Introduction to Mechanics for Engineers — Ruina & Pratap

Ch 16 Section 16.3

16.3.1 Find an expression for the polar
moment of inertia for each of the follow-
ing systems about the specified points.
Answer in terms of some or all of the
variables given. If a position vector 7 is
given then you can assume the coordi-
nates (x, y) are given so that 7 = xi + y j.

a) A particle with mass m at¥ about
1. Its center of mass
2. The origin

b) Two particles with masses my
and m, a distance d apart located
at ¥, and 7,, respectively, about

i) Mass1
ii) Mass 2

i) The center of mass of the
system

iv) The origin

¢) A collection of n particles m, at
locations 7; , about

i) The origin

ii) The center of mass G of the
system

d) A uniform line segment with
length ¢ and mass m with center
of mass at location 7; , about

i) Its center of mass G
ii) One end
iii) The origin

e) A uniform hoop with mass m
and radius R and center at 7,
about

i) Its center of mass G
ii) A point on the hoop
iiii) The origin
f) A uniform disk with mass m and
radius R and center at ¥; , about
i) Its center of mass G
ii) A point on the perimeter
iii) The origin

g) A uniform rectangle with mass
m and sides ¢ and w and with cen-
ter at 7, /0 about

i) Its center of mass G
ii) A corner
iii) The origin

Answer:
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(e) IS, = mR*, IZ, = 2mR?, and
I, = I +mlfg| -

2
I = %,Ifz = ZmRz, and

2
I, = I + mlFg 0| .
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(g) Isz = E (12 + wZ), Ifz =
Z (P + w?), and
3

19 = IS, + m[Fg0| -

Disclaimer: We have lost track of the many people who wrote these solutions.
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Problem 16.3.2

16.3.2 Two objects have masses m, and
m, and polar moments of inertia I; and
I, about their respective centers of mass
G, and G, which are a distance d apart.
What is the moment of inertia of the sys-

tem about its center of mass?

of o Agree
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Igz=11+12+(%>d2.
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Disclaimer: We have lost track of the many people who wrote these solutions.
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16.3.3 A point mass m = 0.5 kg is located
at x = 0.3m and y = 0.4m in the xy-
plane. Find the moment of inertia of the
mass about the z-axis.

Answer:
I, =0.125kg - m>.
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Disclaimer: We have lost track of the many people who wrote these solutions.
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Problem 16.3.4

4 Chapter 16. 3. Polar...

16.3.4 A small ball of mass 0.2kg is at-
tached to a 1 m massless rod.

a) What is the value of I, of the ball
about the other end of the rod?

b) How much must you shorten the

A

-
\

rod to reduce the moment of iner-
tia of the ball by half?

Answer:

(a) 0.2kg - m?.
(b) 0.29 m.
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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5

. ) . about which the polar moment of inertia
16.3.5 Two identical point masses are at- of the system is 20% more than that cal-
tached to the two ends of a rigid massless culated about the mid point of the bar.
bar of length ¢ (one mass at each end).
Locate a point along the length of the bar Answer:
At 0.72¢ from either end
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 16.3.6

16.3.6 A dumbbell consists of a rigid
massless bar of length ¢ and two identi-
cal point masses m and m, one at each
end of the bar.

a) About which point on the dumb-
bell is its polar moment of inertia
I, a minimum and what is this
minimum value?

A =

22z

Q) Mzﬁ-muw\ A W

T 4

22

A~

b) About which point on the dumb-
bell is its polar moment of inertia
I,, a maximum and what is this
maximum value?

Answer:

(@) I,)n = m€?/2, about the mid-
point.

(b) (I,) e = ME?, about either end

e m( lo('?
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Disclaimer: We have lost track of the many people who wrote these solutions.
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Problem 16.3.7

16.3.7 A light rigid rod AB of length 3¢
has a point mass m at end A and a point
mass 2m at end B. Point C is the center
of mass of the system. First, answer the
following questions without any calcula-
tions and then do calculations to verify
your guesses.

a) About which point A, B, or C, is
the polar moment of inertia I,, of
the system a minimum?

b) About which point is I,, a maxi-
mum?

¢) What is the ratio of I, and 12 ?

d) Is the radius of gyration of the sys-
tem greater, smaller, or equal to

the length of the rod?
o5y it
i

d) MY_ 6mi =» Rodiw of qyravion, ¥= 520

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 16.3.8

16.3.8 Three identical particles of mass
m are connected to three identical mass-
less rods of length ¢ and welded together
at point O as shown in the figure.

a) Guess (no calculations) which of
the three moment of inertia terms
19, ID, I9, is the smallest and
which is the biggest.

b) Calculate the three moments of
inertia to check your guess.

c) If the orientation of the system is
changed, so that one mass is along
the x-axis, will your answer to part
(a) change?

d) Find the radius of gyration of the

y
m m
¢ 1po°
N
0
120° o
¢
m

o

Problem 16.8

Answer:
(a) Biggest: I9 ; smallest: IO, = I2,.

zz?

sy:.tem for the polar moment of in- b I°, = Emt’z — If,’y 19 = 3me2.
ertia.
(c) Answer does not change.
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Problem...
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Problem 16.3.9

16.3.9 Show that the polar moment of
inertia I2, of the uniform bar of length
¢ and mass m, shown in the figure, is

§m€ 2, in two different ways:

a) by using the basic definition of
polar moment of inertia IS, =

f r? dm, and

o) Polay mMoment Q’( Rnevyia, R :g"\-c\m

b) by computing I first and then
using the parallel axis theorem.

Problem 16.9
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Disclaimer: We have lost track of the many people who wrote these solutions.
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Problem 16.3.10

11

16.3.10 Approximately locate the center
of mass of the tapered rod shown in the
figure and compute the polar moment of
inertia IZ". [Hint: use the variable thick-
ness of the rod to define an approximate
equivalent variable mass density per unit

m=1kg 5 mm

20 A

T e T
‘<7 100 mm

1

X

length.]

Problem 16.10

Answer:

X,, = 40mm and I¢" = 733.3kg- mm?.
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Disclaimer: We have lost track of the many people who wrote these solutions.
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Problem 16.3.11

16.3.11 Ashortrod of mass m and length
h hangs from an inextensible and mass-
less rod of length ¢.

a) Find the moment of inertia 12, of
the rod.

b) Find the moment of inertia of the
rod I, by considering it as a point

Z

mass located at its center of mass. /0)//«\
. . . h
¢) Find the percent error in I2 in
treating the bar as a point mass Problem 16.11
by comparing the expressions in Answer:

parts (a) and (b). Plot the percent o _ mh? n\2
error versus i /¢. For what values @I TR (i + Z) ’
of h/¢ is the percentage error less 0 _ h

than 5%? ®) I =m (t) * 2) '

(c) Percent error in I is

-1
100 (1 + 12(% + 0.5)2) . The percent-
age error less than 5% if h /¢ < 1.32.
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Disclaimer: We have lost track of the many people who wrote these solutions.
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16.3.12  Parallel axis theorem? A A D.
massless square plate ABCD has four Tm my
identical point masses located at its cor-
ners.

%) 12

a) Find the polar moment of inertia

cm
.

b) Find a point P on the plate about

X . y m m
which the system’s moment of in- BJ C G
ertia I, is maximum.

¢) Find the radius of gyration of the
) system about the regc}t,angle center. Problem 16.12
Answer:
(a) I™ = 2m¢?
(b)P = A, B, C, or D, often, but not
always, diagonally opposite the corner

with the largest mass

© 1y = €/V2

Mass less  gquave : g
ass le quave plale  wWith 4 tdentical point  Masseq

at ,‘10} ConmMeve
QX ‘TA cm

& mo (e (g«r‘ "
1)+ E\l'—')h’»k [ @

b) '13)\§%(6n1\ Mo
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AR € o il
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L e
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Disclaimer: We have lost track of the many people who wrote these solutions.
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Problem 16.3.13

16.3.13 For the massless square plate
with four point masses on the corners,
the polar moment of inertia I7)' = 0.6kg-
m?. Find I¢” of the system.

A D
W m m \) 1
(%) £
y m ml |
B c¥
X
Problem 16.13
Answer:

19, =19, =0.3kg- m%

C"\'-\t"\ i
e BUDHS ‘ﬁa) "
y 22
L &“\Cj Pevpendiculer awia \‘r}epﬁpnﬁl
e
I i . M , ,](m
%3 =R =

Aymme brical

4 placed, T, =7

Yy
— O oy
0 |
22 R
Cm
| O
x % 2 —2a 0.3 }\p) mY
om (X %
( :.\ ;152 m( 7\ ™ C
— 2ZML = 0.6 KemY

Disclaimer: We have lost track of the many people who wrote these solutions.
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16.3.14 A uniform square plate (2 m on y
edge) hasa corner cut out. The total mass
of the remaining plate is 3 kg. 2m T
a) Where is the center of mass of the Im
plate at the instant shown? #
b) What is the moment of inertia of @ Im
the plate about point O? l
O‘ A ]
¢) What is the moment of inertia of 2m X

the plate about its center of mass? Problem 16.14

Answer:

(a)x,,, =1.67m,y,, =0.83m.
(b) I, = 8kg - m*.

(©)If" = 1.83kg - m>.

15.3.14
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Problem 16.3.15

16.3.15 A uniform thin triangular plate y
of mass m, height h , and base b lies in
the xy-plane.

a) Setup the integral to find the polar
moment of inertia I, of the plate.

b) Show that 19, = %(h2 + 3b%) by 0
evaluating the integral in part (a). | b |B *

c) Locate the center of mass of the Problem 16.15
plate and calculate I3, Answer:

. om b hx/b o
@I, =— (x*+y*)dydx.
bh J, J, .

2b
© Xen = 5 Vem = -

®) Moment c,[ Nextia

obout ‘¢ y !
TLSX = K‘("dm
. ‘14 = A
. = &(fuﬁﬁ dx dy of—
hx
=\ P —4 > i Sl
=T . A & i( ¥ did
z2 === xay o
N =
7 dm: m Al A\S
_— Ul b
b) _,:1:2,,\\“‘ :_i
T N h \: x
% L0 d
bh ogb 3 bs B3 h\k *
= H‘;- 2 a x! lb’; WL xt®
g LA P ? 3 TL %
= [} m ~ v
> Tﬂ = 5 (3b+H\
CB Centey 0’( mass . (x, Y ) 9
M dem ) =
mxtm S'x dm
o |
> Tgne m (m Wb zi‘\" ob
LI o 3
2im t‘”\‘j \.1 ‘_ %11
tm ™ (b“ =
m %) dy %\S(‘d :\d‘j= h
LVsir ’
g Pavellel ax ‘“ﬁecwem
'Ii - '-_'-:mf ™M i
@ Y"/cm
= ~em W= v

4 - i
22 i %

= D6aR) - m{eE K
6 q9 9

3 _“_l (bvdr\—\‘v)
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Problem 16.3.16
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16.3.16 A uniform thin plate of mass m
is cast in the shape of a semi-circular disk
of radius R as shown in the figure.

a) Find the location of the center of
mass of the plate

b) Find the polar moment of inertia
of the plate, I¢?'. [Hint: It may be
easier to set up and evaluate the
integral for I2, and then use the
parallel axis theorem to calculate
I

Problem 16.16

Answer:
4R
@ x.,, =0,y,, = ot

2 2
(b) Icm — (9m=“—31)mR’ .
1872
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Problem...

s 4.103
Find M of plate .
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16.3.17 A uniform square plate of side
¢ = 250 mm has a circular cut-out of ra-
dius r = 50 mm. The mass of the plate is

1
m= s kg.
a) Find the polar moment of inertia
of the plate about its center.

b) Plot IS versusr/¢.

¢) Find the limiting values of IS for
r=0andr="¢.
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16.3.18 A uniform thin circular disk material at the right edge of the
of radius r = 100mm and mass m = slot.

2kg has a rectangular slot of width w =
10mm cut into it as shown in the fig-
ure. You can approximate the right edge
of the cutout as a straight line (thus your
calculation would be exact for a system
that has a very thin sliver of material clos-
ing the gap at the right).

a) Find the polar moment of inertia
I9 of the disk.

b) Locate the center of mass of the
disk and calculate I,

. . Problem 16.18
c) estimate the error in your calcula-

tion of the mass, center of mass lo- Answer:
cation and moment of inertia due (a) I, = 0.01010904 kg - m’.
to not subtracting out the sliver of (b) x,,, = —1.64mm, y,,, = Omm, and

I¢m = 0.01010364 kg - m?.

(c) Not subtracting out the sliver of ma-
terial at the right edge of the slot leads
to an error of 0.053%.
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16.3.19 Calculate the polar moment of
inertia of a uniform square plate with
mass m and side ¢ various ways. Choose
numerical values for m and ¢ if you want
to address this as a numerical calculation
rather than a theoretical one.

a) As asingle uniform plate

b) As a composite of 4 plates, each
with sides ¢ /2

¢) Asacomposite of 100 plates, each
with sides ¢ /10 (These first three

C\) Si f\glx Uﬂ'.,(oyrn

methods should give exactly the
same answer).

d) For the composite of 100 plates
now neglect the terms which con-
cern the moments of inertia of
each small square about its center
of mass. What is the error in mak-
ing this neglect?

Answer:
(d) Exactly 1% .
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