategy
that works.

e) Pick numbers andmodel your sys-
tem on a computer using the full
non-linear equations. Use initial
conditions both close to and far
from the upright position and plot
� versus time.

f) If you are ambitious, pick a non-
zero forcing function F.t/ (say a
sine wave of some frequency and
amplitude) and see how that af-
fects the stability of the solution in
your simulations.

C

A

x

y

ℓ

φ

êθ êr

m

g

Problem 16.4.44

16.4.45 A thin rod of massm and length
l is hingedwith a torsional spring of sti�-
ness K at A, and is connected to a thin
disk of mass M and radius R at B. The
spring is uncoiled when � = 0. De-
termine the natural frequency !n of the
system for small oscillations �, assuming
that the disk is:

a) welded to the rod, and <

b) pinned frictionlessly to the rod. <

A

MR
B

K

m
�

θ

g

Problem 16.4.45

Mixed Problems

16.4.46 Assume that the pulley shown
in �gure(a) rotates at a constant speed !.
Let the angle of contact between the belt
and pulley surface be �. Assume that the
belt is massless and that the condition of
impending slip exists between the pulley
and the belt. The free-body diagram of
an in�nitesimal section ab of the belt is
shown in �gure(b).

a) Write the equations of linear mo-
mentum balance for section ab of
the belt in the �{ and �| directions.

b) Eliminate the normal force N
from the two equations in part (a)
and get a di�erential equation for
the tension T in terms of the coef-
�cient of friction � and The con-
tact angle �. <

c) Show that the solution to the

equation in part (b) satis�es
T
1

T
2

=

e�� , where T1 and T2 are the ten-
sions in the lower and the upper
segments of the belt, respectively.

a
b

θ

ωdθ

a

b

dθ
dθ/2

dN

T

dFf = µdN

T+dT

(a)

(b)

T2

T1

ı̂

ĵ

Problem 16.4.46

16.4.47 A belt drive is required to trans-
mit 15 kW power from a 750mm diame-
ter pulley rotating at a constant 300 rpm
to a 500mm diameter pulley. The cen-
ters of the pulleys are located 2:5m apart.
The coe�cient of friction between the
belt and pulleys is � = 0:2.

a) (See problem 16.4.46.) Draw a
neat diagram of the pulleys and
the belt-drive system and �nd the
angle of lap, the contact angle �, of
the belt on the driver pulley.

b) Find the rotational speed of the
driven pulley. <

c) (See the �gure in prob-
lem 16.4.46.) The power transmit-
ted by the belt is given by power =
net tension � belt speed, i.e., P =
.T1 * T2/v, where v is the linear
speed of the belt. Find the max-
imum tension in the belt. [Hint:
T
1

T
2

= e�� (see problem 16.4.46).] <

d) The belt in use has a 15mm �
5mm rectangular cross-section.
Find the maximum tensile stress
in the belt. <
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16.4.48 Slippery money A round uni-
form �at horizontal platformwith radius
R and massm is mounted on frictionless
bearings with a vertical axis at 0. At the
instant of interest it is rotating counter
clockwise (looking down) with angular

velocity Ç! = !�k. A force in the xy
plane with magnitude F is applied at the
perimeter at an angle of 30ý from the ra-
dial direction. The force is applied at a
location that is � from the �xed positive
x axis. At the instant of interest a small
coin sits on a radial line that is an an-
gle � from the �xed positive x axis (with
massmuchmuch smaller thanm). Grav-
ity presses it down, the platform holds it
up, and friction (coe�cient=�) keeps it
from sliding.

Find the biggest value of d for which
the coin does not slide in terms of some
or all of F;m; g; R; !; �; �, and �. <

dw

coin

F
R

0 φ

θ 30°

g

x

z

y

Problem 16.4.48

16.4.49 Frequently parents will build a
tower of blocks for their children. Just
as frequently, kids knock them down. In
falling (even when they start to topple
aligned), these towers invariably break in
two (or more) pieces at some point along
their length. Why does this breaking oc-
cur? What condition is satis�ed at the
point of the break? Will the stack bend
towards or away from the �oor after the
break? <

This? This?or
Problem 16.4.49

Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap
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16.4.1 An object consists of a massless
bar with two attachedmassesm1 andm2.
The object is hinged at O.

a) What is the moment of inertia of
the object about point O (IOzz)?

b) Given �, ��, and ��, what is
Ç

H
_O
, the

angular momentum about point
O?

c) Given �, ��, and ��, what is �ÇH
_O
, the

rate of change of angular momen-
tum about point O?

d) Given �, ��, and ��, what is T, the
total kinetic energy?

e) Assume that you don't know �, ��

or �� but you do know that F1 is ap-
plied to the rod, perpendicular to

the rod atm1. What is ��? (Neglect
gravity.)

f) If F1 were applied tom2 instead of

m1, would
�� be bigger or smaller?

O x

θ

F1

m2

m1

�1

�2

� = �1 + �2

Problem 16.1

Answer:

(a) Icmzz = m1l
2
1
+m2l

2.

(b)
Ç

H
_O

= ��.m1l
2
1
+m2l

2/ �k.

(c) �ÇH
_O

= ��.m1l
2
1
+m2l

2/ �k.

(d) EK =
��2

2
.m1l

2
1
+m2l

2/ �k.

(e) �� =
F
1
l
1

m
1
l
2

1
+m

2
l2

(f) �� will be bigger if F1 is applied tom2

instead ofm1.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.4.2 A uniform circular disc rotates at
constant angular speed ! about the ori-
gin, which is also the center of the disc.
It's radius is R. It's total mass isM.

a) What is the total force and mo-
ment required to hold it in place
(use the origin as the reference
point of angular momentum and
torque).

b) What is the total kinetic energy of
the disk?

M

O

R

ω

x

y

Problem 16.2

Answer:

(a)
Ç

F = 0N.

(b) EK =
1

4
MR2!2.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.4.3 The hinged disk of mass m (uni-
formly distributed) is acted upon by a
force P shown in the �gure. Determine
the initial angular acceleration and the
reaction forces at the pin O.

O

30
o

30
o

P

R

g

Problem 16.3

Answer:
��0 =

P

mR
and

Ç

R1 = P.sin 30�{ * cos 30 �|/.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.4.4 Amotor turns a bar. Auniform
bar of length l and mass m is turned
by a motor whose shaft is attached to
the end of the bar at O. The angle
that the bar makes (measured counter-
clockwise) from the positive x axis is � =
2� t2_s2. Neglect gravity.

a) Draw a free-body diagram of the
bar.

b) Find the force acting on the bar
from the motor and hinge at t =
1 s.

c) Find the torque applied to the bar
from the motor at t = 1 s.

d) What is the power produced by
the motor at t = 1 s?

motor O

�ı̂

ĵ

θ

Problem 16.4

Answer:

(b)
Ç

RBM = *
4�ml

2
.4��{ * �|/.

(c)M =
4� rad_s2

3
ml2.

(d) P =
16�2 s*3

3
ml2.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.4.5 A physical pendulum. A
swinging stick is sometimes called a
`physical' pendulum. Take the `body', the
system of interest, to be the whole stick.

a) Draw a free-body diagram of the
system.

b) Write the equation of angular mo-
mentum balance for this system
about point O.

c) Evaluate the left-hand-side as ex-
plicitly as possible in terms of the
forces showing on your Free-Body
Diagram.

d) Evaluate the right hand side as
completely as possible. You may
use the following facts:

Çv = l �� cos � �| + *l �� sin ��{
Ça = *l ��2 [cos ��{ + sin � �|]

+l �� [cos � �| * sin ��{]

where l is the distance along the
pendulum from the top, � is the
angle by which the pendulum is

displaced counter-clockwise from
the vertically down position, �{ is
vertically down, and �| is to the
right. You will have to set up and
evaluate an integral.

O

L

�

ı̂

ĵ

θ

Problem 16.5

Answer:

(d)
³ Ç

MO = *
l

2
mg sin � �k = �ÇH

_O
=

ml2

3

�� �k.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.4.6 A uniform one meter bar is hung
from a hinge that is at the end. It is al-
lowed to swing freely. g = 10m_s2.

a) What is the period of small oscil-
lations for this pendulum?

b) Suppose the rod is hung 0:4m
from one end. What is the period
of small oscillations for this pen-
dulum? Can you explain why it is

longer or shorter than when it is
hung by its end?

Answer:

(a) T = 1:62 s.

(b) The period of oscillations is longer

if the rod is hung at 0:4m because the

torque due to weight of the portion

above the hinge negates the torque due

to the portion below the hinge. One

way to see it is that if the bar is hinged

at mid, net torque about the hinge be-

comes zero leading to in�nitely large

period of oscillation.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.4.7 Motor turns a dumbbell. Two
uniform bars of length l and massm are
welded at right angles. At the ends of
the horizontal bar are two more masses
m. The bottom end of the vertical rod is
attached to a hinge at O where a motor
keeps the structure rotating at constant
rate ! (counter-clockwise). What is the
net force andmoment that themotor and
hinge cause on the structure at the in-
stant shown?

m m
m

m

O

x

y

ı̂

ĵ

ω

�

�

motor

Problem 16.7

Answer:

Fx = 0; Fy =
7lm!2

2
,
Ç

MO = 0 �k.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.4.8 The structure shown in the �g-
ure consists of two point masses con-
nected by three rigid, massless rods such
that the whole structure behaves like a
rigid body. The structure rotates counter-
clockwise at a constant rate of 60 rpm. At
the instant shown, �nd the force in each
rod.

1m 45o

m = 0.5 kg m

Problem 16.8

Answer:

F1 = 0N, F2 = 2�2 N, and F3 =

2
ù
2�2 N.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.4.9 Balancing a system of rotat-
ing particles. A wire frame structure is
made of four concentric loops of mass-
less and rigid wires, connected to each
other by four rigid wires presently co-
incident with the x and y axes. Three
masses, m1 = 200 grams, m2 =
150 grams and m3 = 100 grams, are
glued to the structure as shown in the
�gure. The structure rotates counter-

clockwise at a constant rate �� = 5 rad_s.
There is no gravity.

a) Find the net force exerted by the
structure on the support at the in-
stant shown.

b) You are to put a mass m at an
appropriate location on the third
loop so that the net force on the
support is zero. Find the appropri-

ate mass and the location on the
loop.

r1=10 cm

r2=20 cm

r3=30 cm

r4=40 cm

m1

m2
m345

o

30
o

x

y

ω

Problem 16.9

Answer:

(a) (a)
Ç

F = 0:33N�{ * 0:54N �|.

(b) The net force on the support be-

comes zero if we put m = 0:84 kg on

0:3m radius loop at � = 302:33ý.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.4.10 Motor turns a bent bar. Two
uniform bars of length l and uniform
mass m are welded at right angles. One
end is attached to a hinge at O where
a motor keeps the structure rotating at
a constant rate ! (counterclockwise).
What is the net force and moment that
the motor and hinge cause on the struc-
ture at the instant shown.

a) neglecting gravity

b) including gravity.

m

mO

x

y

ı̂

ĵ

ω

�

�

motor

Problem 16.10: A bent bar is rotated by a
motor.

Answer:

(a) Net force:
Ç

Fnet = *.
3m!2L

2
/�{ *

.
m!2L

2
/ �|, Net moment:

Ç

Mnet =
Ç

0.

(b) Net force:
Ç

Fnet = *.
3m!2L

2
/�{ +

.2mg *
m!2L

2
/ �|, Net moment:

Ç

Mnet =
3mgL

2

�k.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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Sunday, March 31, 2019 5:59 PM

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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Problem 15.2.34 1

15.2.35

Figure 15.2.1: (a) A bent bar is rotated by a motor. (b) Free body diagram.

Two uniform bars of length ` and uniform mass m are welded at right angles. One end is
attached to a hinge at O where a motor keeps the structure rotating at a constant rate ω
(counterclockwise); see Fig. 15.2.1(a). What is the net force and moment that the motor
and hinge cause on the structure at the instant shown, when

(a) neglecting gravity, or

(b) including gravity?

Net force

The free body diagram of the system is shown in Fig. 15.2.1(b). The linear momentum
balance equation for the system is

~FO − 2mg ĵ = m~a1/O +m~a2/O, (15.2.1)

where the acceleration of each mass (circular motion) is

~ai/O = −ω2~ri/O. (15.2.2)

We have ~r1/O = (`/2)̂i and ~r2/O = `̂i+ (`/2)̂j, so after simplifying

m~a1/O +m~a2/O = −

m`ω2

2

(

3̂i+ ĵ
)

, (15.2.3)

we retrieve the net force at the hinge as

~FO = 2mgĵ−
m`ω2

2

(

3̂i+ ĵ
)

. (15.2.4)

April 12, 2021, M. R. Buche
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2 Chapter 15

Note that this force is nonzero even if we neglect gravity, and that the direction of it will
change in general as the hinge rotates the bars. The magnitude of the net force changes as
the bars rotate; however, if we neglect gravity it does not change and remains constant at

FO|g=0 =
m`ω2

√
10

2
. (15.2.5)

This problem can also be done using the center of mass.

Net moment

The gravitational forces cause a net moment of −3mg`/2 about O. The angular momentum
balance equation about O is then

MO − 3mg`

2
= Ḣ/O. (15.2.6)

The rate of change of the angular momentum Ḣ/O is zero since ω is constant, so the net
moment from the motor is then

MO =
3mg`

2
. (15.2.7)

Note that the moment is zero if we neglect gravity.

April 12, 2021, M. R. Buche
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16.4.11 A uniform disk of mass M and
radius R rotates about a hinge O in the
xy-plane. A point mass m is �xed to the
disk at a distance R_2 from the hinge. A
motor at the hinge drives the disk/point

mass assembly with constant angular ac-
celeration �. What torque at the hinge
does the motor supply to the system?

Answer:

T =
�R2

4
.2M +m/.

Disclaimer:We have lost track of the many people who wrote these solutions.
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16.4.12 A rigid rod of length l and to-
tal mass m is held �xed at one end and
whirled around in circular motion at a
constant rate ! in the horizontal plane.
Ignore gravity.

a) Find the tension in the rod as a
function of r, the radial distance
from the center of rotation to any
desired location on the rod.

b) Where does themaximum tension
occur in the rod? .

c) At what distance from the center
of rotation does the tension drop
to half its maximum value? .

Answer:

(a) T.r/ =
m!2

2L
.L2 * r2/

(b) at r = 0; i.e., at the center of rotation

(c) r = L_
ù
2

Disclaimer:We have lost track of the many people who wrote these solutions.
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16.4.13 A thin uniform circular disc of
mass M and radius R rotates in the xy
plane about its center of mass point O.
Driven by a motor, it has rate of change
of angular speed proportional to angular
position, � = k�5_2. The disc starts from
rest at � = 0.

a) What is the rate of change of an-
gular momentum about the origin

at � =
�

3
rad?

b) What is the torque of the motor at

� =
�

3
rad?

c) What is the total kinetic energy of

the disk at � =
�

3
rad?

Answer:

(a) �ÇH
_O

=
�
k
�

3

�2:5 0MR2

2
1 �k.

(b) T = k
�
�

3

�2:5 0MR2

2
1.

(c) EK = k2
�
�

3

�3:5 0MR2

2
1.

Disclaimer:We have lost track of the many people who wrote these solutions.
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16.4.14 Neglecting gravity, calculate� =

�! = �� at the instant shown for the system
in the �gure.

F
=10 N

2 kg

4
 c

m

5 cm

4 cm

1 cm

rigid
massless
tubingθ

Problem 16.14

Answer:
�� = 100 rev_sec.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.



Chapter 16.4. Dynamics Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap Problem 16.4.15 23

16.4.15 The uniform square shown is
released from rest at t = 0. What is
� = �! = �� immediately after release?

x

yup

θ

�

�

uniform
square,

mass=M

Problem 16.15

Answer:
�� = *

3g

2L
sin �

Disclaimer:We have lost track of the many people who wrote these solutions.
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16.4.16 Acceleration of a trap door.
A uniform bar AB of mass m and a ball
of the same mass are released from rest
from the same horizontal position. The
bar is hinged at end A. There is gravity.

a) Which point on the rod has the
same acceleration as the ball, im-
mediately after release.

b) What is the reaction force on the
bar at end A just after release?

L
m m

A B C

Problem 16.16

Answer:

(a) Point at 2L_3 from A

(b)mg_4 directed upwards.

Disclaimer:We have lost track of the many people who wrote these solutions.
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16.4.17 A disk with radius R has a string
wrapped around it which is pulled with
a force F. The disk is free to rotate about
the axis through O normal to the page.
The moment of inertia of the disk about
O is Io. A pointA is marked on the string.
Given that xA(0) = 0 and that �xA(0) = 0,
what is xA.t/?

R

hinge

O

Spool has mass moment of inertia, IO

A
F

xA(0) = 0
ẋA(0) = 0
xA(t) = ?

xA

Inextensible
string wound
around spool

Problem 16.17

Answer:

xA.t/ =
Ft2

2
�
m+

I

R2

�
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16.4.18 A uniform stick with length l

andmassMo is welded to a pulley hinged
at the centerO. The pulley has negligible
mass and radius Rp. A string is wrapped

many times around the pulley. At time
t = 0, the pulley, stick, and string are at
rest and a force F is suddenly applied to
the string. How long does it take for the
pulley to make one full revolution? Ig-
nore gravity.

F

Rp

massless pulley

stick, mass = Mo

O

ℓ

Problem 16.18: String wraps around a
pulley with a stick glued to it.

Answer:

Trev =

u
2M

O
l2�

3FR
p

.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.



Chapter 16.4. Dynamics Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap Problem 16.4.19 27

16.4.19 Constant speed gear train.
Gear A is connected to a motor (not
shown) and gear B, which is welded to
gear C, is connected to a ta�y-pulling
mechanism. Assume you know the
torqueMinput = MA and angular velocity

!input = !A of the input shaft. Assume

the bearings and contacts are frictionless.

a) What is the input power?

b) What is the output power?

c) What
is the output torqueMoutput = MC ,

the torque that gear C applies to its

surroundings in the clockwise di-
rection?

RA

MA

RB

RC

ωA

A B

C

no slip

ωC

Problem 16.19

Answer:

(a) Pin = MA!A.

(b) Pout = MA!A.

(c)MC = MA

R
B

R
A

Disclaimer:We have lost track of the many people who wrote these solutions.
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16.4.20 At the input to a gear box a
100 lbf force is applied to gear A. At the
output, the machinery (not shown) ap-
plies a force of FB to the output gear.
Gear A rotates at constant angular rate
! = 2 rad_s, clockwise.

a) What is the angular speed of the
right gear?

b) What is the velocity of point P?

c) What is FB?

d) If the gear bearings had friction,
would FB have to be larger or
smaller in order to achieve the
same constant velocity?

e) If instead of applying a 100 lbf to
the left gear it is driven by a mo-
tor (not shown) at constant angu-

lar speed !, what is the angular
speed of the right gear?

RA

RC

RB

A B P

no slip

FA = 100 lb

FB = ?

C

Problem 16.20: Two gears with end
loads.

Answer:

(a) !B = !
R
A

R
C

(b) VP =
!R

A
R
B

R
C

(c) FB =
F
A
R
C

R
B

(d) FB will have to be smaller.

(e) The left gear is constrained to rotate

at !B =
!R

A

R
C

.
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Tuesday, April 9, 2019 3:30 PM
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MAE2030 HW P51 (16.4.20) Solution Duan Li

Given
:

A

III. e

re

w = 2 radIs

a) Find WB

JAN
Je

w←

→ WB

Angular velocity of gear
A : ion

.

= - w I
→

Angular velocity of gear
B

: WB
= WBI

D and E are the
contacting points of

the 2

gears

D right on
the

edge of gear
A

E
right on

the
edge of gear

B

→

No slip → To =

VE

JD =

A
X F

D1OA

Je = ⑦
B
X

TEI OB
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- WI x Rai = WBI x C - Re ) E

RA
{ - w Raj = -

WB Raj } °

j WB =

Re
w

b) Find Jp

OB jvp

÷
w←

→ WB

Jp = JB ×

rp ,o,
= RR! WI x RB err = RAR!

B

w Io

c) Find FB

s i Assume frictionless bearings )

÷÷ :
w←

AMB
of gear

A

constant JA

Z Tha ,
on.

= IT
a
, on.

E J

Disclaimer:We have lost track of the many people who wrote these solutions.
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FA j x C- RA ) i t f j x Rai =

of
= FA

AMB
of gear

B

constant TB

Z MT
Blob

= ITB
,
o

E J
B

- f j x C- Re ) i + C- FB ) j x RB E = 5

FB = Rn; f = Rn; Fa

d) Compare FB for bearings with or without friction

FB Ds ( Bearing w . frictional moments thy , Tnf )

I

qa^^¥ag ,

"

mga so
, Mj > o

w←

→ WB

AMB
of gear

A

constant TA

Z Bhai
on.

= IT
a
, on.

E J
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'
n j

FA j x C- RA ) i t f j
x Rai t Ma

,

I = o

f
'

= Fa -

MA't

RA

AMB
of gear

B

constant TB

Z MT
Bio

,

= ITB
,
o

E J
B

in
l n >

- f j x C- Re ) i t t- FB ) j x RB E -

Mbf k = 0

/ Rc '
- Mbf

=

Rc Rc MA MB
, f

FB =

RB f RB RB
FA

-

RB RA

-

RB
< FB

FB has to be smaller to achieve the same equilibrium

Qualitative sanity
check

:

°o° w
,
a W

o

'

.
W = const

.

means Wp = const
.

°o° MA
, f
t C increases ) ⇒ w f ( decreases)

o
: Need f 'd ⇒ wtf

so that w stays constant

°

: f
'

t ⇒ WB I

Also MBF T ⇒ WB d

i
.

Need FB d ⇒ WBT

so that w
, stays constant

Disclaimer:We have lost track of the many people who wrote these solutions.
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e) Find WB

w←

→ WB

As we can see from the diagram from
Ca)

,

Fe does NOT depend on how
gear

A is driven
,

and neither does JB

RA
W B

=

Re
w

Disclaimer:We have lost track of the many people who wrote these solutions.
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16.4.21 A bevel gear system. A bevel-
type gear system, shown in the �gure,
is used to transmit power between two
shafts that are perpendicular to each
other. The driving gear has a mean ra-
dius of 50mm and rotates at a constant
speed ! = 150 rpm. The mean radius of
the driven gear is 80mm and the driven
shaft is expected to deliver a torque of
Mout = 25N�m. Assuming no power
loss, �nd the input torque supplied by the
driving shaft.

driving gear

ı̂

ĵ

Problem 16.21: A bevel gear

Answer:

Min = 15:625N � m.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.



Chapter 16.4. Dynamics Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap Problem 16.4.22 41

16.4.22 Belt drives are used to transmit
power between parallel shafts. Two par-
allel shafts, 3m apart, are connected by
a belt passing over the pulleys A and B
�xed to the two shafts. The driver pul-
ley A rotates at a constant 200 rpm. The
speed ratio between the pulleys A and B
is 1:2.5. The input torque is 350N�m. As-
sume no loss of power between the two
shafts.

a) Find the input power.

b) Find the rotational speed of the

driven pulley B .

c) Find the output torque at B.

3m

(driven) B
A (driver)

r = 100 mm

Problem 16.22

Answer:

(a) Pin = 7:33kilo-watts

(b) 500 rpm

(c)Mout = 140N�m

Disclaimer:We have lost track of the many people who wrote these solutions.
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16.4.23 In the belt drive system shown,
assume that the driver pulley rotates at
a constant angular speed !. If the mo-
tor applies a constant torque MO on the
driver pulley, show that the tensions
in the two parts, AB and CD, of the
belt must be di�erent. Which part has
a greater tension? Does your conclu-
sion about unequal tension depend on
whether the pulley is massless or not?

Assume any dimensions you need.

driven pulley

B

driver pulley

A

D

C

MO

Problem 16.23

Answer:

Mout = 140N�m
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16.4.24 Two racks connected by three
constant rate gears. A 100 lbf force is
applied to one rack. At the output, the
machinery (not shown) applies a force of
FB to the other rack.

a) Assume the gear-train is spinning
at constant rate and is frictionless.
What is FB?

b) If the gear bearings had friction
would that increase or decreaseFB

to achieve the same constant rate?

c) If instead of applying a 100 lbf to
the left rack it is driven by a motor
(not shown) at constant speed v,
what is the speed of the right rack?

d) If the angular velocity of the gear
is increasing at rate � does this in-

crease or decrease FB at the given
!.

massless
rack

massless
rack

no slip

FB = ?

RA

RC

REA b C
d E

no slip

100 lb

Bx

y

Problem 16.24: Two racks connected by
three gears.

Answer:

(a) FB = 100 lbf .

(c) vright = v.

Disclaimer:We have lost track of the many people who wrote these solutions.
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16.4.25 -3-D accelerating gear train.
This is really a 2-D problem; each gear
turns in a di�erent parallel plane. Shaft
B is rigidly connected to gears G4 and G5.
G3 meshes with gear G6. Gears G6 and
G5 are both rigidly attached to shaft AD.
Gear G5 meshes with G2 which is welded
to shaft A. Shaft A and shaft B spin inde-
pendently. Assume you know the torque
Minput, angular velocity !input and the

angular acceleration �input of the input

shaft. Assume the bearings and contacts
are frictionless.

a) What is the input power?

b) What is the output power?

c) What is the angular velocity
!output of the output shaft?

d) What is the output torque
Moutput?

x

y

z

C

A

D

G1

G2
G3

G4

G6

G5

B

C D

BA

G5

G1

G2 G3

G4

G6Front view

ωout

ωin

RG5
 = 3RG2

3RG3
 = 5RG6

ωinωout

Problem 16.25: A 3-D gear train.

Answer:

(a) Pin = 2500�N � m_s.

(b) Pout = 2500�N � m_s.

(c) !output = 25� rad_s.

(d)Moutput = 100N � m.
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16.4.26 Gear A with radius RA =
400mm is rigidly connected to a drum
B with radius RB = 200mm. The com-
bined moment of inertia of the gear and
the drum about the axis of rotation is
Izz = 0:5 kg � m2. Gear A is driven by
gear C which has radius RC = 300mm.
As the drum rotates, a 5 kg mass m is
pulled up by a string wrapped around
the drum. At the instant of interest,
The angular speed and angular acceler-
ation of the driving gear are 60 rpm and
12 rpm_s, respectively. Find the acceler-
ation of the massm.

RCRB

RA

ωC,αC

CB

A

no slip

x

y

m

Problem 16.26

Answer:

am = 0:188m_s2
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16.4.27 A spindle and pulley arrange-
ment is used to hoist a 50 kg mass
as shown in the �gure. Assume that
the pulley is to be of negligible mass.
When the motor is running at a constant
100 rpm,

a) Find the velocity of the mass at B.

b) Find the tension in stringsAB and
CD.

motor r = 150 mm

r = 250 mm

50 kgA

B

C

D
spindle

r = 300 mm

Problem 16.27

Answer:

(a) VB = 3:77m_s.

(b) TAB = 500N, TCD = 1000N.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.



48 Chapter 16.4. Dynamics Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap Problem 16.4.28

16.4.28 Accelerating rack and pin-
ion. The two gears shown are welded
together and spin on a frictionless bear-
ing. The inner gear has radius 0:5m and
negligible mass. The outer disk has 1m
radius and a uniformly distributed mass
of 0:2 kg. They are loaded as shown with
the force F = 20N on the massless rack
which is held in place by massless fric-
tionless rollers. At the time of interest the
angular velocity is ! = 2 rad_s (though
! is not constant). The point P is on the
disk a distance 1m from the center. At
the time of interest, point P is on the pos-
itive y axis.

a) What is the speed of point P?

b) What is the velocity of point P?

c) What is the angular acceleration �
of the gear?

d) What is the acceleration of point
P?

e) What is the magnitude of the ac-
celeration of point P?

f) What is the rate of increase of the
speed of point P?

1m

.5m

no slip

P

x

y

ω

massless rack

massless
inner disk

uniform disk
m = 2kg

F=20N

Problem 16.28: Accelerating rack and
pinion

Answer:

(a)
óóóóÇvpóóóó = 2m_s.

(b) Çvp = *2�{m_s.

(c) � = 100 rad_s2.

(d) Çap = .100�{ * 4 �|/m_s2.

(e)
óóóóÇapóóóó = 100:08m_s2.

(f)
d

óóóóÇva óóóó
dt

= *100m_s2.
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16.4.29 Two racks connected by a
gear. A 100 lbf force is applied to one
rack. At the output the machinery (not
shown) applies a constant force FB to the
other rack.

a) Assume the gear is spinning at
constant rate and is frictionless.
What is FB?

b) If the gear bearing had friction,
would that increase or decreaseFB

to achieve the same constant rate?

c) If the angular velocity of the gear
is increasing at rate �, does this in-
crease or decrease FB at the given
!.

d) If the output load FB is given then
the motion of the machine can be
found, assuming friction is negli-
gible. Assume that the machine
starts from rest with a given out-
put load. So long as rack B moves
down and the output force FB is
positive, the output power is posi-
tive. The machine starts from rest
and runs for a �xed amount of
time T. For what value of FB is

the output workmaximum? Once
you �nd an answer, can you �nd
an intuitive explanation for the
answer?

uniform disk

m = 10 lbm

massless

racks

FB = ?100 lbf

6 in

ω

Problem 16.29: Two racks connected by
a gear.

Answer:

(a) FB = 100 lbf .

(b) If gear bearing has friction, FB has

to increase.

(c)FB will decrease if the angular veloc-

ity of the gear is increasing.

(d) For work to be maximum, FB =

50 lbf . Initially work increases with FB

but too large FB leads to small !0 thus

giving smaller net work.

Disclaimer:We have lost track of the many people who wrote these solutions.
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16.4.30 A rack and pinion con-
strained by a linear spring. Neglect
gravity. The spring is relaxed when the
angle � = 0. Assume the system is re-
leased from rest at � = �0. What is the
acceleration of the point P at the end of
the stickwhen � = 0? Answer in terms of
any or all ofm, R, l, �0, k, �{, and �|. [Hint:
There are several steps of reasoning re-
quired. You might want to draw FBD(s),
use angular momentum balance, set up
a di�erential equation, solve it, plug val-

ues into this solution, and use the result
to �nd the quantities of interest.

P

k

R

m,ℓ

θ
ı̂

̂

Problem 16.30

Answer:
ÇaP = *

3�2
0
R2k

lm
�|
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16.4.31 A small particle of massm is at-
tached to the end of a thin rod of mass M
(uniformly distributed), which is pinned
at hinge O, as depicted in the �gure.

a) Obtain the equation of motion
governing the rotation � of the
rod.

b) What is the natural frequency of
the system for small oscillations
�?

m

M

�/3

2�/3 θ

O

g

Problem 16.31

Answer:0 .M+4m/l2

9
1 �� +

�
.M+4m/gl

6

�
sin � = 0.

f =
1

2�

u
3g.M+4m/

2l.M+4m/
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16.4.32 A rigid massless rod has two
equal masses mB and mC (mB = mC =
m) attached to it at distances 2l and
3l, respectively, measured along the rod
from a frictionless hinge located at a
point A. The rod swings freely from the
hinge. There is gravity. Let � denote the
angle of the rod measured from the ver-

tical. Assume that � and �� are known at
the instant of interest.

a) What is ��? Find �� in terms of m,

l, g, � and ��.

b) What is the force of the hinge on
the rod? Solve in terms of m, l,
g, �, ��, �� and any unit vectors you
may need to de�ne.

c) Would you get the same answers
if you put a mass 2m at 2:5l? Why

or why not?

rigid massless bar
m

m

φ

�

2�

Problem 16.32

Answer:
�� = *

5g

13l
sin�.

Ç

F = *5ml. ��2cos�+ �� sin�/�{*2mg�{+

5ml. �� cos� * ��2 sin�/ �|.

Answer will change because although

total moment of force about the hinge

stays same but moment of inertia re-

duces. In this case we get �� =

*
5g

12:5l
sin�.

Disclaimer:We have lost track of the many people who wrote these solutions.
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16.4.33 For the pendula in the �gure :

a) Without doing any calculations,
try to �gure out the relative dura-
tions of the periods of oscillation
for the �ve pendula (i.e. the order,
slowest to fastest) Assume small
angles of oscillation.

b) Calculate the period of small oscil-
lations. [Hint: use balance of an-
gular momentum about the point
0].

c) Rank the relative duration of oscil-
lations and compare to your intu-
itive solution in part (a), and ex-
plain in words why things work
the way they do.

(a)

(c) (d) (e)

(b)

rigid, 
massless bar

M

M

M

2m

1m

1m

1m

2m

M
M

M

θ
θ θ

g

rigid, 
massless bar

uniform bar
M = 1kg

rigid, 
massless

bar

rigid, 
massless

bar

θ θ

2m

1m

O O

O O O

Problem 16.33

Answer:

(b)

(b) T = 2:29 s

(e) T = 1:99 s

(b) has a longer period than (e) does

since in (b) themoment of inertia about

the center of mass (located at the same

position as the mass in (e)) is non-zero.

Disclaimer:We have lost track of the many people who wrote these solutions.
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16.4.34 A pegged compound pendu-
lum. A uniform bar of mass m and
length l hangs from a peg at point C and
swings in the vertical plane about an axis
passing through the peg. The distance d
from the center of mass of the rod to the
peg can be changed by putting the peg at
some other point along the length of the
rod.

a) Find the angular momentum of
the rod about point C.

b) Find the rate of change of angular
momentum of the rod about C.

c) Howdoes the period of the pendu-
lum vary with d? Show the varia-
tion by plotting the period against
d

l
. [Hint, you must �rst �nd the

equations of motion, linearize for
small �, and then solve.]

d) Find the total energy of the rod
(using point C as a datum for po-
tential energy).

e) Find �� when � = �_6.

f) Find the reaction force on the rod
at C, as a function of m, d, l, �,
and ��.

g) For the given rod, what should be
the value of d (in terms of l) in or-
der to have the fastest pendulum?

h) Test of Schuler's pendulum.
The pendulum with the value of
d obtained in (g) is called the
Schuler's pendulum. It is not only
the fastest pendulum but also the
�most accurate pendulum�. The
claim is that even if d changes
slightly over time due to wear at
the support point, the period of

the pendulum does not change
much. Verify this claim by calcu-
lating the percent error in the time
period of a pendulum of length
l = 1m under the following three
conditions: (i) initial d = 0:15m
and after some wear d = 0:16m,
(ii) initial d = 0:29m and after
some wear d = 0:30m, and (iii)
initial d = 0:45m and after some
wear d = 0:46m. Which pen-
dulum shows the least error in its
time period? What is the connec-
tion between this result and the
plot obtained in (c)?

A

C

d

G

B

m

�θ

Problem 16.34

Answer:

(a)
Ç

Hc = 0ml2

12
+md21 �� �k.

(b) �ÇHc = 0ml2

12
+md21 �� �k.

(c) T =
2�ù
g_l

u
1

12.d_l/
+

d

l

(d) ET =
1

2
0ml2

12
+md21 ��2 *

mgd cos �.

(e) �� = *
6gd

12d2+l2
.

(f)
Ç

Rc =

*m
�

12gd

12d2+l2
cos � sin � + ��2d sin �

�
�{ +�

mg *
12mgd

12d2+l2
sin �2 +m ��2d cos �

�
�|.

(g) d = 0:29l

(h) The error in the time period of

the pendulum for the three cases is (i)

1:767~, (ii) 0:034~, and (iii) 0:470~ re-

spectively.
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clc;

clear;

close all;

% Define D = d/l, ranging from 0 to 0.5

% Pick D ranging from 0.15 to 0.35 to clearly see approximate minimum

D = linspace(0.2,0.35,100);

% Plot the normalized period vs D=d/l;

T = sqrt(D+1./(12*D));

plot(D,T)

hold on

title('The period changes with d/l');

xlabel('d/l');

ylabel('Normalized period');

% Find numerical/approximate mim, for analytical/acurate min see

 derivative

Tmin = min(T);

Dmin = D(find(T==Tmin));

plot(Dmin,Tmin,'o');

fprintf('Mimimum normalized time period is %.4f\n',Tmin);

fprintf('When D is equal to %.4f\n',Dmin);

Mimimum normalized time period is 0.7598

When D is equal to 0.2894

1

Disclaimer:We have lost track of the many people who wrote these solutions.
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16.4.34 HW 9 Ps2
Teaya Yang

,

'

A .

•E'¥,

-

'

- → j * Fond 8 used here are the same as Er and Eo used in lecture
.

c''

Io
'

.

'

;
e.

m

I
~

we go

a) Find Ty
, .

B tr

Approach # l :

HTC = SEXTdm let rI= RF
,

where r is distance defined from c

Htc = frrixroo dm then I = rio

- A
Ha = Jr-o

.

I dm nd
f

>j
DTE c

. \
i dm -_

t.mdr-td.e.no#-medrem;;÷÷Adr w

-

v
.

massllength
dtez n

= theOr
- Idr go or can think of as dime = dryId

-E B tr
mass ratio = length ratio

= 'zmzOr3I/d+¥ Faa =
-

¥ -d) F
d
-E ⇒ d-I srsdtez

= -5-96#EP- Cd -⇒3) I
BTK = dt IF

=

IF O[dTt3d4E)t3d# 1- (E)
3

-dft3d⇐) -3d#+ (E)3) I

= the O ( 3d
-

et ET) I

the -_ mold't II

Approach # 2 :

the

HTC = ICE I'= fr- dm = fdd r2# dr)
-

-I
2

the
= off! rymeydr

D= OI

-

some integral as approach # t
.

b) tta = dat tho

= dat @old't I )

ik = mo ( d'tE) I

C) How does period T depend on d ? Plot Tvs.
ed

.

Plan : First find Eon ,
then determine w and calculate T

.

>
Of

FBD :
A

Rx IO n

EMI = Tray x#
s y

r. IT
"

y
'

,

= drixmge
(

q v J n

! u

= - dmgsinok z
r

Fg n

Bpo
↳

a
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AMB : Etta = tic

- dmlgsino# = my-6 ( d.+ %) #
small angle approx .

: sin oxo

- dg since = (dat # ,

O
'

= - Chaffee) o

- since = if Kd'te
- Recall simple harmonic oscillator : i = - wax

⇐ -

-
Here : w = 112dL

For period : T = = 2x
kd4ez

To see how T depends on da
,

set ed =D

( Kd't e
-

3/12
1- = 2K ) 12dg ie

.
=

2x J"gl = 2x ) Ig

1- = 2afIgJY}j → ¥,

us . D is plotted on the next
page .

S

"

Normalized Period
"

is Jaffe

^

I
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d) Find total
energy

of rod .
Use c as a datum for Ep .

A
→

g.
r d t Ek = JI V

- dm since it's the sum of KE of all particles .

Ep= O - - - - - -

j;
.

?
I

'

'

④. J = rio → 181 -

- V = ro

i am

i
n

d - E E re d -1¥

go
B ↳ f

dm = thedr

dte

Ek = Jd
,#

I ( ro )
-

(Idr)
Ep = -

mg (dcoso) PE of com .

DTE

=

former f r
- dr

d-I Etot = Ept Ek

= 's 02 my # rsldd!! ) = Imo"Cd4tze9- mgdooso
= FOZ Mee 's [Cd-1¥)

'
- (d-E)

3

]

= tomeo
'

(3d
-

et ET)

Ek = Imo
"

(d 't te
'

)

e) Find O
'

for O=

⑤ = - Chaffee) since

= - Kaffee. sin )
O' =

-6dL
121412

f) Find reaction force at c as function of mid
,
d. O.O

.

FBD :
A Rx

RYctqd, tf→J More kinematics :

if

i

oq
since Ta = do

.

E
.

30
> j

\
-

c
u a-a- = did@ - do

.

'T 0

Fg n

Bpo
= die

'

C-sinoetcosoj) - diezlcosoetsinoj)
q

in
↳

F
Ia

.

= f-die
'

Sino - do"coso)E tcdocoso -do
-

Zsino)j
(MB : IF = Mota.

{ RxIt Ryjtmge = Mota. }

{ } . I : Rx -1mg = ml- die
'

sino - do
.

-

oooo )

Rx = -mcdidsinotdoaosotg) .

.

at

A
'

.
→j

'

.

{ }
. j : Ry = mcdocoso-do-3.no) c'

" Ld
,

tf'

.

.

10

§But we also know that it = - CIdd.FI) since i
,

V

Fg n

Putting everything together :

Bpo

I = RxTt Ry j
tr

F is always between the vertical

* = m a) since - do
-

Zcoso- g) I - m sinocoso + do
-

since) j and the line paralel to the rod
.
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g) What's the value of d (in terms of e ) that makes the fastest pendulum ?

From b)
,

ratio D= ed =

0.289 leads to minimum period T
,

which means fastest pendulum .

An analytical approach is outlined below
.

1215-11
1- = 2aJIgJYzD, to minimize T

, D-
needs to be minimized

.

⇒ 4215,52) = o

24132- 1215- I

pz
=0 and the numerator should be 0

.

1215-1=0 →

D=JI since D cannot be negative by definition
.

Check if D= Ft is a minimum :

when Dc Ffs
, III co ; when D >Fiz

.
It's so ⇒ This is a minimum

So period is minimized when D= Fil = 0.28871 → matches numerical solution

h) Verify that the Schuler 's pendulum is accurate
. by calculating percent error .

Use e -

- Im
.

( i ) d , = o. Is m → da = 0.16M

-

T
,

= 2aJIgJYzD = 2-ajd.fm/sTJRlYzYo?#-- 1.685 s

Tz = 1.655 s

Tz - T,

error = ¥ = 1.77%

( ii ) d ,
= 0.29M → da = 0.30M

Note : the slope of T vs .

D is o at the minimum ,

T,
= 1.5243 S

so linearized sensitivity measured at min
.

is 0
.

error = 0.0365%
Ta = 1.5248 s

This 0.0365% difference comes from the quadratic

dependence .

(iii ) d ,
= 0.45M → dz = 0.46M

T,
= 1.5988 s

error =

0.4692%-12=1.60635

The second case has the smallest percent error by far
,

and that's because the d values are the closest

to D= Fiz
.
If we plot the same curve in port b ) from o to 0.5

,
the slope of the curve is

very small near the minimum
,

and the slope is 0 at the minimum .

See plot on next page
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① ② ③

min .

!

Also note how the slope at d values for case I is steeper than that in case 3
.

This is

why the percent error is larger
for case I

.
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16.4.35 A uniform stick of length l and
mass m is a hair away from vertically up
position when it is released with no an-
gular velocity (a `hair' is a technical word
that means `very small amount, zero for
some purposes'). It falls to the right.
What is the force on the stick at point
O when the stick is horizontal. Solve in
terms of l, m, g, �{, and �|. Carefully de-
�ne any coordinates, base vectors, or an-
gles that you use.

O

ı̂

ĵ

Problem 16.35

Answer:
Ç

R = *
ml

2

��2 �{ +
7mg

4
�|.
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16.4.36 A massless 10 meter long bar is
supported by a frictionless hinge at one
end and has a 3:759 kg point mass at the
other end. It is released at t = 0 from
a tip angle of � = :02 radians measured
from vertically upright position (hinge at
the bottom). Use g = 10m s*2.

a) Using a small angle approxima-
tion and the solution to the result-
ing linear di�erential equation,
�nd the angle of tip at t = 1s and
t = 7s. Use a calculator, not a nu-
merical integrator.

b) Using numerical integration of

the non-linear di�erential equa-
tion for an inverted pendulum
�nd � at t = 1s and t = 7s.

c) Make a plot of the angle versus
time for your numerical solution.
Include on the same plot the angle
versus time from the approximate
linear solution from part (a).

d) Comment on the similarities and
di�erences in your plots.

Answer:

(a) Angle of tip is 0:031 rad at t = 1 s

and 10:967 rad at t = 7 s.

Disclaimer:We have lost track of the many people who wrote these solutions.
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16.4.37 A zero length spring (relaxed
length l0 = 0) with sti�ness k = 5N_m
supports the pendulum shown.

a) Find �� assuming �� = 2 rad_s, � =
�_2.

b) Find �� as a function of �� and �
(and k, l,m, and g.)

[Hint: use vectors (otherwise it's
hard)]

[Hint: For the special case, kD =
mg, the solution simpli�es greatly.]

D = 4 m

m = 2 kg

�0 = 0

k = 5 N/m

g = 10 m/s

θ

x

y

� = 3 m

Problem 16.37

Answer:

(a) �� = 0 rad_s2.

(b) �� =
sin �

ml
.Dk *mg/.
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16.4.38 A spring-mass-damper system
is depicted in the �gure. The horizon-
tal damping force applied at B is given by
FD = *c �yB
The dimensions and parameters are as
follows:

rB_0 = 2ft

rA_0 = l = 3ft

k = 2 lbf_ f t

c = 0:3 lbf � s_ f t

For small �, assume that sin.�/ ù � and
cos.�/ ù 1.

a) Determine the natural circular
frequency of small oscillations
about equilibrium for the pendu-
lum shown. The static equilib-
rium position is � = 0 (pendulum
hanging vertically), so the spring
is at its rest point in this position.
Idealize the pendulum as a point
mass attached to a rigid massless

rod of length 1, so IO = ml2. Also
use the �small angle approxima-
tion� where appropriate.

b) Sketch a graph of � as a function
of t.t g 0/ if the pendulum is re-
leased from rest at position � =
0:2 rad when t = 0. Your graph
should show the correct qualita-
tive behavior, but calculations are
not necessary.

m

O

B

A

ck

x

y
θ

g

Problem 16.38

Answer:

(a) !n =

u
kl2

B
+l

A
mg

ml
2

A

.
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16.4.39 The asymmetric dumbbell
shown in the �gure is pivoted in the
center and also attached to a spring at
one quarter of its length from the bigger
mass. When the bar is horizontal, the
compression in the spring is ys. At the in-
stant of interest, the bar is at an angle �
from the horizontal; � is small enough so

that y ù
L

2
�. If, at this position, the veloc-

ity of mass `m' is v �| and that of mass 3m

is*v �|, evaluate the power term (
³ Ç

F �
Çv)

in the energy balance equation.

massless

L

3m m

k

Problem 16.39

Answer:

P = 2mg *
kv

2

�
L�

4
+ ys

�
.
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16.4.40 The dumbbell shown in the �g-
ure has a torsional spring with spring
constant k (torsional sti�ness units are
kN�m

rad
). The dumbbell oscillates about the

horizontal positionwith small amplitude
�. At an instant when the angular veloc-

ity of the bar is �� �k, the velocity of the left

mass is *L �� �| and that of the right mass

is L �� �|. Find the expression for the power
P of the spring on the dumbbell at the in-
stant of interest.

torsional spring

constant k

LL

2m m

ı̂

̂

Problem 16.40

Answer:

P = mgL �� * k� ��.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.4.41 A square plate with side l and
massm is hinged at one corner in a grav-
itational �eld g. Find the period of small
oscillation. �

g

Problem 16.41

Answer:

T = 2�

u
2
ù
2l

3g
.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.4.42 A thinhoop of radiusR andmass
M is hung from a point on its edge and
swings in its plane. Assuming it swings
near to the position where its center of
mass G is below the hinge:

a) What is the period of its swinging
oscillations?

b) If, instead, the hoop was set to
swinging in and out of the plane
would the period of oscillations be
greater or less?

c) What length l of simple pendu-
lum (a massless rod with a point
mass at the end) has the same

period of oscillation of this hoop,
swinging in its plane?

R

frictionless
pivot

G

O

θ

Problem 16.42

Answer:

(a) T = 2�

u
2R

g
.

(b) The period will reduce to T =

2�

u
3R

2g
.

l = 2R

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.4.43 Oscillating disk. A uniform
disk with mass m and radius R pivots
around a frictionless hinge at its center.
It is attached to a massless spring which
is horizontal and relaxed when the at-
tachment point is directly above the cen-
ter of the disk. Assume small rotations
and the consequent geometrical simpli-
�cations. Assume the spring can carry
compression. What is the period of os-
cillation of the disk if it is disturbed from
its equilibrium con�guration? [You may
use the fact that, for the disk shown,

�ÇH
_O

=
1

2
mR2 �� �k, where � is the angle of

rotation of the disk.].
k

R

m

g

Problem 16.43

Answer:

period = �
t

2m

k
.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.4.44 Robotics problem: Simplest
balancing of an inverted pendulum.
You are holding a stick upside down, one
end is in your hand, the other end stick-
ing up. To simplify things, think of the
stick as massless but with a point mass
at the upper end. Also, imagine that it is
only a two-dimensional problem (either
you can ignore one direction of falling
for simplicity or imaginewire guides that
keep the stick frommoving in and out of
the plane of the paper onwhich you draw
the problem).

You note that if youmodel your hold-
ing the stick as just having a stationary

hinge then you get �� =
g

l
sin�. Assum-

ing small angles, this hinge leads to ex-
ponentially growing solutions. Upside-
down sticks fall over. How can you pre-
vent this falling?

One way to do keep the stick from
falling over is to �rmly grab it with your
hand, and if the stick tips, apply a torque
in order to right it. This corrective torque
is (roughly) how your ankles keep you
balanced when you stand upright. Your
task in this assignment is to design a
robot that keeps an inverted pendulum
balanced by applying appropriate torque.

Your model is: Inverted pendulum,
length l, point mass m, and a hinge at
the bottom with a motor that can apply
a torque Tm. The stick might be tipped
an angle � from the vertical. A hori-
zontal disturbing force F.t/ is applied to
the mass (representing wind, annoying
friends, etc).

a) Draw a picture and a FBD

b) Write the equation for angu-
lar momentum balance about the
hinge point.

c) Imagine that your robot can sense
the angle of tip � and its rate of

change �� and can apply a torque
in response to that sensing. That is

you canmakeTm any function of�

and �� that you want. Can you �nd
a function that will make the pen-
dulum stay upright? Make a guess
(you will test it below).

d) Test your guess the following way:
plug it into the equation of motion
from part (b), linearize the equa-
tion, assume the disturbing force
is zero, and see if the solution of
the di�erential equation has ex-
ponentially growing (i.e. unsta-
ble) solutions. Go back to (c) if
it does and �nd a control strategy
that works.

e) Pick numbers andmodel your sys-
tem on a computer using the full
non-linear equations. Use initial
conditions both close to and far
from the upright position and plot
� versus time.

f) If you are ambitious, pick a non-
zero forcing function F.t/ (say a
sine wave of some frequency and
amplitude) and see how that af-
fects the stability of the solution in
your simulations.

C

A

x

y

ℓ

φ

êθ êr

m

g

Problem 16.44

Answer:

(b) *F.t/l cos� * mgl sin� + Tm =

*ml2 ��.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.4.45 A thin rod of massm and length
l is hingedwith a torsional spring of sti�-
ness K at A, and is connected to a thin
disk of mass M and radius R at B. The
spring is uncoiled when � = 0. De-
termine the natural frequency !n of the
system for small oscillations �, assuming
that the disk is:

a) welded to the rod, and

b) pinned frictionlessly to the rod.

A

MR
B

K

m
�

θ

g

Problem 16.45

Answer:

(a) !n =

v
gL
�
M+

m

2

�
+K

�
M+

m

3

�
L2+M

R2

2

.

(b) !n =

v
gL
�
M+

m

2

�
+K

�
M+

m

3

�
L2

. Frequency

higher than in (a)

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.4.46 Assume that the pulley shown
in �gure(a) rotates at a constant speed !.
Let the angle of contact between the belt
and pulley surface be �. Assume that the
belt is massless and that the condition of
impending slip exists between the pulley
and the belt. The free-body diagram of
an in�nitesimal section ab of the belt is
shown in �gure(b).

a) Write the equations of linear mo-
mentum balance for section ab of
the belt in the �{ and �| directions.

b) Eliminate the normal force N
from the two equations in part (a)
and get a di�erential equation for
the tension T in terms of the coef-
�cient of friction � and The con-
tact angle �.

c) Show that the solution to the

equation in part (b) satis�es
T
1

T
2

=

e�� , where T1 and T2 are the ten-
sions in the lower and the upper
segments of the belt, respectively.

a
b

θ

ω
dθ

a

b

dθ
dθ/2

dN

T

dFf = µdN

T+dT

(a)

(b)

T2

T1

ı̂

ĵ

Problem 16.46

Answer:

(b)
T
1

T
2

=
Ro+Ri sin �

Ro*Ri sin �
, where � = tan*1 �.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.4.47 A belt drive is required to trans-
mit 15 kW power from a 750mm diame-
ter pulley rotating at a constant 300 rpm
to a 500mm diameter pulley. The cen-
ters of the pulleys are located 2:5m apart.
The coe�cient of friction between the
belt and pulleys is � = 0:2.

a) (See problem 16.4.46.) Draw a
neat diagram of the pulleys and
the belt-drive system and �nd the
angle of lap, the contact angle �, of
the belt on the driver pulley.

b) Find the rotational speed of the
driven pulley.

c) (See the �gure in prob-

lem 16.4.46.) The power transmit-
ted by the belt is given by power =
net tension � belt speed, i.e., P =
.T1 * T2/v, where v is the linear
speed of the belt. Find the max-
imum tension in the belt. [Hint:
T
1

T
2

= e�� (see problem 16.4.46).]

d) The belt in use has a 15mm �
5mm rectangular cross-section.
Find the maximum tensile stress
in the belt.

Answer:

(b) N2 = 450 rpm.

(c) T1
max

= 2793:8N.

(d) �max = 37:25MPa.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.4.48 Slippery money A round uni-
form �at horizontal platformwith radius
R and massm is mounted on frictionless
bearings with a vertical axis at 0. At the
instant of interest it is rotating counter
clockwise (looking down) with angular

velocity Ç! = !�k. A force in the xy
plane with magnitude F is applied at the
perimeter at an angle of 30ý from the ra-
dial direction. The force is applied at a
location that is � from the �xed positive
x axis. At the instant of interest a small
coin sits on a radial line that is an an-
gle � from the �xed positive x axis (with
massmuchmuch smaller thanm). Grav-
ity presses it down, the platform holds it
up, and friction (coe�cient=�) keeps it
from sliding.

Find the biggest value of d for which
the coin does not slide in terms of some
or all of F;m; g; R; !; �; �, and �.

d
w

coin

F

R

0 φ

θ
30°

g

x

z

y

Problem 16.48

Answer:

dmax =
�mgRù

F2+.mR!/2
.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.4.49 Frequently parents will build a
tower of blocks for their children. Just
as frequently, kids knock them down. In
falling (even when they start to topple
aligned), these towers invariably break in
two (or more) pieces at some point along
their length. Why does this breaking oc-
cur? What condition is satis�ed at the
point of the break? Will the stack bend
towards or away from the �oor after the
break?

This? This?or

Problem 16.49

Answer:

The stackwill bend away from the �oor

after the break. This breaking occurs

because gravity is not able to provide

equal angular momentum to all the

falling blocks.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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