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Figure 16.35: A bit of mass dm on a

general planar object.

1 The COM is the most common

reference point. The moment of in-

ertia of a given object depends onwhat

reference point is used. Most often

when people say `the' moment of in-

ertia they mean the moment of inertia

with respect to the center-of-mass. For

clarity, this moment of inertia is often

notated as Icm in this book. If a dif-

ferent reference point, say point O is

used, the moment of inertia is notated

as I0.

2 What do the words `moment of

inertia' mean? The word inertia, in

this case, can be translated to mean

mass. So it's `moment of mass'. The

word `moment' is similar to the word

`moment' as in torque, or (force)�(dis-

tance), but slightly more general. The

more general word moment is `the

product of a quantity and its distance,

raised to a power, from a reference

point,'

the n'th moment of a quantity rel to 0

= Ê xn.quantity at x/dx:

So, what we used to call `moment'

(meaning torque) we can think of as

short for `the �rst moment of perpen-

dicular force'. And the moment of in-

ertia is `the second moment of mass'.

The words `�rst' and `second' refer to

the exponent n.

16.3 Polar moment of inertia

All of the basic equations of Dynamics concern the motion of mass. In

particular, linear momentum, angular momentum, and energy are all ex-

pressed as sums over all the bits of mass in a system, with each bit of mass

multiplied by some terms concerning position, velocity and acceleration.

From the earlier sections in this chapter we know how to �nd the veloc-

ity and acceleration of every bit of mass on a 2-D rigid object as it spins

about a �xed axis. So it is just a matter of doing integrals or sums to cal-

culate the various momentum and energy quantities of interest. As an

object moves and rotates the region of integration and the values of the

integrands change. So, in principle, in order to analyze a rigid object one

has to evaluate a di�erent integral or sum at every di�erent con�gura-

tion. But there is a shortcut: for a rotating rigid object a sum (over all

atoms, say), or a di�cult integral (for example, over the complex region

representing a machine part) is reduced to simple multiplication.

Themoment of inertia Icm 1 simpli�es the expressions for the angular

momentum, the rate of change of angular momentum, and the energy of

a rigid object. For more general motions the shortcuts need a 3�3matrix

[Icm] But for 2D mechanics only one component of the matrix [Icm] is

relevant, it is Icmzz , called just I or J for short.

Here are the main results. A �at object spinning with
Ç

! = !�k in the

xy plane has a mass distribution which gives, by means of a calculation

which we will discuss shortly, a moment of inertia Icm so that:

Ç

Hcm = Icm!�k (16.31)

�Ç
Hcm = Icm �! �k (16.32)

EK_cm
=

1

2
!2Icm: (16.33)

There are two main skills you need to develop associated with I.

� Using the formulas above properly in angular momentum and en-

ergy balance. This is covered in sec. 16.4.

� Finding I of an object, as is covered in most freshman calculus texts

and is reviewed in this section.

Some facts about moment of inertia are summarized on the inside back

cover.

The moments of inertia in 2-D : [I
cm

] and [I
O

].

The de�nition of moment of inertia 2 Icm is
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3 k for sti�ness. The radius of gyra-

tion rgyr is sometimes called k but we

save k for sti�ness in this book.

4 Radius of gyration and average

distance ofmass. The radius of gyra-

tion is an equivalent radius of the col-

lection of mass. But the radius of gy-

ration is not exactly the average radius

of the distributed mass. Rather the ra-

dius of gyration is the square root of

the mean square radius:

rgyr �
v� r2 dm

mtot

:

For the special cases where all the

mass is at the same radius R (as for a

circular hoop or formasses distributed

on the vertices of, say, a regular pen-

tagon) the radius of gyration is R. For

all other cases the radius of gyration

is larger than the average radius of the

mass.

5 Notation: simple vs precise.

When just the symbol I is used one as-

sumes I = Icmzz , and if just Icm is used,

one assumes Icm = Icmzz . Similarly I0

and IC are assumed to mean I0zz and

ICzz, respectively.

Icm � Ê .x2 + y2
« ¯ ¬

r2

/dm

= Ê Ê r2

dm
©­­®­­ª

0mtot

A
1

«¯¬

B
BM

Themass per unit area.

dA for a uniform planar object

where x = x_cm, y = y_cm and r = r_cm are the distances in the x and y

directions of the bits of mass (dm) from the center of mass and r = r_cm is

the total distance. Similarly if all distances aremeasured relative to a point

C or O (instead of relative to the center of mass) then similar formulas as

above calculate IC or IO. See box 16.7 on page 5 for the calculation of the

moments of inertia of some simple objects.

The term Icm = Icmzz is sometimes called the polarmoment of inertia, or

polar mass moment of inertia to distinguish it from the Ixx and Iyy, terms

which have little utility in planar dynamics (Ixx and Iyy, as area inertias

rather thanmass inertias, are all-important when calculating the bending

sti�ness or the stress in elastic beams, however).

What, physically, is the polar moment of inertia? It is a measure of the

extent to which mass is far from the given reference point. Every bit of

mass contributes to I in proportion to the square of its distance from the

reference point. As we will show in sec. 16.4 on page 791 (see eqn. (16.36)

on page 793) Icm is just the quantity we need to do mechanics problems.

Radius of gyration

Anothermeasure of the extent to whichmass is spread from the reference

point, besides the moment of inertia Icm, is the radius of gyration, rgyr
3 .

The radius of gyration is de�ned as:

rgyr �
t
I_m Ù r2gyrm = I:

That is, the radius of gyration of an object is the radius of an equivalent

ring of mass that has the same I and the same mass as the given object. It

is an equivalent single radius for the whole mass distribution 4 .

Example: Radius of gyration of a hoop

The radius of gyration about its center of a circular hoop of mass m and radius

R about its center is rgyr = R.

Other reference points

For the most part it is Icm which is of primary interest. Other reference

points are useful 5
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6 The tidy recipe just presented is

actually more commonly used, with

slight modi�cation, in strength of ma-

terials than in dynamics. The need

for �nding area moments of inertia

of strange beam cross sections arises

more frequently than the need to �nd

the polar mass moment of inertia of a

strange cutout shape.

1. If the rigid object is hinged at a �xed point O then I0 can be used in

a slight short cut in calculation of angular momentum and energy;

and

2. If one wants to calculate themoment of inertia of a composite object

about its center-of-mass then it is useful to �rst �nd the moment of

inertia of each of its parts about that system's center of mass (which

is generally not the center-of-mass of any of the separate parts).

3. Sometimes it is easiest to set up the integral for moment of inertia

about a special point C that is not the center of mass and then use

the parallel axis theorem (eqn. (16.34)) to �nd themoment of inertia

about the center of mass (see, for example the semi-circle example

on 4).

The parallel axis theorem

The planar parallel axis theorem is the equation

ICzz = Icmzz +mtot r
2
cm_C
«¯¬
d2

: (16.34)

In this equation d = rcm_C is the distance from the center-of-mass to a

line parallel to the z-axis which passes through point C. See box 16.6 on

page 8 for a derivation of the parallel axis theorem for planar objects.

Note that ICzz g Icmzz , always.

Moment of inertia of complex objects. One can calculate the mo-

ment of inertia of a composite object about its center of mass, in terms

of the masses and moments of inertia of the separate parts. Say the posi-

tion of the center of mass ofmi is .xi; yi/ relative to a �xed origin, and the

moment of inertia of that part about its center of mass is Ii. We can then

�nd the moment of inertia of the composite Itot about its center-of-mass

.xcm; ycm/ by the following sequence of calculations, in order:

.1/ mtot =
³
mi

.2/ xcm =
�³

ximi

�
_mtot

ycm =
�³

yimi

�
_mtot

.3/ d2
i

= .xi * xcm/
2 + .yi * ycm/

2

.4/ Itot =
³�

Icm
i

+mid
2
i

�
:

You can reduce this recipe to one grand formula with lots of summation

signs. But you would end up doing the calculations in about the order

prescribed above in any case. This sequence of steps lends itself naturally

to a computer spread sheet or to any program that deals easily with arrays

of numbers. This is laid out for the similar center-of-mass calculation on

page 157 6 .
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Figure 16.36: Themoment of inertia of

a semi-circle about the COM is calcu-

lated by calculating about point O and

then using the parallel axis theorem.

Example: Inertia of a semicircle about its COM.

The moment of inertia of a semicircle with mass m and radius r about O (see

�g. 16.36) is

I0 = Ê r2
_0
dm = mr2:

From the example on page 153 the center of mass is at yG =
2

�
r: By the parallel

axis theorem

I0 = Icm +my2
G

which we can solve for Icm to get

Icm = I0 *my2
G
= mr2 *

4

�2
mr2 = 01 * 4

�2
1mr2 ù 0:6mr2 :

The radius of gyration is that radius �gyr so thatm�2gyr = Icm and is

�gyr =

u
1 *

4

�2
r:

The perpendicular axis theorem for planar rigid
bodies

The perpendicular axis theorem for planar objects is the equation

Izz = Ixx + Iyy

which is derived in box 16.6 on page 8. It gives the `polar' inertia Izz in

terms of the inertias Ixx and Iyy. Unlike the parallel axis theorem, the

perpendicular axis theorem does not have a three-dimensional counter-

part. The theorem is of greatest utility when one wants to study the three-

dimensional mechanics of a �at object and thus are in need of its full mo-

ment of inertia matrix.
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16.7 Some examples of 2-DMoment of Inertia

Here, we illustrate some simple moment of inertia calculations
for two-dimensional objects. The needed formulas are summa-
rized, in part, by the lower right corner components (that is, the
elements in the third column and third row (3,3)) of the matrices
in the table on the inside back cover.

One point mass

r

x

y

O

x2 + y2 = r2

If we assume that all mass is concentrated at one or more
points, then the integral

Iozz = Ê r2
_o
dm

reduces to the sum

Iozz =
É

r2
i_o
mi

which reduces to one term if there is only one mass,

Iozz = r2m = .x2 + y2/m:

So, if x = 3 Ë, y = 4 Ë, andm = 0:1 lbm, then Iozz = 2:5 lbm Ë2.
Note that, in this case, Icmzz = 0 since the radius from the center-
of-mass to the center-of-mass is zero.

Two point masses

m1

m2

r2

r1

O x

y

In this case, the sum that de�nes Iozz reduces to two terms, so

Iozz =
É

r2
i_o
mi = m1r

2
1
+m2r

2
2
:

Note that, if r1 = r2 = r, then Iozz = mtotr
2.

A thin uniform rod

x

y

d

s

ds

O�1

�1 + �2 = �

�2

� m = ρ�
dm = ρds
ρ = mass per

unit length

Consider a thin rod with uniform mass density, �, per unit
length, and length l. We calculate Iozz as

Iozz = Ê r2

�ds
©®ª
dm

= Ê
l
2

*l
1

s2�ds .s = r/

=
1

3
�s3

óóóóóó
l
2

*l
1

.since � � const:/

=
1

3
�.l3

1
+ l

3
2
/:

If either l1 = 0 or l2 = 0, then this expression reduces to Iozz =
1

3
ml2. If l1 = l2, then O is at the center-of-mass and

Iozz = Icmzz =
1

3
� H0l

2
13 + 0l

2
13I =

ml2

12
:

We can illustrate one last point. With a little bit of algebraic histri-
onics of the type that only hindsight can inspire, you can verify
that the expression for I0zz can be arranged as follows:

I0zz =
1

3
�.l3

1
+ l

3
2
/

= �.l1 + l2/
«­­¯­­¬

m

r̀rrp
l2 * l1

2
«­¯­¬

d

asssq

2

+ �
.l1 + l2/

3

12
«­­¯­­¬

ml2_12

= md2 +m
l2

12

= md2 + Icmzz

That is, the moment of inertia about point O is greater than that
about the center ofmass by an amount equal to themass times the
distance from the center-of-mass to point O squared. This deriva-
tion of the parallel axis theorem is for one special case, that of a
uniform thin rod.

(continued...)
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16.7 Some examples of 2-DMoment of Inertia
(continued)

A uniform hoop

R

O x

y dm = ρRdθ

dθ

m = 2ρπ R

For a hoop of uniform mass density, �, per unit length, we
might consider all of the points to have the same radius R. So,

Iozz = Ê r2dm = Ê R2dm = R2 Ê dm = R2m:

Or, a little more tediously,

Iozz = Ê r2dm

= Ê
2�

0

R2�Rd�

= �R3 Ê
2�

0

d�

= 2��R3 = .2��R/
« ¯ ¬

m

R2 = mR2:

This Iozz is the same as for a single point mass m at a distance R
from the originO. It is also the same as for twopointmasses if they
both are a distance R from the origin. For the hoop, however, O
is at the center-of-mass so Iozz = Icmzz which is not the case for a
single point mass.

A uniform disk

R

rO x

y dm = ρ dA = ρr dr dθ

rdθ
dθ

dA dr

m = ρπ R2

Assume the disk has uniform mass density, �, per unit area.
For a uniform disk centered at the origin, the center-of-mass is at

the origin so

Iozz = Icmzz = Ê r2dm

= Ê
R

0

Ê
2�

0

r2�rd�dr

= Ê
R

0

2��r3dr

= 2��
r4

4

óóóóóóóó
R

0

= ��
R4

2
= .��R2/

R2

2

= m
R2

2
:

For example, a 1 kg plate of 1m radius has the same moment of
inertia as a 1 kg hoop with a 70:7 cm radius.

Uniform rectangular plate

a

b
O x

y

dm = ρdx dy

m = ρab

For the special case that the center of the plate is at point O,
the center-of-mass is also at O and Iozz = Icmzz .

Iozz = Icmzz = Ê r2dm

= Ê
b

2

*
b

2

Ê
a

2

*
a

2

.x2 + y2/

dm
©®ª
�dxdy

= Ê
b

2

*
b

2

� Hx3
3

+ xy2I
óóóóóóóóóóó
x=

a

2

x=*
a

2

dy

= � Hx3y
3

+
xy3

3
Ióóóóóóóóó

x=
a

2

x=*
a

2

óóóóóóóóóóóó

y=
b

2

y=*
b

2

= � Ha3b
12

+
ab3

12
I

=
m

12
.a2 + b2/:

Note that � r2dm = � x2dm + � y2dm for all planar objects (the
perpendicular axis theorem). For a uniform rectangle, � y2dm =
� � y2dA. But the integral y2dA is just the term often used for
I, the area moment of inertia, in strength of materials calcula-
tions for the stresses and sti�nesses of beams in bending. You

(continued...)
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16.7 Some examples of 2-DMoment of Inertia
(continued)

may recall that � y2dA =
ab3

12
=

Ab2

12
for a rectangle. Simi-

larly, � x2dA =
Aa2

12
. So, the polar moment of inertia J = Iozz =

m
1

12
.a2+b2/ can be recalled by remembering the areamoment of

inertia of a rectangle combined with the perpendicular axis theo-
rem.
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Introduction to Mechanics for Engineers � Ruina & Pratap Ch 16 Section 16.3

16.6 The 2-D parallel axis theorem and the perpendicular
axis theorem

Sometimes one wants to know the moment of inertia relative to
the center ofmass. And, sometimes, if the object is held at a hinge
joint at O, relative to that hinge point O There is a simple relation
between these two moments of inertia known as the parallel axis
theorem.

2-D parallel axis theorem

For the two-dimensional mechanics of two-dimensional objects,
our only concern is Iozz and I

cm
zz and not the full moment of inertia

matrix. In this case, Iozz = � r2
_o
dm and Icmzz = � r2

_cm
dm. Now,

let's prove the theorem in two dimensions referring to the �gure.

O x

y

⇀
r /O

⇀
r cm/O

⇀
r /cm

dm

IOzz = Ê r2
_O

dm

= Ê .x2
_O

+ y2
_O
/dm

= Ê [.xcm_O + x_cm/
«­­­¯­­­¬

x
_O

2
+ .ycm_O + y_cm/
«­­­¯­­­¬

y
_O

2
]dm

= Ê [.x2
cm_O

+ 2xcm_Ox_cm + x2
_cm

/ +

.y2
cm_O

+ 2ycm_Oy_cm + y2
_cm

/]dm

= .x2
cm_O

+ y2
cm_O

/ Ê dm

«¯¬
m

+2xcm_O Ê x_cmdm

«­­¯­­¬
0

+

2ycm_O Ê y_cmdm

«­­¯­­¬
0

+ Ê .x2
_cm

+ y2
_cm

/dm

= r2
cm_O

m + Ê .x2
_cm

+ y2
_cm

/dm

«­­­­­¯­­­­­¬
Icm
zz

= Icmzz + r2
cm_O
«¯¬
d2

m

The cancellation � y_cm dm = � x_cm dm = 0 comes from the
de�nition of center of mass.

Sometimes, people write the parallel axis theoremmore sim-
ply as

I0 = Icm +md2 or JO = Jcm +md2

using the symbol J to mean Izz . One thing to note about the par-
allel axis theorem is that the moment of inertia about any point
O is always greater than the moment of inertia about the center
of mass. For a given object, the minimum moment of inertia is
about the center-of-mass.

Why the name parallel axis theorem? We use the name be-
cause the two I's calculated are the moments of inertia about two
parallel axes (both in the z direction) through the two points cm
and O.

One way to think about the theorem is the following. The
moment of inertia of an object about a point O not at the center-
of-mass is the same as that of the object about the cm plus that of
a point mass located at the center-of-mass. If the distance from
O to the cm is larger than the outer radius of the object, then the
d2m term is larger than Icmzz . The distance of equality of the two
terms is the radius of gyration, rgyr.

Perpendicular axis theorem (applies to
planar objects only)

For planar objects,

IOzz = Ê ðÇrð2 dm
= Ê .x2

_O
+ y2

_O
/dm

= Ê x2
_O
dm + Ê y2

_O
dm

= IOyy + IOxx

Similarly,
Icmzz = Icmxx + Icmyy :

That is, the moment of inertia about the z-axis is the sum of the
inertias about the two perpendicular axes x and y. Note that the
objects must be planar (z = 0 everywhere) or the theorem would
not be true. For example, Ioxx = � .y2

_O
+ z2

_O
/dm � � y2

_O
dm for

a three-dimensional object.

O x

y

⇀
r /O

dm

x/O

y/O
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Figure 16.39

SAMPLE 16.9 Moment of inertia of point masses: A pendulum is

made up of two unequal point massesm and 2m connected by a massless

rigid rod of length 4r. The pendulum is pivoted at distance r along the

rod from the small mass.

1. Find the moment of inertia Icmzz of the pendulum.

2. Find the moment of inertia IOzz of the pendulum.

3. Find the radius of gyration of the pendulum.

Solution

1. First we need to �nd the center of mass of the system. Let the center of mass C

be located at distance rcm from the origin O. An easy way to �nd the location of C

will be to consider the pendulum to lie along the x-axis with the origin at O (see

�g. 16.38). Then

xcm =

³
mixi³
mi

Ù rcm =
m.*r/ + 2m.3r/

m + 2m
=

5

3
r:

So, the moment of inertia about the center of mass is

Icmzz =
É

mir
2
i_cm

= m 0r + 5

3
r12 + 2m 03r * 5

3
r12 = 32

3
mr2:

Icmzz = 10:67mr2

2. We can calculate IOzz in two di�erent ways, one directly by summing the contribu-

tions of each mass about point O, and the other by using Icmzz and the parallel axis

theorem.

IOzz = mr2 + 2m.3r/2 = 19mr2

or IOzz = Icmzz +mtotr
2
cm_O

=
32

3
mr2 + 3m 05

3
r12 = 19mr2:

IOzz = 19mr2

3. The radius of gyration, by de�nition, is the distance that gives the desired moment

of inertia if the entire mass of the system is concentrated there. Thus, if rgyr is the

radius of gyration for the moment of inertia about point O, then

IOzz = .3m/�r2gyr

Ù 19¡mr2 = 3¡mr2gyr

Ù rgyr =

u
19

3
r = 2:52r:

Thus the radius of gyration rgyr of the given pendulum is rgyr = 2:52 r.

rgyr = 2:52 r
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Figure 16.40

�’

d�’

A

O

B

dm

Figure 16.41
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Figure 16.42

SAMPLE 16.10 Moment of inertia of a rod: A uniform rigid rod AB

of massM = 2kg and length 3l = 1:5m swings about the z-axis passing

through the pivot point O.

1. Find the moment of inertia IO
zz

of the bar using the fundamental

de�nition IO
zz

= �
m
r2
_O
dm.

2. Find IO
zz

using the parallel axis theorem given that Icm
zz

=
1

12
ml

2

where m = total mass, and l = total length of the rod. (You can

�nd Icm
zz

for many commonly encountered objects in the table on

the inside backcover of the text).

Solution

1. Since we need to carry out the integral, IOzz = �
m
r2
_O
dm, to �nd IOzz, let us consider

an in�nitesimal length segment dl¨ of the bar at distance l¨ from the pivot point

O. (see Figure 16.41). Let the mass of the in�nitesimal segment be dm.

Now the mass of the segment may be written as

dm = (mass per unit length of the bar) � (length of the segment)

=
M

3l
dl¨ 0Note: mass

unit length
=

total mass

total length
1 :

We also note that the distance of the segment from point O, r_O = l. Substituting

the values found above for r_O and dm in the formula we get

IOzz = Ê
2l

*l

.l¨/2
«̄ ¬
r2
_O

M

3l
dl¨

«¯¬
dm

=
M

3l
Ê

2l

*l

.l¨/2dl¨ =
M

3l
4l¨3
3
52l
*l

=
M

3l
48l3

3
* 0*l3

3
15 = Ml2

= 2kg�.0:5m/2 = 0:5 kg�m2:

IOzz = 0:5 kg�m2

2. The parallel axis theorem states that

IOzz = Icmzz +Mr2
O_cm

:

Since the rod is uniform, its center-of-mass is at its geometric center, i.e., at distance
3l

2
from either end. From the Fig 16.42 we can see that

rO_cm = AG * AO =
3l

2
* l =

l

2

Therefore, IOzz =
1

12
M.3l/2

«­­¯­­¬
Icm
zz

+M.
l

2
/2

=
9

12
Ml2 +M

l2

4
= Ml2

= 0:5 kg�m2 (same as in (a), of course)

IOzz = 0:5 kg�m2

Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap
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Figure 16.43
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Figure 16.44

SAMPLE 16.11 Moment of inertia of a wheel with a cut-out: A uni-

form rigid wheel of radius r = 1 f t is made eccentric by cutting out a

portion of the wheel. The center-of-mass of the eccentric wheel is at C, a

distance e =
r

3
from the geometric center O. The mass of the wheel (af-

ter deducting the cut-out) is 3.2 lbm. The moment of inertia of the wheel

about point O, IO
zz
, is 1.8 lbm� f t

2
. We are interested in the moment of

inertia I
zz

of the wheel about points A and B on the perimeter.

1. Without any calculations, guess which point, A or B, gives a higher

moment of inertia. Why?

2. Calculate IC
zz
, IA
zz

and IB
zz

and compare with the guess in (a).

Solution

1. The moment of inertia IBzz should be higher. Moment of inertia Izz measures the

geometric distribution of mass about the z-axis. But the distance of the mass from

the axis counts more than the mass itself (IOzz = �
m
r2
_O
dm). The distance r_O of the

mass appears as a quadratic term in IOzz. The totalmass is the samewhetherwe take

the moment of inertia about point A or about point B. However, the distribution of

mass is not the same about the two points. Due to the cut-out being closer to point

B there are more �dm's" at greater distances from point B than from point A. So,

we guess that

IBzz > IAzz

2. If we know the moment of inertia ICzz (about the center-of-mass) of the wheel, we

can use the parallel axis theorem to �nd IAzz and I
B
zz. In the problem, we are given

IOzz. But,

IOzz = ICzz +Mr2
O_C

(parallel axis theorem)

Ù ICzz = IOzz *Mr2
O_C

= 1:8 lbm ft
2
* 3:2 lbm 01 f t

3
12

« ¯ ¬
r
O_C

=e=
r

3

= 1:44 lbm� f t
2

Now, IAzz = ICzz +Mr2
A_C

= ICzz +M 02r
3
12

= 1:44 lbm� f t
2
+ 3:2 lbm 02 f t

3
12

= 2:86 lbm� f t
2

and IBzz = ICzz +Mr2
B_C

= ICzz +M
�
r +

r

3

�2
= 1:44 lbm� f t

2
+ 3:2 lbm 01 f t + 1 f t

3
12

= 7:13 lbm� f t
2

ICzz = 1:44 lbm� f t
2
; IAzz = 2:86 lbm� f t

2
; IBzz = 7:13 lbm� f t

2

Clearly, IBzz > IAzz, as guessed in (a).

Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap
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radius r
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�

x

y

Figure 16.45

SAMPLE 16.12 Moment of inertia: modeling a sphere as a point

mass: A uniform solid sphere of mass m and radius r is attached to a

massless rigid rod of length l. The sphere swings in the xy plane. Find

the error in calculating IO
zz

as a function of r_l if the sphere is treated as

a point mass concentrated at the center-of-mass of the sphere.

Solution The exactmoment of inertia of the sphere about point O can be calculated using

parallel axis theorem:

IOzz = Icmzz +ml2

=
2

5
mr2 +ml2: (See Table IV on inside cover)

If we treat the sphere as a point mass, the moment of inertia IOzz is

�IOzz = ml2:

Therefore, the relative error in IOzz is

error =
IOzz * �IOzz

IOzz

=

2

5
mr2 +ml2 *ml2

2

5
mr2 +ml2

=

2

5

r2

l2

2

5

r2

l2
+ 1

From the above expression we see that for r ~ l the error is very small. From the graph

of error in Fig. 16.46 we see that even for r = l_5, the error in IOzz due to approximating

the sphere as a point mass is less than 2%.
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Figure 16.46: Relative error in IOzz of the sphere as a function of r_l.
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16.3 Polar moment of
inertia

Preparatory Problems

16.3.1 Find an expression for the polar
moment of inertia for each of the follow-
ing systems about the speci�ed points.
Answer in terms of some or all of the
variables given. If a position vector Çr is
given then you can assume the coordi-
nates .x; y/ are given so that Çr = x�{+ y �|.

a) A particlewithmassm atÇr about

1. Its center of mass

2. The origin
<

b) Two particles with masses m1

and m2 a distance d apart located
at Çr1 and

Ç

r2, respectively, about

i) Mass 1

ii) Mass 2

i) The center of mass of the
system

iv) The origin
<

c) A collection of n particles mi at
locations Çri_0 about

i) The origin

ii) The center of mass G of the
system

<

d) A uniform line segment with
length l and mass m with center
of mass at location ÇrG_0 about

i) Its center of mass G

ii) One end

iii) The origin
<

e) A uniform hoop with mass m
and radius R and center at ÇrG_0
about

i) Its center of mass G

ii) A point on the hoop

iiii) The origin
<

f) A uniformdiskwithmassm and
radius R and center at ÇrG_0 about

i) Its center of mass G

ii) A point on the perimeter

iii) The origin
<

g) A uniform rectangle with mass
m and sides l andw andwith cen-
ter at ÇrG_0 about

i) Its center of mass G

ii) A corner

iii) The origin
<

16.3.2 Two objects have masses m1 and
m2 and polar moments of inertia I1 and
I2 about their respective centers of mass
G1 and G2 which are a distance d apart.
What is the moment of inertia of the sys-
tem about its center of mass? <

16.3.3A point massm = 0:5 kg is located
at x = 0:3m and y = 0:4m in the xy-
plane. Find the moment of inertia of the
mass about the z-axis. <

16.3.4 A small ball of mass 0:2 kg is at-
tached to a 1mmassless rod.

a) What is the value of Izz of the ball
about the other end of the rod? <

b) How much must you shorten the
rod to reduce the moment of iner-
tia of the ball by half? <

More-Involved
Problems

16.3.5 Two identical point masses are at-
tached to the two ends of a rigid massless
bar of length l (one mass at each end).
Locate a point along the length of the bar
about which the polar moment of inertia
of the system is 20~ more than that cal-
culated about the mid point of the bar. <

16.3.6 A dumbbell consists of a rigid
massless bar of length l and two identi-
cal point masses m and m, one at each
end of the bar.

a) About which point on the dumb-
bell is its polar moment of inertia
Izz a minimum and what is this
minimum value? <

b) About which point on the dumb-
bell is its polar moment of inertia
Izz a maximum and what is this
maximum value? <

16.3.7 A light rigid rod AB of length 3l
has a point mass m at end A and a point
mass 2m at end B. Point C is the center
of mass of the system. First, answer the
following questions without any calcula-
tions and then do calculations to verify
your guesses.

a) About which point A, B, or C, is
the polar moment of inertia Izz of
the system a minimum? <

b) About which point is Izz a maxi-
mum? <

c) What is the ratio of IAzz and I
B
zz?

<

d) Is the radius of gyration of the sys-
tem greater, smaller, or equal to
the length of the rod? <

A

B

C

x

y

3�

2m

m

Problem 16.3.7

16.3.8 Three identical particles of mass
m are connected to three identical mass-
less rods of length l and welded together
at point O as shown in the �gure.

a) Guess (no calculations) which of
the three moment of inertia terms
IOxx , IOyy , IOzz is the smallest and

which is the biggest. <

b) Calculate the three moments of
inertia to check your guess. <

c) If the orientation of the system is
changed, so that onemass is along
thex-axis, will your answer to part
(a) change? <

d) Find the radius of gyration of the
system for the polarmoment of in-
ertia. <

m m

m

O
120o

120o�

�

�

x

y

Problem 16.3.8
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16.3.9 Show that the polar moment of
inertia IOzz of the uniform bar of length
l and mass m, shown in the �gure, is
1

3
ml2, in two di�erent ways:

a) by using the basic de�nition of
polar moment of inertia IOzz =

Ê r2 dm, and

b) by computing Icmzz �rst and then
using the parallel axis theorem.

m

O
x

y

�

Problem 16.3.9

16.3.10 Approximately locate the center
of mass of the tapered rod shown in the
�gure and compute the polar moment of
inertia Icmzz . [Hint: use the variable thick-
ness of the rod to de�ne an approximate
equivalent variablemass density per unit
length.] <

m = 1 kg
 20 
mm

5 mm

100 mm

x

y

Problem 16.3.10

16.3.11 A short rod ofmassm and length
h hangs from an inextensible and mass-
less rod of length l.

a) Find the moment of inertia IOzz of
the rod. <

b) Find the moment of inertia of the
rod IOzz by considering it as a point
mass located at its center of mass.
<

c) Find the percent error in IOzz in
treating the bar as a point mass
by comparing the expressions in
parts (a) and (b). Plot the percent
error versus h_l. For what values
of h_l is the percentage error less
than 5~? <

O
x

y

h

m

�

Problem 16.3.11

16.3.12 Parallel axis theorem? A
massless square plate ABCD has four
identical point masses located at its cor-
ners.

a) Find the polar moment of inertia
Icmzz .

<

b) Find a point P on the plate about
which the system's moment of in-
ertia Izz is maximum. <

c) Find the radius of gyration of the
system about the rectangle center.
<

m m

m m

A D

CB

x

y

�

Problem 16.3.12

16.3.13 For the massless square plate
with four point masses on the corners,
the polarmoment of inertia Icmzz = 0:6 kg�
m2. Find Icmxx of the system. <

m m

m m

A D

CB

x

y

�

Problem 16.3.13

16.3.14 A uniform square plate (2m on
edge) has a corner cut out. The totalmass
of the remaining plate is 3 kg.

a) Where is the center of mass of the
plate at the instant shown? <

b) What is the moment of inertia of
the plate about point O? <

c) What is the moment of inertia of
the plate about its center of mass?
<

x

y

1m

2m

2m

1m

O

Problem 16.3.14

16.3.15 A uniform thin triangular plate
of mass m, height h , and base b lies in
the xy-plane.

a) Set up the integral to �nd the polar
moment of inertia IOzz of the plate.
<

b) Show that IOzz =
m

6
.h2 + 3b2/ by

evaluating the integral in part (a).

c) Locate the center of mass of the
plate and calculate Icmzz .

<

m

O

h

b B

A

x

y

Problem 16.3.15

16.3.16 A uniform thin plate of mass m
is cast in the shape of a semi-circular disk
of radius R as shown in the �gure.

a) Find the location of the center of
mass of the plate <

b) Find the polar moment of inertia
of the plate, Icmzz . [Hint: It may be
easier to set up and evaluate the
integral for IOzz and then use the
parallel axis theorem to calculate
Icmzz .]

<

O

m
R

x

y

Problem 16.3.16
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16.3.17 A uniform square plate of side
l = 250mm has a circular cut-out of ra-
dius r = 50mm. The mass of the plate is

m =
1

2
kg.

a) Find the polar moment of inertia
of the plate about its center. <

b) Plot Icmzz versus r_l.

c) Find the limiting values of Icmzz for
r = 0 and r = l. <

m

r
x

y

�

Problem 16.3.17

16.3.18 A uniform thin circular disk of
radius r = 100mm and mass m =
2kg has a rectangular slot of width w =
10mm cut into it as shown in the �g-
ure. You can approximate the right edge
of the cutout as a straight line (thus your
calculation would be exact for a system
that has a very thin sliver ofmaterial clos-
ing the gap at the right).

a) Find the polar moment of inertia
IOzz of the disk.

<

b) Locate the center of mass of the
disk and calculate Icmzz .

<

c) estimate the error in your calcula-
tion of themass, center of mass lo-
cation and moment of inertia due
to not subtracting out the sliver of
material at the right edge of the
slot. <

r

m

O
w

x

y

Problem 16.3.18

16.3.19 Calculate the polar moment of
inertia of a uniform square plate with
massm and side l various ways. Choose
numerical values form and l if you want
to address this as a numerical calculation
rather than a theoretical one.

a) As a single uniform plate

b) As a composite of 4 plates, each
with sides l_2

c) As a composite of 100 plates, each
with sides l_10 (These �rst three
methods should give exactly the
same answer).

d) For the composite of 100 plates
now neglect the terms which con-
cern the moments of inertia of
each small square about its center
of mass. What is the error in mak-
ing this neglect? <
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16.3.1 Find an expression for the polar
moment of inertia for each of the follow-
ing systems about the speci�ed points.
Answer in terms of some or all of the
variables given. If a position vector Çr is
given then you can assume the coordi-
nates .x; y/ are given so that Çr = x�{+ y �|.

a) A particlewithmassm atÇr about

1. Its center of mass

2. The origin

b) Two particles with masses m1

and m2 a distance d apart located
at Çr1 and

Ç

r2, respectively, about

i) Mass 1

ii) Mass 2

i) The center of mass of the
system

iv) The origin

c) A collection of n particles mi at
locations Çri_0 about

i) The origin

ii) The center of mass G of the
system

d) A uniform line segment with
length l and mass m with center
of mass at location ÇrG_0 about

i) Its center of mass G

ii) One end

iii) The origin

e) A uniform hoop with mass m
and radius R and center at ÇrG_0
about

i) Its center of mass G

ii) A point on the hoop

iiii) The origin

f) A uniformdiskwithmassm and
radius R and center at ÇrG_0 about

i) Its center of mass G

ii) A point on the perimeter

iii) The origin

g) A uniform rectangle with mass
m and sides l andw andwith cen-
ter at ÇrG_0 about

i) Its center of mass G

ii) A corner

iii) The origin

Answer:

(a) Icmzz = 0, IOzz = mr2.

(b) Im1
zz = m2

óóóór221óóóó, Im2
zz = m1

óóóór212óóóó,
Icmzz = 0 m

1
m

2

m
1
+m

2

1 d2, and Icmzz = m1
óóóóÇr1óóóó2 +

m2
óóóóÇr2óóóó2

(c) IOzz =
n³
i=1

mi

óóóóÇrióóóó2 and
Icmzz =

n³
i=1

mi

óóóóÇri * Ç

rcm
óóóó2

(d) IGzz =
ml2

12
, IAzz =

ml2

3
, and

IOzz =
ml2

12
+m

óóóóÇrG_Oóóóó2.
(e) IGzz = mR2, IPzz = 2mR2, and

IOzz = IGzz +m
óóóóÇrG_Oóóóó2.

(f) IGzz =
mR2

2
, IPzz =

3

2
mR2, and

IOzz = IGzz +m
óóóóÇrG_Oóóóó2.

(g) IGzz =
m

12

�
l2 + w2

�
, IPzz =

m

3

�
l2 + w2

�
, and

IOzz = IGzz +m
óóóóÇrG_Oóóóó2.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap
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16.3.2 Two objects have masses m1 and
m2 and polar moments of inertia I1 and
I2 about their respective centers of mass
G1 and G2 which are a distance d apart.
What is the moment of inertia of the sys-
tem about its center of mass?

Answer:

IGzz = I1 + I2 + 0 m
1
m

2

m
1
+m

2

1 d2.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.3.3A point massm = 0:5 kg is located
at x = 0:3m and y = 0:4m in the xy-
plane. Find the moment of inertia of the
mass about the z-axis.

Answer:

Izz = 0:125 kg � m2.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.3.4 A small ball of mass 0:2 kg is at-
tached to a 1mmassless rod.

a) What is the value of Izz of the ball
about the other end of the rod?

b) How much must you shorten the

rod to reduce the moment of iner-
tia of the ball by half?

Answer:

(a) 0:2 kg � m2.

(b) 0:29m.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.3.5 Two identical point masses are at-
tached to the two ends of a rigid massless
bar of length l (one mass at each end).
Locate a point along the length of the bar

about which the polar moment of inertia
of the system is 20~ more than that cal-
culated about the mid point of the bar.

Answer:

At 0:72l from either end

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.3.6 A dumbbell consists of a rigid
massless bar of length l and two identi-
cal point masses m and m, one at each
end of the bar.

a) About which point on the dumb-
bell is its polar moment of inertia
Izz a minimum and what is this
minimum value?

b) About which point on the dumb-
bell is its polar moment of inertia
Izz a maximum and what is this
maximum value?

Answer:

(a) .Izz/min = ml2_2, about the mid-

point.

(b) .Izz/max = ml2, about either end

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.3.7 A light rigid rod AB of length 3l
has a point mass m at end A and a point
mass 2m at end B. Point C is the center
of mass of the system. First, answer the
following questions without any calcula-
tions and then do calculations to verify
your guesses.

a) About which point A, B, or C, is
the polar moment of inertia Izz of
the system a minimum?

b) About which point is Izz a maxi-
mum?

c) What is the ratio of IAzz and I
B
zz?

d) Is the radius of gyration of the sys-
tem greater, smaller, or equal to
the length of the rod?

A

B

C

x

y

3�

2m

m

Problem 16.7

Answer:

(a) C

(b) A

(c) IAzz_I
B
zz = 2

(d) smaller, rgyr =

t
ICzz_.3m/ =

ù
2l

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.3.8 Three identical particles of mass
m are connected to three identical mass-
less rods of length l and welded together
at point O as shown in the �gure.

a) Guess (no calculations) which of
the three moment of inertia terms
IOxx, IOyy , IOzz is the smallest and

which is the biggest.

b) Calculate the three moments of
inertia to check your guess.

c) If the orientation of the system is
changed, so that onemass is along
thex-axis, will your answer to part
(a) change?

d) Find the radius of gyration of the
system for the polarmoment of in-
ertia.

m m

m

O
120

o

120
o

�

�

�

x

y

Problem 16.8

Answer:

(a) Biggest: IOzz; smallest: IOyy = IOxx .

(b) IOxx =
3

2
ml2 = IOyy . I

O
zz = 3ml2.

(c) Answer does not change.

(d) rgyr = l.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.3.9 Show that the polar moment of
inertia IOzz of the uniform bar of length
l and mass m, shown in the �gure, is
1

3
ml2, in two di�erent ways:

a) by using the basic de�nition of
polar moment of inertia IOzz =

Ê r2 dm, and

b) by computing Icmzz �rst and then
using the parallel axis theorem.

m

O

x

y

�

Problem 16.9

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.3.10 Approximately locate the center
of mass of the tapered rod shown in the
�gure and compute the polar moment of
inertia Icmzz . [Hint: use the variable thick-
ness of the rod to de�ne an approximate
equivalent variablemass density per unit
length.]

m = 1 kg

 20 
mm

5 mm

100 mm

x

y

Problem 16.10

Answer:

xcm = 40mm and Icmzz = 733:3 kg�mm2.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.3.11 Ashort rod ofmassm and length
h hangs from an inextensible and mass-
less rod of length l.

a) Find the moment of inertia IOzz of
the rod.

b) Find the moment of inertia of the
rod IOzz by considering it as a point
mass located at its center of mass.

c) Find the percent error in IOzz in
treating the bar as a point mass
by comparing the expressions in
parts (a) and (b). Plot the percent
error versus h_l. For what values
of h_l is the percentage error less
than 5~?

O

x

y

h

m

�

Problem 16.11

Answer:

(a) IOzz =
mh2

12
+m

�
l +

h

2

�2
.

(b) IOzz = m
�
l +

h

2

�2
.

(c) Percent error in IOzz is

100
�
1 + 12.

l

h
+ 0:5/2

�*1
. The percent-

age error less than 5~ if h_l < 1:32.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.3.12 Parallel axis theorem? A
massless square plate ABCD has four
identical point masses located at its cor-
ners.

a) Find the polar moment of inertia
Icmzz .

b) Find a point P on the plate about
which the system's moment of in-
ertia Izz is maximum.

c) Find the radius of gyration of the
system about the rectangle center.

m m

m m

A D

CB

x

y

�

Problem 16.12

Answer:

(a) Icmzz = 2ml2

(b) P � A; B; C; or D, often, but not

always, diagonally opposite the corner

with the largest mass

(c) rgyr = l_
ù
2

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.3.13 For the massless square plate
with four point masses on the corners,
the polarmoment of inertia Icmzz = 0:6 kg�
m2. Find Icmxx of the system.

m m

m m

A D

CB

x

y

�

Problem 16.13

Answer:

IOxx = IOyy = 0:3 kg � m2.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.3.14 A uniform square plate (2m on
edge) has a corner cut out. The totalmass
of the remaining plate is 3 kg.

a) Where is the center of mass of the
plate at the instant shown?

b) What is the moment of inertia of
the plate about point O?

c) What is the moment of inertia of
the plate about its center of mass?

x

y

1m

2m

2m

1m

O

Problem 16.14

Answer:

(a) xcm = 1:67m; ycm = 0:83m.

(b) IOzz = 8kg � m2.

(c) Icmzz = 1:83 kg � m2.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.3.15 A uniform thin triangular plate
of mass m, height h , and base b lies in
the xy-plane.

a) Set up the integral to �nd the polar
moment of inertia IOzz of the plate.

b) Show that IOzz =
m

6
.h2 + 3b2/ by

evaluating the integral in part (a).

c) Locate the center of mass of the
plate and calculate Icmzz .

m

O

h

b B

A

x

y

Problem 16.15

Answer:

(a) IOzz =
2m

bh
Ê

b

0

Ê
hx_b

0

.x2+ y2/ dy dx.

(c) xcm =
2b

3
; ycm =

h

3
.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.3.16 A uniform thin plate of massm
is cast in the shape of a semi-circular disk
of radius R as shown in the �gure.

a) Find the location of the center of
mass of the plate

b) Find the polar moment of inertia
of the plate, Icmzz . [Hint: It may be
easier to set up and evaluate the
integral for IOzz and then use the
parallel axis theorem to calculate
Icmzz .]

O

m
R

x

y

Problem 16.16

Answer:

(a) xcm = 0; ycm =
4R

3�
.

(b) Icmzz =
.9�2*31/mR2

18�2
.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.3.17 A uniform square plate of side
l = 250mm has a circular cut-out of ra-
dius r = 50mm. The mass of the plate is

m =
1

2
kg.

a) Find the polar moment of inertia
of the plate about its center.

b) Plot Icmzz versus r_l.

c) Find the limiting values of Icmzz for
r = 0 and r = l.

m

r
x

y

�

Problem 16.17

Answer:

(a) Icmzz =
ml2

6
0 1*3�.r_l/4/

1*�.r_l/2
1.

(c) lim
r�0

Icmzz =
ml2

6
and

lim
r�l

Icmzz =
ml2

6
03� * 1

� * 1
1.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.3.18 A uniform thin circular disk
of radius r = 100mm and mass m =
2kg has a rectangular slot of width w =
10mm cut into it as shown in the �g-
ure. You can approximate the right edge
of the cutout as a straight line (thus your
calculation would be exact for a system
that has a very thin sliver ofmaterial clos-
ing the gap at the right).

a) Find the polar moment of inertia
IOzz of the disk.

b) Locate the center of mass of the
disk and calculate Icmzz .

c) estimate the error in your calcula-
tion of themass, center of mass lo-
cation and moment of inertia due
to not subtracting out the sliver of

material at the right edge of the
slot.

r

m

O
w

x

y

Problem 16.18

Answer:

(a) IOzz = 0:01010904 kg � m2.

(b) xcm = *1:64mm, ycm = 0mm, and

Icmzz = 0:01010364 kg � m2.

(c) Not subtracting out the sliver of ma-

terial at the right edge of the slot leads

to an error of 0:053~.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.3.19 Calculate the polar moment of
inertia of a uniform square plate with
massm and side l various ways. Choose
numerical values form and l if you want
to address this as a numerical calculation
rather than a theoretical one.

a) As a single uniform plate

b) As a composite of 4 plates, each
with sides l_2

c) As a composite of 100 plates, each
with sides l_10 (These �rst three

methods should give exactly the
same answer).

d) For the composite of 100 plates
now neglect the terms which con-
cern the moments of inertia of
each small square about its center
of mass. What is the error in mak-
ing this neglect?

Answer:

(d) Exactly 1% .

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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