
Introduction to Mechanics for Engineers � Ruina & Pratap Ch 16 Section 16.2

16.2.1 Give the de�nition of each term
below inwords and, but for the �rst, with
an equation.

a) angular velocity

b) angular acceleration

Answer:

(a) The rate of change of anymarked or

imaginary line on a rigid object.

(b) The rate of change of the angular ve-

locity.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.2.2 Assume that in the reference con-
�guration, when � = 0, that the x¨y¨ axes
attached to an object are aligned with the
xy axes. Consider a point P attached to
the moving frame (object) that has coor-
dinates .x¨; y¨/. Find each of the quan-
tities below in terms of some or all of
x¨; y¨; �{; �|; �; �� and ��.

a) ÇrP

b) ÇvP

c) Ça
P

Answer:

(a) Lcos � *sin �

sin � cos �
M Lx¨

y¨M
(b) ÇvP =

Ç! � ÇrP
(c) Ça

P
= �Ç! � ÇrP +

Ç! � .Ç! � ÇrP/

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.2.3 Assume that in the reference con-
�guration, when � = 0, the x¨y¨ axes
are aligned with the xy axes. Consider
two points P1 and P2 attached to themov-
ing frame. P1 and P2 have coordinates
.x¨

1
; y¨

1
/ .x¨

2
; y¨

2
/. Find each of the quan-

tities below in terms of some or all of
x¨
1
; y¨

1
; x¨

2
; y¨

2
; �{; �|; �; �� and ��.

a) ÇrP
1
_P

2

b) ÇvP
1
_P

2

c) Ça
P
1
_P

2

Answer:

(a) ÇrP
1
_P

2

= .x¨
2
* x¨

1
/�{ + .y¨

2
* y¨

1
/ �|

(b) ÇvP
1
_P

2

= ��
�
.x¨

2
* x¨

1
/ �| * .y¨

2
* y¨

1
/�{
�

(c) Ça
P
1
_P

2

=

��
�
.x¨

2
* x¨

1
/ �| * .y¨

2
* y¨

1
/�{
�

*
��2
�
.x¨

2
* x¨

1
/�{ + .y¨

2
* y¨

1
/ �|
�

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.2.4 Find Çv = Ç! � Çr, if Ç! = 1:5 rad_s �k
and Çr = 2m�{ * 3m �|.

Answer:

.5:4�{ + 3:0 �|/m_s

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.2.5 A rod OB rotates with its end O
�xed as shown in the �gure with angular

velocity Ç! = 5 rad_s �k and angular accel-

eration Ç� = 2 rad_s2 �k at the instant of
interest. Find, draw, and label the tan-
gential and normal acceleration of point
B at � = 60

ý

. r = 10 in

A

B

x

y

O

θ

Problem 16.5

Answer:
Çat = 20 �| in_s2 and Çan = *250�{ in_s2.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.2.6 A disc rotates at 15 rpm. How
many seconds does it take to rotate by 180
degrees? What is the angular speed of the
disc in rad_s?

Answer:

rad_s =
�

2
rad_s.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.2.7 A motor turns a uniform disc
of radius R counter-clockwise about its
mass center at a constant rate !. The
disc lies in the xy-plane and its angu-
lar displacement � is measured (posi-
tive counter-clockwise) from the x-axis.
What is the angular displacement �.t/ of

the disc if it starts at �.0/ = �0 and
��.0/ =

!? What are the velocity and accelera-
tion of a point P at position Çr = x�{ + y �|?

Answer:

�.t/ = �0 + !t, Çv = !.x �| * y�{/, and
Ça = *!.x�{ + y �|/.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.2.8 Find the angular velocities of the
second, minute, and hour hands of a
clock.

Answer:

!sec =
�

30
rad_s, !min =

2�

3600
rad_s, and

!hour =
2�

43200
rad_s.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.2.9 A disc C spins at a constant rate
of two revolutions per second counter-
clockwise about its geometric center, G,
which is �xed. A point P is marked on
the disk at a radius of one meter. At the
instant of interest, point P is on the x-
axis of an xy-coordinate system centered
at point G.

a) Draw a neat diagram showing the
disk, the particle, and the coordi-
nate axes.

b) What is the angular velocity of the

disk, Ç!
C
?

c) What is the angular acceleration

of the disk, �Ç!C?

d) What is the velocity ÇvP of point P?

e) What is the acceleration ÇaP of
point P?

Answer:

(b) Ç!
C
= 4� rad_s.

(c) �Ç!C = 0 rad_s2.

(d) Çvp = 4� �|m_s.

(e) Çap = *16�2 �{m_s2.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.2.10 A uniform rigid rod rotates at
constant speed in the xy-plane about a
peg at point O. The center of mass of the
rod may not exceed a speci�ed acceler-
ation amax = 0:5m_s2. Find the maxi-
mum angular velocity of the rod.

� = 0.5 m

x

y

O

Problem 16.10

Answer:

!max = 1 rad_s

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.



Chapter 16. 2. Angular. . . Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap Problem 16.2.11 11

16.2.11 A dumbbell AB is welded to a
rigid arm OC such that OC is perpendic-
ular to AB. Arm OC rotates about O at a
constant angular velocity Ç! = 10 rad_s �k.
At the instant when � = 60

ý

,

a) Find the relative velocity of B with
respect to A.

b) Find the acceleration of point B
relative to point A.

x

y

 = 60

O

A

B

C

m

m

�
1
 =

 1
 m

�
2 = 0.8 m

⇀
ω

θ

Problem 16.11

Answer:

(a) ÇvB_A = 4m_s.�{ +
ù
3 �|/

(b) ÇaB_A = *40m_s2.
ù
3�{ * �|/

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.2.12 Two discs A and B rotate at con-
stant speeds about their centers. Disc A
rotates at 100 rpm and disc B rotates at
10 rad_s. Which is rotating faster?

Answer:

Disc A is faster.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.2.13 A motor turns a uniform disc
of radius R counter-clockwise about its
mass center at a constant rate !. The
disc lies in the xy-plane and its angu-
lar displacement � is measured (posi-
tive counter-clockwise) from the x-axis.
What are the velocity and acceleration of

a point P at position ÇrP = c�{+d �| relative
to the velocity and acceleration of a point
Q at position ÇrQ = 0:5.*d�{ + c �|) on the

disk? (c2 + d2 < R2.)

Answer:
ÇvP_Q = !

�
.c +

d

2
/ �| * .d *

c

2
/�{
�
, and

ÇaP_Q = *!2
�
.c +

d

2
/�{ + .d *

c

2
/ �|
�

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.2.14 A 0:4m long rod AB has many
holes along its length such that it can be
pegged at any of the various locations. It
rotates counter-clockwise at a constant
angular speed about a peg whose loca-
tion is not known. At some instant t,
the velocity of end B is ÇvB = *3m_s �|.

After
�

20
s, the velocity of end B is ÇvB =

*3m_s�{. If the rod has not completed
one revolution during this period,

a) �nd the angular velocity of the
rod, and

b) �nd the location of the peg along
the length of the rod.

B

A

ı̂

ĵ

Problem 16.14

Answer:

(a) ! = 30 rad_s.

(b)
1

10
m from B.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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Sunday, March 31, 2019 5:59 PM

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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HW9-P47-16.2.14
Tuesday, April 6, 2021 3:00 PM

   HW Solutions Page 1    

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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   HW Solutions Page 2    

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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   HW Solutions Page 3    

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.2.15 A circular disc of radius r =
250mm rotates in the xy-plane about a
point which is at a distance d = 2r away
from the center of the disk. At the instant
of interest, the linear speed of the cen-
terC is 0:60m_s and themagnitude of its
centripetal acceleration is 0:72m_s2.

a) Find the rotational speed of the
disk.

b) Is the given information enough
to locate the center of rotation of
the disk?

c) If the acceleration of the center
has no component in the �| di-
rection at the instant of interest,
can you locate the center of rota-
tion? If yes, is the point you lo-
cate unique? If not, what other in-

formation is required to make the
point unique?

C
r

Center of rotation

Problem 16.15

Answer:

(a) �� = 1:2 rad_s.

(b) No.

(c) If the acceleration of the center has

no component in the �| direction the

center of rotation can lie anywhere on

the x-axis.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.2.16 A uniform disc of radius r =
200mm is mounted eccentrically on a
motor shaft at point O. The motor ro-
tates the disc at a constant angular speed.
At the instant shown, the velocity of the
center of mass is ÇvG = *1:5m_s �|.

a) Find the angular velocity of the
disc.

b) Find the point with the highest
linear speed on the disc. What is
its velocity?

O

G

r 
2

3

r

x

y

Problem 16.16

Answer:

(a) Ç! = *11:25 rad_s �k

(b) Speed is maximum at Çr =
5r

3
�{;

Çvmax = *3:75m_s �|

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.2.17 The circular disc of radius R =
100mm rotates about its center O. At a
given instant, point A on the disk has a
velocity vA = 0:8m_s in the direction
shown. At the same instant, the tangent
of the angle � made by the total acceler-
ation vector of any point B with its radial
line to O is 0.6. Compute the angular ac-
celeration � of the disc.

A

B

O

θ
R

⇀
aB

⇀
vA

Problem 16.17

Answer:

� = 38:4 rad_s2

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.2.18 Show that, for non-constant rate
circular motion, the acceleration of all
points in a given radial line are parallel.

O

⇀

a

Problem 16.18

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.2.19 A motor turns a uniform disc of
radius R about its mass center at a vari-
able angular rate ! with rate of change
�!, counter-clockwise. The disc lies in the
xy-plane and its angular displacement
� is measured from the x-axis, positive
counter-clockwise. What are the veloc-
ity and acceleration of a point P at posi-

tion ÇrP = c�{ + d �| relative to the veloc-
ity and acceleration of a point Q at po-
sition ÇrQ = 0:5.*d�{ + c �|) on the disk?

(c2 + d2 < R2.)

Answer:
ÇvP_Q = !

�
.c +

d

2
/ �| * .d *

c

2
/�{
�
, and

ÇaP_Q = *
�
�!.d *

c

2
/ + !2.c +

d

2
/
�
�{ +�

�!.c +
d

2
/ * !2.d *

c

2
/
�
�|

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.2.20 The dumbbell AB shown
in the �gure rotates counterclockwise
about point O with angular acceleration
3 rad_s2. Bar AB is perpendicular to bar
OC. At the instant of interest, � = 45

ý

and the angular speed is 2 rad_s.

a) Find the velocity of point B rela-
tive to point A. Will this relative
velocity be di�erent if the dumb-
bell were rotating at a constant
rate of 2 rad_s?

b) Without calculations, draw a vec-
tor approximately representing
the acceleration of B relative to A.

c) Find the acceleration of point B
relative to A. What can you say

about the direction of this vector
as the motion progresses in time?

A

B

O

C

x

y

�  =
 0

.5
 m

θ

Problem 16.20

Answer:

(a)
1
ù
2
m_s.�{ + �|/

(c) ÇaB_A = .*0:353�{ + 2:474 �|/m_s2

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.2.21 Bit-stream kinematics of a
CD. A Compact Disk (CD) has bits of
data etched on concentric circular tracks.
The data from a track is read by a beam
of light from a head that is positioned un-
der the track. The angular speed of the
disk remains constant as long as the head
is positioned over a particular track. As
the head moves to the next track, the an-
gular speed of the disk changes, so that
the linear speed at any track is always
the same. The data stream comes out
at a constant rate 4:32 � 106 bits/second.
When the head is positioned on the out-

ermost track, for which r = 56mm, the
disk rotates at 200 rpm.

a) What is the number of bits of data
on the outermost track?

b) �nd the angular speed of the disk
when the head is on the innermost
track (r = 22mm), and

c) �nd the number of bits on the in-
nermost track.

Answer:

(a) 1:296Megabits.

(b) 509.09 rpm.

(c) 0:509Megabits

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.2.22 2-D constant rate gear train.
The angular velocity of the input shaft
(driven by a motor not shown) is a con-
stant, !input = !A. What is the angular

velocity !output = !C of the output shaft

and the speed of a point on the outer edge
of disc C, in terms of RA, RB, RC , and !A?

RA RB

RC



ωA

A B

C

no slip

ωC

Problem 16.22: Gear B is welded to C and
engages with A.

Answer:

!C =
!
A
R
A

R
B

and vC =
!
A
R
A
R
C

R
B

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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Saturday, April 6, 2019 10:06 PM

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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MAE 2030 HW 9 Problem 48 Solution

16.2.22 Depei Yu
Given : Ra

,
Rrs

,

Rc
,
WA

find :
Woutput

'

Wc

speed of point on outer edge of disc C (Va)

solution :

Define a point P on disc A and a point P
'

on

disc B
,
such that they are in contact. At

this point, we can apply the the no- slip condition.

poop
'

No - slip condition: Jp
-

-Fpi , and WI
-

-

wa
kn

,
uh =

- wets

TNA xfpia-wcxrp.sc →

Wn. I × RAT
= -wot x ( - RB) i gears

B and C are glued together

{ wa Raj =

We Rbi )

{ } . j → WAR,
-

- WoRB → We =
WARI

RB

Wo
=

WANNA
Vc

= Row,
aWABARCRBRB

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.2.23 A horizontal diskD of diameter
d = 500mm is driven at a constant speed
of 100 rpm. A small disk C can be po-
sitioned anywhere between r = 10mm
and r = 240mm on disk D by sliding it
along the overhead shaft and then �xing
it at the desired position with a set screw
(see the �gure). Disk C rolls without slip
on disk D. The overhead shaft rotates
with disk C and, therefore, its rotational
speed can be varied by varying the posi-
tion of disk C. This gear system is called
brush gearing. Find the maximum and
minimum rotational speeds of the over-
head shaft.

r

r

set screw

100 rpm

Side View

Top View

bearing

D

C

C

D

Problem 16.23

Answer:

!min = 10 rpm and !max = 240 rpm

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.2.24 Two points A and B are on the
samemachine part that is hinged at an as
yet unknown location C. Assume you are
given that points at positions ÇrA and ÇrB
are supposed tomove in given directions,

indicated by unit vectors ��A and ��B. For
each of the problem parts below, illus-
trate your results with two numerical ex-
amples (in consistent units): i) ÇrA = 1�{,
ÇrB = 1 �|, ��A = 1 �|, and ��B = *1�{ (thus
ÇrC =

Ç

0), and ii) a more complex example
of your choosing.

a) Describe in detail what equations

must be satis�ed by the point ÇrC.

b) Write a computer program that
takes as input the 4 pairs of num-

bers [ÇrA], [
ÇrB], [

��A] and [ ��B] and
gives as output the pair of num-
bers [ÇrC].

c) Find a formula of the form ÇrC =
§ that explicitly gives the position
vector for point C in terms of the 4
given vectors.

Answer:

(c) ÇrC = ÇrB +
.Çr
A
*Çr
B
/� ��

A
�
.Çr
C
� ��

B
/� ��

B

�
�

��
A

�
.ÇrC �

��B/ �
��B

�

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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Saturday, April 6, 2019 10:14 PM

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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% Find the location of the hinge point rC given rA, rB, lambdaA,

 lambdaB

% location of A is given rA = 1i

rA = [1 0];

% location of B is given rB = 1j

rB = [0 1];

% unit vector of velocity of A is given lambdaA = 1j

lambdaA = [0 1];

% unit vector of velocity of B is given lambdaB = -1i;

lambdaB = [-1 0];

rC = FindHinge(rA,rB,lambdaA,lambdaB);

disp('The location vector rC is');

disp(rC);

% Another example

rA = [1 1];

rB = [2 3];

lambdaA = [0 1];

lambdaB = [1 0];

rC = FindHinge(rA,rB,lambdaA,lambdaB);

disp('The location vector rC is');

disp(rC);

function rC = FindHinge(rA,rB,lambdaA,lambdaB)

    % Find the location vector of the hinge rC

    % Equation that rC must satisfy:

    % rC dot lambdaA = rA dot lambdaA

    % rC dot lambdaB = rB dot lambdaB

    % solve for these two equations:

    syms x y

    eqn1 = dot([x y],lambdaA)-dot(rA,lambdaA);

    eqn2 = dot([x y],lambdaB)-dot(rB,lambdaB);

    [x,y] = solve([eqn1,eqn2],[x,y]);

    rC = [x y];

end

The location vector rC is

[ 0, 0]

 

The location vector rC is

[ 2, 1]

 

Published with MATLAB® R2018a
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