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1 We could also think of rotation rate

as a derivative of the rotation matrix

[R]. This point of view and its relation

to the vector point of view here, is de-

scribed in Box 16.5 on page 8.

16.2 Angular velocity and acceleration
of a rigid object in planar circular
motion

Angular velocity of a rigid object:
Ç

!

Thus far we have talked about rotation, but not how it varies in time. Dy-

namics is about motion, velocities and accelerations, so we need to think

about rotation rates and rotational accelerations.

A 2D rigid object's net rotation is measured by the rotation angle �.

Thus, the simplest measure of rotation rate is �� �
d�

dt
. Because all marked

lines rotate the same amount � they all have the same rates of change. So
��1 = ��2 = ��3 = etc. and, as for rotation, the concept of rotation rate of a

rigid object transcends the concept of rotation rate of this or that particu-

lar line. We give this rotation rate of a rigid object a special name, angular

velocity, and symbol, ! (omega).

Repeating, for all lines marked on a rigid object,

! � ��1 = ��2 = ��3 =5 = ��: (16.10)

Often we think of angular velocity as a vector
Ç

!. Its direction is the axis

of the rotation which, for objects in the xy plane is �k, pointed in the +z

direction normal to the xy plane. The scalar part of
Ç

! is!. So, the angular

velocity vector is

Ç

! � !�k (16.11)

with ! as de�ned in eqn. (16.10). Note
Ç

! is the angular velocity of the

object (and of every line on it) 1 . The usual sign convention for ! is the

same as that for �, positive is counter-clockwise (CCW) around the origin.

That's the direction your �ngers wrap if you point your thumb in the +z

direction and grab the z axis.

Rate of change of �{
¨, �|

¨

Our �rst use of the angular velocity vector
Ç

! is to calculate the rate of

change of the rotating unit base vectors �{¨ and �|¨. We can �nd the rate of

change of, say, �{¨, by taking the time derivative of the �rst eqn. (16.4), and

using the chain rule while recognizing that � = �.t/. We can also make

an analogy with polar coordinates (page 725), where we think of �e
R
as like

�{¨ and �e
�
as like �|¨. We found there that ��e

R
= �� �e

�
and ��e

�
= * �� �e

R
. Either

from di�erentiating �{¨ or from the correlation with polar coordinates, we

get

Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap 1



Introduction to Mechanics for Engineers � Ruina & Pratap Ch 16 Section 16.2

2 Eqn. 16.12 is sometimes considered

the de�nition of Ç!. In this view, pop-

ularized by Tom Kane, Ç! is that vector

which determines ��{¨ and ��|¨ by the for-

mulas ��{¨ = Ç!� �{¨ and ��|¨ =
Ç!� �|¨. Then

one needs to show that such a vector

exists and that it is Ç! = �{¨ � ��{¨. Luck-

ily this reasoning leads to the same Ç!

as our Ç! = �� �k.

��{¨ = �� �|¨ or ��{¨ =
Ç

! � �{¨ and
��|¨ = * ���{¨ or ��|¨ =

Ç

! � �|¨
(16.12)

because �|¨ = �k¨ � �{¨ and �{¨ = * �k¨ � �|¨. Depending on the tastes of your

lecturer, you may �nd Equations 16.12 are the most used equations from

this point onward 2 .

Velocity of a point �xed on a rigid object

Let's call some rotating object B (script capital B) to which is glued a co-

ordinate system x¨y¨ with base vectors �{¨ and �|¨. We now introduce the

concept of derivative in a frame which we write, for the frame B, as

Bd

dt

which means, in words, the rate of change of something as viewed in the

rotating frameB. Now consider a point P at
Ç

rP that is glued to the object.

That is, the x¨ and y¨ coordinates of
Ç

rP do not change in time.

Bd
Ç

rP

dt
�

B

�ÇrP = �x¨�{¨ + �y¨ �|¨ =
Ç

0:

That is, relative to a moving frame, the velocity of a point glued to the

frame is zero (no surprise).

We would like to know the velocity of such a point in the �xed frame.

We just take the derivative, using the product rule and the di�erentiation

rules we have developed for the rotating base vectors:

16.2 The �xed Newtonian reference frame F
Nowwe can reconsider the concept of aNewtonian frame, a con-

cept which we had to assume to write the equations of dynamics
in the �rst place. All of mechanics depends, of course, on the
laws of mechanics. The laws of mechanics are equations which
involve, in part, the positions of things as a function of time. But
how position is perceived to change in time depends on your ref-
erence frame. And some reference frames are better than others.
The best, from our point of view, are reference frames in which
Newton's laws are accurate. Such a reference frame is called a
Newtonian frame. In engineering practice the frames we use as
approximations of a Newtonian frame often seem, loosely speak-
ing, somehow still. So we sometimes call such a frame the fixed
frame and label it with a script capitalF. When we talk about ve-
locity and acceleration of mass points, for use in the equations of
mechanics, we are always talking about the velocity and acceler-
ation relative to a Fixed, or equivalently, Newtonian frame.

Assume x and y are the coordinates of a vectorÇrP and F is a
�xed frame with �xed axis (with associated constant base vectors
�{ and �|). When we write �ÇrP we mean �x�{ + �y �|. But we could be
more explicit (and notationally ornate) and write the velocity of P

in the Newtonian frame as

FdÇrP

dt
�

F

�ÇrP by which we mean �x�{ + �y �|:

TheF in front of the time derivative (or in front of the dot) means
that when we calculate a derivative we hold the base vectors ofF
constant. This is no surprise, because for F the base vectors are
constant. In general, however, when taking a derivative in a given
frame you

� write vectors in terms of base vectors stuck to the frame,
and

� only di�erentiate the components.

But only for theFixed orNewtonian framewill accelerations cal-
culated this way be directly applicable to Newton's laws.

We will avoid the ornate notation of labeling frames when
it is not needed. For example, if you don't see any script capital
letters �oating around in front of derivatives, you can assume that
we are taking derivatives relative to a �xed Newtonian frame.
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Figure 16.15: Velocity and accelera-

tion of two points on a rigid object ro-

tating about 0.

Ç

rP = x¨�{¨ + y¨ �|¨

Ù
Ç

vP =
�Çr
P

=
d

dt

�
x¨�{¨ + y¨ �|¨

�
= x¨ ��{¨ + y¨ ��|¨ = x¨.

Ç

! � �{¨/ + y¨.
Ç

! � �|¨/

=
Ç

! � .x¨�{¨ + y¨ �|¨/

where �ÇrP is the simple way to write
Fd
Ç

rP

dt
. Thus,

Ç

vP =
Ç

! �
Ç

rP (16.18)

We can rewrite eqn. (16.18) in a minimalist or elaborate notation as

Ç

v =
Ç

! �
Ç

r or
Fd

Ç

rP

dt
=

Ç

!
B_F

�
Ç

rP_O:

Both are correct. In the �rst case you have to use common sense to know

what point you are talking about and that it is on an object rotating with

absolute angular velocity
Ç

!. In the second case everything is laid out per-

fectly clearly (which is why it looks perfectly confusing). On the left side

of the equation it says that we are interested in how point P moves rela-

tive to, not just any frame, but the �xed frame F. On the right side we

make clear that the rotation rate we are looking at is that of objectB rela-

tive toF and not some other relative rotation. We further make clear that

the formula only makes sense if the position of the point P is measured

relative to a point which doesn't move, namely 0.

What we have just found largely duplicates what we already learned

in section 7.1 for points moving in circles. The slight generalization is

that the same angular velocity
Ç

! can be used to calculate the velocities of

16.3 Plato's discussion of spinning in circles as motion
(or not)

Here is how a smart person, Plato, thought about these things two
thousand years ago. Here he writes about an imagined discussion
between Socrates and Glaucon about how an object can maintain
contradictory attributes simultaneously.

�Socrates: Now let's have a more precise agreement so that we
won't have any grounds for dispute as we proceed. If someone
were to say of a human being standing still, but moving his hands
and head, that the same man at the same time stands still and
moves, I don't suppose we'd claim that it should be said like that,
but rather that one part of him stands still and another moves.
Isn't that so?
Glaucon: Yes it is.
Socrates: Then if the man who says this should become still more
charming andmake the subtle point that tops as wholes stand still
andmove at the same timewhen the peg is �xed in the same place

and they spin, or that anything else going around in a circle on the
same spot does this too, wewouldn't accept it because it's not with
respect to the same part of themselves that such things are at the
same time both at rest and in motion. But we'd say that they have
in them both a straight and a circumference; and with respect to
the straight they stand still since they don't lean in any direction
�while with respect to the circumference they move in a circle;
and when the straight inclines to the right the left, forward, or
backward at the same time that it's spinning, then in no way does
it stand still.
Glaucon: And we'd be right.�

This chapter is about things that are still with respect to their
own parts (they do not distort) but in which the points do move
in circles.
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3 Although the form eqn. (16.19)

is not of much immediate use, if

you are going to continue on to the

mechanics of mechanisms or three-

dimensional mechanics, you should

follow the derivation of eqn. (16.19)

carefully.

4 The derivation of eqn. (16.20) can

be writtenmore informally and brie�y

like this (using minimalist notation):

Ça = �Çv =
d

dt
.
Ç! �

Çr/

= �Ç! �
Çr + Ç! � �Çr

= �Ç! �
Çr + Ç! � .

Ç! �
Çr/

= �Ç! �
Çr * !2Çr:

multiple points on one rigid object. But the key idea remains: the velocity

of a point going in circles is tangent to the circle it is going around and

with magnitude proportional both to distance from the center and to the

angular rate of rotation (�g. 16.15a).

Acceleration of a point on a rotating rigid object

Let's again consider a point stuck on a rotating object and with position

Ç

rP = x¨�{¨ + y¨ �|¨:

Relative to the frame B to which a point is attached, its acceleration is

zero (again no surprise). But what is its acceleration in the �xed frame?

We �nd this acceleration by writing the position vector and then di�er-

entiating twice, repeatedly using the product rule and eqn. (16.12) we get

(see Box 16.4 for the details).

Ç

a
P
= �Ç! �

Ç

rP +
Ç

! �
�
Ç

! �
Ç

rP
�

(16.19)

which is hardly intuitive at a glance 3 . Recalling that in 2D
Ç

! = !�k

we can use either the right hand rule or manipulation of unit vectors to

rewrite eqn. (16.19) as

Ç

a
P
= �! �k �

Ç

rP * !2ÇrP (16.20)

where ! = �� and �! = �� 4 .

Thus, as we found in section 15.1 for a particle going in circles, the

acceleration can be written as the sum of two terms, a tangential acceler-

ation �! �k �
Ç

rP due to increasing tangential speed, and a centrally directed

16.4 Acceleration of a point on a rotating body, using
Ç

!

Leaving o� the ornate pre-super-script F for simplicity, we have

Ça
P
= �Çv

P

=
d

dt
0 d

dt

�
x¨ �{¨ + y¨ �|¨

�1
=

d

dt

�
x¨.Ç! � �{¨/ + y¨.Ç! � �|¨/

�
: (16.13)

To continue we need to use the product rule of di�erentiation for
the cross product of two time dependent vectors like this:

d

dt

�
Ç! � �{¨

�
= �Ç! � �{¨ + Ç! � ��{¨ (16.14)

= �Ç! � �{¨ + Ç! � .Ç! � �{¨/; (16.15)

d

dt

�
Ç! � �|¨

�
= �Ç! � �|¨ + Ç! � ��|¨ (16.16)

= �Ç! � �|¨ + Ç! � .Ç! � �|¨/: (16.17)

Substituting back into eqn. (16.13) we get

Ça
P
= x¨

�
�Ç! � �{¨ + Ç! � .Ç! � �{¨/

�
+ y¨

�
�Ç! � �|¨ + Ç! � .Ç! � �|¨/

�
= �Ç! � .x¨ �{¨ + y¨ �|¨/ + Ç! �

�
Ç! �

�
x¨ �{¨ + y¨ �|¨/

��
= �Ç! �ÇrP +

Ç! �
�
Ç! �ÇrP

�
which derives eqn. (16.19).
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Figure 16.16: The acceleration of B rel-

ative to A if they are both on the same

rotating rigid object.

(centripetal) acceleration *!2ÇrP due to the direction of the velocity con-

tinuously changing towards the center (see �g. 16.15b). The generaliza-

tion we have made in this section is that the same
Ç

! can be used to calcu-

late the acceleration for all the di�erent points on one rotating object.

Relative motion of points on a rigid object

As you well know by now, the position of point B relative to point A is
Ç

rB_A �
Ç

rB *
Ç

rA. Similarly the relative velocity and acceleration of two

points A and B is de�ned to be

Ç

vB_A �
Ç

vB *
Ç

vA and
Ç

a
B_A

�
Ç

a
B
*
Ç

a
A

(16.21)

So, the relative velocity (as calculated relative to a �xed frame) of two

points glued to one spinning rigid object B is given by

Ç

vB_A �
Ç

vB *
Ç

vA

=
Ç

! �
Ç

rB_O *
Ç

! �
Ç

rA_O

=
Ç

! � .
Ç

rB_O *
Ç

rA_O/

=
Ç

! �
Ç

rB_A;

where point O is the point in the Newtonian frame on the �xed axis of

rotation and
Ç

! =
Ç

!
B
is the angular velocity of B. Repeating,

Ç

vB_A =
Ç

! �
Ç

rB_A: (16.22)

Because points A and B are �xed on B their velocities and hence their

relative velocity as observed in a reference frame �xed to C are all
Ç

0. But,

point A has an absolute velocity that is di�erent from that of point B. So

they have a relative velocity as seen in the �xed frame. And it is what you

would get if B was just going in circles around A. Similarly, the relative

acceleration of two points glued to one rigid object spinning at constant

rate is

Ç

aB_A �
Ç

aB *
Ç

aA = �Ç! �
Ç

rB_A +
Ç

! � .
Ç

! �
Ç

rB_A/: (16.23)

Again, the relative acceleration is due to the di�erence in the points' po-

sitions relative to the point O �xed on the axis. These kinematics results,

16.22 and 16.23, are useful for calculating angular momentum relative to

the center-of-mass. They are also sometimes useful for the understanding

of the motions of machines with moving connected parts.
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Figure 16.17: A vector
Ç

Q is �xed to a
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is ��ð
Ç

Qð and the direction is orthogonal

to
Ç

Q.
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⇀
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Figure 16.18: Coordinates in a rotating

frame.

The fundamental
Ç

! equation

Equation 16.22 actually applies to any vector
Ç

Q that has the property that

it is �xed in the frame which is rotating at
Ç

! (�g. 16.17). That is, all we

needed in the derivation was that
Ç

Q's components .Qx¨ ; Qy¨/ in the �{¨- �|¨

reference frame be constant. Examples of such
Ç

Q would include more

than just the relative position of two points �xed on the object,
Ç

rB_A. Both

�{¨ and �|¨ are also are �xed in the rotating frame. Also imagine a bug mov-

ing at a constant speed on a straight line marked on a body. That bug's

velocity relative to the rotating frame would also be constant as seen in

the frame. For any
Ç

Q whose representation as an arrow moves like a line

segment drawn on a rigid object rotating at
Ç

!:

�Ç
Q =

Ç

! �
Ç

Q: (16.24)

This is the most fundamental equation of rigid-object kinematics. Know

it well. For future reference, equation (16.24) is also valid in three dimen-

sions. Equation 16.24 is the generalization of the three equations

�Çr =
Ç

! �
Ç

r; ��{¨ =
Ç

! � �{¨ and ��|¨ =
Ç

! � �|¨:

Calculating relative velocity directly, using
rotating frames

A coordinate system x¨y¨ attached to a rotating rigid object C, de�nes a

reference frame C (�g. 16.6 on page 760). Recall, the base vectors in this

frame change in time just like any other vector �xed in the rotating frame

(eqn. (16.24))

d

dt
�{¨ =

Ç

!
C
� �{¨ and

d

dt
�|¨ =

Ç

!
C
� �|¨:

Oncewe know how the base vectors �{¨ and �|¨ change with time, as per the

above equations, we can �nd velocity and acceleration by di�erentiation

of position. For example, consider two points A and B �xed on a rotating

object. The position of B relative to A is

Ç

rB_A = x¨�{¨ + y¨ �|¨:

where we are using x¨ and y¨ as a shorthand notation for x¨
B/A

and y¨
B/A

(see �g. 16.18). The coordinates x¨ and y¨ are constant so

�x¨ = 0 and �y¨ = 0:
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Now we just di�erentiate the relative position
Ç

rB_A with respect to time,

d

dt
.
Ç

rB_A/ =
d

dt

�
x¨�{¨ + y¨ �|¨

�

= �x¨
«̄ ¬

0

�{¨ + x¨
d

dt
�{¨ + �y¨

«̄ ¬
0

�|¨ + y¨
d

dt
�|¨

= x¨.
Ç

!
C
� �{¨/ + y¨.

Ç

!
C
� �|¨/

=
Ç

!
C
� .x¨�{¨ + y¨ �|¨/
«­­¯­­¬

Ç

rB_A

=
Ç

!
C
�
Ç

rB_A:

Wecould similarly calculate
Ç

a
B_A

by taking another derivative to get, after

a calculation much like that above,

Ç

a
B_A

=
Ç

!
C
�
�
Ç

!
C
�
Ç

rB_A

�
+ �Ç!

C
�
Ç

rB_A:

For the above calculation the points A and Bwere �xed on a rotating part.

Most machines have many parts, at least some of which move in more

complex ways than just circular motion. We will be able to understand

such machines by considering points and parts that are moving relative

to a part that is itself rotating. Such will be considered in Chapter 19.
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16.5 Angular velocity
Ç

! and the rotation matrix [R]

The rotation matrix [R] and the angular velocity vector Ç! = !�k

are related. Because angular velocity is a rotation rate, in some
sense it must be the derivative of the rotation. But the situation is
a bit subtle because Ç! is a vector and [R] is a matrix.

On the one hand we have the rotation equation:

4 x

y
5

«¯¬�
Ç

r

�
xy

= 4 cos � *sin �
sin � cos �

5
«­­­­­¯­­­­­¬�

R
�

4 x¨

y¨
5

« ¯ ¬

4Çr ref 5
xy

:

This gives the coordinates ofÇr after rotation in terms of its coordi-

nates before the rotation. Because the coordinates
�
Çr

ref
�
xy

before

rotation are �xed we can take the time derivative of both sides to
get

4 �x

�y
5

«¯¬�
�Ç
r

�
xy

= �� 4 *sin � *cos �
cos � *sin �

5
«­­­­­­¯­­­­­­¬�

�R
�

4 x¨

y¨
5

« ¯ ¬

4Çr ref 5
xy

:

On the other hand we have the vector equation

�Çr = Ç! �Çr:

where Ç! = !�k. We can relate this vector equation to the matrix
component equation above it by expressing the cross productwith
a matrix multiplication as described in box 1.6 on 84. Applying
that result to this 2D case where

[Ç!]xyz =
bfd

0
0
!

cge and [Çr]xyz =
bfd

x

y

0

cge
we get

bfd
*!y
!x

0

cge
«­­¯­­¬�

�Ç
r

�
xy

=
bfd

0 *! 0
! 0 0
0 0 0

cge
«­­­­¯­­­­¬

[S.Ç!/]

bfd
x

y

0

cge
« ¯ ¬

4Çr ref 5
xy

:

Just keeping the 2D terms we have

[Ç! �Çr]xy = [S.Ç!/] 4 x

y
5

= 4 0 *!
! 0

5 4 x

y
5 :

But [R] tells us the coordinates in terms of the reference coordi-
nates. So

[Ç! �Çr]xy = 4 0 *!
! 0

5 [R] 4 x¨

y¨
5

«­­¯­­¬

bfd
x

y

cge

:

Comparing the equations above we see that

[ �R] = 4 0 *!
! 0

5 [R]: (16.25)

Using the notation from box 1.6 we can rewrite this as

[ �R] = [S.Ç!/] [R]: (16.26)

Equation 16.26 is the way that angular velocity Ç! and the rate of
change [ �R] of the rotation matrix are related.

We can also solve for [S.Ç!/] as

[S.Ç!/] = [ �R][R]*1

from which we can �nd ,! in the o� diagonal elements if we are
given [R] and [ �R].

We can understand eqn. (16.26) better, perhaps, by thinking
of the rotation matrix [R] as having two columns which are, re-
spectively, the �xed-coordinate-system components of �{¨ and �|¨:

[R] =
�
[�{¨]xy ð [ �|¨]xy�

Thus the columns of [ �R] are the rates of change of these two unit
vectors:

[ �R] =
�
[ ��{¨]xy ð [ ��|¨]xy� = �

[Ç! � �{¨]xy ð [Ç! � �|¨]xy

�
:

With a total abuse of notation (in general one does not allow cross
products of a vectors with matrices) we can write the above equa-
tion more memorably as

� [ �R] = Ç! � [R]: �

Thus eqn. (16.26) is just a version of the fundamental kinematic
equation 16.24 on page 6.
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B
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B
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�
.

SAMPLE 16.3 A uniform bar AB of length l = 50 cm rotates coun-

terclockwise about point A with constant angular speed !. At the instant

shown in �g. 16.19 the linear speed vC of the center-of-mass C is 7:5 cm_ s.

1. What are the angular speed and angular velocity of the bar?

2. What is the linear velocity of point B?

3. By what angles do the angular positions of points C and B change in

2 seconds?

Solution Let the angular velocity of the bar be Ç! = �� �kwhere �� is the angular speed. We

�rst need to �nd ��.

1. The linear speed of point C is given, v
C
= 7:5 cm_ s. Now,

v
C

= �� r
C

Ù �� =
v
C

r
C

=
7:5 cm_ s

25 cm
= 0:3 rad_s:

Therefore, the angular velocity of the bar is Ç! = �� �k = 0:3 rad_s �k.

�� = 0:3 rad_s; and Ç! = 0:3 rad_s �k

2. Point B is at distance l from the pivot point A. Thus it goes around a circle of radius

l (see �g. 16.21). Therefore,

Çv
B

= Ç! � Çr
B
= �� �k � l.cos ��{ + sin � �|/

= ��l.cos � �| * sin ��{/

= 0:3 rad_s � 50 cm H
ù
3

2
�| *

1

2
�{I

= 15 cm_ s H
ù
3

2
�| *

1

2
�{I :

Çv
B
= 15 cm_ s 0ù3

2
�| *

1

2
�{1

We can also write Çv
B
= 15 cm_ s �e

�
where �e

�
=

ù
3

2
�| *

1

2
�{:

3. Let �1 be the position of point C at some time t1 and �2 be the position at time t2.

We want to �nd �� = �2 * �1 for t2 * t1 = 2 s.

d�

dt
= �� = constant = 0:3 rad_s:

Ù d� = .0:3 rad_s/dt:

Ù Ê
�
2

�
1

d� = Ê
t
2

t
1

.0:3 rad_s/dt:

Ù �2 * �1 = 0:3 rad_s.t2 * t1/

or �� = 0:3
rad

¡ s
�2¡ s = 0:6 rad:

The change in angular position of point B is the same as that of point C. In fact, all

points on AB undergo the same change in angular position because AB is a rigid

body.

��
C
= ��

B
= 0:6 rad
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2 Chapter 16.

�

Figure 16.22

A

B

Figure 16.23

vC

r
2r

ωA=?
ωB=150 rpmvC'

C C'

A

B

Figure 16.24

SAMPLE 16.4 A �ywheel of diameter 2 f t is made of cast iron. To avoid

extremely high stresses and cracks it is recommended that the peripheral

speed not exceed 6000 to 7000 ft/min. What is the corresponding rpm

rating for the wheel?

Solution

Diameter of the wheel = 2 f t:

Ù radius of wheel = 1 f t:

Now,

v = !r

Ù ! =
v

r
=

6000¡ f t_min

1¡ f t

= 6000
rad

min
�
1rev

2� rad
= 955 rpm:

Similarly, corresponding to v = 7000 f t_min

! =
7000¡ f t_min

1¡ f t

= 7000
rad

min
�
1rev

2� rad
= 1114 rpm:

Thus the rpm rating of the wheel should read 955 � 1114 rpm.

! = 955 to 1114 rpm:

SAMPLE 16.5 Two gears A and B have the diameter ratio of 1:2. Gear

A drives gear B. If the output at gear B is required to be 150 rpm, what

should be the angular speed of the driving gear? Assume no slip at the

contact point.

Solution Let C andC¨ be the points of contact on gearA andB respectively at some instant

t. Since there is no relative slip between C and C¨, both points must have the same linear

velocity at instant t. If the velocities are the same, then the linear speeds must also be the

same. Thus

v
C

= v
C¨

Ù !
A
r
A

= !
B
r
B

Ù !
A

= !
B
�
r
B

r
A

= !
B
�
2¡ r

¡ r
= 2!

B

= .2/�.150 rpm/

= 300 rpm:

!
A
= 300 rpm
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O

B

R

R

A

�

ı̂

ĵ

x

y

⇀
ω

Figure 16.25

1 We know that the rod rotates about

the z-axis but we do not know the

sense of the rotation i.e., + �k or * �k.

Here we have assumed that Ç! is in the

positive �k direction, although just by

sketching Çv
A
we can easily see that Ç!

must be in the * �k direction.

x

y

O

R

A

⇀
vA

θ

Figure 16.26: The given velocity vector
Çv
A
. Since ÇvA = Ç! � ÇrA where ÇrA =

R cos ��{+R sin � �|, we can �nd R from

the given ÇvA.

SAMPLE 16.6 Auniform rigid rodABof lengthl = 0:6m is connected to

two rigid links OA and OB. The assembly rotates at a constant rate about

point O in the xy plane. At the instant shown, when rod AB is vertical,

the velocities of points A and B are
Ç

v
A
= *4:64m_s �| * 1:87m_s�{, and

Ç

v
B
= 1:87m_s�{*4:64m_s �|. Find the angular velocity of bar AB. What is

the length R of the links?

Solution Let the angular velocity of the rod AB be Ç! = !�k. 1 Since we are given the

velocities of two points on the rod we can use the relative velocity formula to �nd Ç!:

Çv
B_A = Ç! � Çr

B_A = Çv
B
* Çv

A

or !�k
«̄ ¬
Ç

!

� l �|
«̄ ¬
Ç

r
B_A

= .1:87�{ * 4:64 �|/m_s * .*4:64 �| * 1:87�{/m_s

or !l.*�{/ = .1:87�{ + 1:87�{/m_s * . ¡4:64 �| * ¡4:64 �|/m_s

= 3:74�{m_s

Ù ! = *
3:74m_s

l

= *
3:74

0:6
rad_s

= *6:233 rad_s (16.27)

Thus,
Ç! = *6:233 rad_s �k: (16.28)

Ç! = *6:23 rad_s �k

Let � be the angle between link OA and the horizontal axis. Now,

Çv
A
= Ç! � Çr

A
= !�k � R.cos ��{ * sin � �|/

«­­­­¯­­­­¬
Ç

r
A

or .*4:64 �| * 1:87�{/m_s = !R.cos � �| + sin ��{/

Dotting both sides of the equation with �{ and �| we get

*1:87m_s = !R sin � (16.29)

*4:64m_s = !R cos � (16.30)

Squaring and adding Eqns (16.29) and (16.30) together we get

!2R2 = .*4:64m_s/2 + .*1:187m_s/2

= 25:026m2_ s2

Ù R2 =
25:026m2_ s2

.*6:23 rad_s/2

= 0:645m2

Ù R = 0:8m

R = 0:8m
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A

B

motor

x

y

O

ω

L

L

Figure 16.27: An `L' shaped bar rotates

at speed ! about point O.

O
A

ω

⇀
rA

⇀
vA

Figure 16.28: Çv
A
= Ç!�Çr

A
is tangential

to the circular path of point A.

A

B

B

⇀
vB

⇀
vA

⇀
vB/A

⇀
r B/A

⇀
vB/A

Figure 16.29: Çv
B_A = Ç! � Çr

B_A and
Çv
B
= Çv

A
+ Çv

B_A.

AO

B

⇀
vB

⇀
r B

Figure 16.30: Çv
B
= Ç! � Çr

B
.

SAMPLE 16.7 Verify the relative velocity formula: The motor at O

in Fig. 16.27 rotates the `L' shaped bar OAB in counterclockwise direction

at an angular speed which increases at �! = 2:5 rad_s2. At the instant

shown, the angular speed ! = 4:5 rad_s. Each arm of the bar is of length

L = 2 f t.

1. Find the velocity of point A.

2. Find the relative velocity
Ç

v
B_A .=

Ç

! �
Ç

r
B_A/ and use the result to

�nd the absolute velocity of point B .
Ç

v
B
=
Ç

v
A
+
Ç

v
B_A/.

3. Find the velocity of point B directly. Check the answer obtained in

part (b) against the new answer.

Solution

1. As the bar rotates, every point on the bar goes in circles centered at point O. There-

fore, we can easily �nd the velocity of any point on the bar using circular motion

formula Çv = Ç! � Çr. Thus,

Çv
A

= Ç! � Çr
A
= !�k � L�{ = !L �|

= 4:5 rad_s � 2 f t �| = 9 f t_s �|:

The velocity vector Çv
A
is shown in Fig. 16.28.

Çv
A
= 9 f t_s �|

2. Point B and A are on the same rigid body. Therefore, with respect to point A, point

B goes in circles about A. Hence the relative velocity of B with respect to A is

Çv
B_A = Ç! � Çr

B_A

= !�k � L �| = *!L�{

= *4:5 rad_s � 2 f t�{ = *9 f t_s�{:

and Çv
B

= Çv
A
+ Çv

B_A

= 9 f t_s.*�{ + �|/:

These velocities are shown in Fig. 16.29.

Çv
B_A = *9 f t_s�{; Çv

B
= 9 f t_s.*�{ + �|/

3. Since point B goes in circles of radius OB about point O, we can �nd its velocity

directly using circular motion formula:

Çv
B

= Ç! � Çr
B

= !�k � .L�{ + L �|/ = !L. �| * �{/

= 9 f t_s.*�{ + �|/:

The velocity vector is shown in Fig. 16.30. Of course this velocity is the same ve-

locity as obtained in part (b) above.

Çv
B
= 9 f t_s.*�{ + �|/

Note: Nothing in this sample uses �!!

Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap



Chapter 16. 5

A

B

motor

x

y

O

ω

L = 2 ft

L = 2 ft

Figure 16.31: The `L' shaped bar ro-

tates counterclockwise while slowing

down.

⇀
rA

⇀
aA−ω2

⇀
rA

˙⇀ω × ⇀
rA

ω

O A

Figure 16.32

A

B

B

⇀
r B/A

⇀
aB/A

⇀
aB/A

⇀
aA

⇀
aB

Figure 16.33

AO

B

⇀
r B

⇀
aB

−ω2
⇀
r B

˙⇀ω ⇀
r B×

Figure 16.34

SAMPLE 16.8 Verify the relative acceleration formula: Consider

the `L' shaped bar of Sample 16.7 again. At the instant shown, the bar is

rotating at 4 rad_s and is slowing down at the rate of 2 rad_s2.

(i) Find the acceleration of point A.

(ii) Find the relative acceleration
Ç

a
B_A of point Bwith respect to point A

and use the result to �nd the absolute acceleration of point B (
Ç

a
B
=

Ç

a
A
+
Ç

a
B_A).

(iii) Find the acceleration of point B directly and verify the result ob-

tained in (ii).

Solution We are given:

Ç! = !�k = 4 rad_s �k; and �Ç! = * �! �k = *2 rad_s2 �k:

(i) Point A is going in circles of radius L. Hence,

Ça
A

= �Ç! � Çr
A
+ Ç! � .Ç! � Çr

A
/ = �Ç! � Çr

A
* !2Çr

A

= * �! �k � L�{ * !2L�{ = * �!L �| * !2L�{

= *2 rad_s � 2 f t �| * .4 rad_s/2 � 2 f t�{

= *.4 �| + 32�{/ f t_s2:

Ça
A
= *.4 �| + 32�{/ f t_s2

(ii) The relative acceleration of point B with respect to point A is found by considering

the motion of B with respect to A. Since both the points are on the same rigid body,

point B executes circular motion with respect to point A. Therefore,

Ça
B_A = �Ç! � Çr

B_A + Ç! � .Ç! � Çr
B_A/ =

�Ç! � Çr
B_A * !2L �|

= * �! �k � L �| * !2L �|

= �!L�{ * !2L �| = 2 rad_s2 � 2 f t�{ * .4 rad_s/2 � 2 f t �|

= .4�{ * 32 �|/ f t_s2;

and

Ça
B

= Ça
A
+ Ça

B_A = .*28�{ * 36 �|/ f t_s2:

Ça
B
= *.28�{ + 36 �|/ f t_s2

(iii) Since point B is going in circles of radius OB about point O, we can �nd the accel-

eration of B as follows.

Ça
B

= �Ç! � Çr
B
+ Ç! � .Ç! � Çr

B
/

= �Ç! � Çr
B
* !2Çr

B

= * �! �k � .L�{ + L �|/ * !2.L�{ + L �|/

= .* �!L * !2L/ �| + . �!L * !2L/�{

= .*4 * 32/ f t_s2 �| + .4 * 32/ f t_s2 �{

= .*36 �| * 28�{/ f t_s2:

This acceleration is, naturally again, the same acceleration as found in (ii) above.

Ça
B
= *.28�{ + 36 �|/ f t_s2
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16.2 Angular velocity

Preparatory Problems
16.2.1 Give the de�nition of each term
below inwords and, but for the �rst, with
an equation.

a) angular velocity <

b) angular acceleration <

16.2.2 Assume that in the reference con-
�guration, when � = 0, that the x¨y¨ axes
attached to an object are aligned with the
xy axes. Consider a point P attached to
the moving frame (object) that has coor-
dinates .x¨; y¨/. Find each of the quan-
tities below in terms of some or all of
x¨; y¨; �{; �|; �; �� and ��.

a) ÇrP
<

b) ÇvP
<

c) Ça
P
<

16.2.3 Assume that in the reference con-
�guration, when � = 0, the x¨y¨ axes
are aligned with the xy axes. Consider
two points P1 and P2 attached to themov-
ing frame. P1 and P2 have coordinates
.x¨

1
; y¨

1
/ .x¨

2
; y¨

2
/. Find each of the quan-

tities below in terms of some or all of
x¨
1
; y¨

1
; x¨

2
; y¨

2
; �{; �|; �; �� and ��.

a) ÇrP
1
_P

2

<

b) ÇvP
1
_P

2

<

c) Ça
P
1
_P

2

<

16.2.4 Find Çv = Ç! � Çr, if Ç! = 1:5 rad_s �k
and Çr = 2m�{ * 3m �|. <

16.2.5 A rod OB rotates with its end O
�xed as shown in the �gure with angular

velocity Ç! = 5 rad_s �k and angular accel-

eration Ç� = 2 rad_s2 �k at the instant of
interest. Find, draw, and label the tan-
gential and normal acceleration of point
B at � = 60

ý

. <

r = 10 in

A

B

x

y

O
θ

Problem 16.2.5

16.2.6 A disc rotates at 15 rpm. How
many seconds does it take to rotate by 180
degrees? What is the angular speed of the
disc in rad_s? <

16.2.7 A motor turns a uniform disc
of radius R counter-clockwise about its
mass center at a constant rate !. The
disc lies in the xy-plane and its angu-
lar displacement � is measured (posi-
tive counter-clockwise) from the x-axis.
What is the angular displacement �.t/ of

the disc if it starts at �.0/ = �0 and
��.0/ =

!? What are the velocity and accelera-
tion of a point P at position Çr = x�{ + y �|?
<

16.2.8 Find the angular velocities of the
second, minute, and hour hands of a
clock. <

16.2.9 A disc C spins at a constant rate
of two revolutions per second counter-
clockwise about its geometric center, G,
which is �xed. A point P is marked on
the disk at a radius of one meter. At the
instant of interest, point P is on the x-
axis of an xy-coordinate system centered
at point G.

a) Draw a neat diagram showing the
disk, the particle, and the coordi-
nate axes.

b) What is the angular velocity of the
disk, Ç!

C
? <

c) What is the angular acceleration

of the disk, �Ç!C?
<

d) What is the velocity ÇvP of point P?
<

e) What is the acceleration ÇaP of
point P? <

16.2.10 A uniform rigid rod rotates at
constant speed in the xy-plane about a
peg at point O. The center of mass of the
rod may not exceed a speci�ed acceler-
ation amax = 0:5m_s2. Find the maxi-
mum angular velocity of the rod. <

� = 0.5 m

x

y

O

Problem 16.2.10

16.2.11 A dumbbell AB is welded to a
rigid arm OC such that OC is perpendic-
ular to AB. Arm OC rotates about O at a
constant angular velocity Ç! = 10 rad_s �k.
At the instant when � = 60

ý

,

a) Find the relative velocity of B with
respect to A. <

b) Find the acceleration of point B
relative to point A. <

x

y

 = 60
O

A

B

C

m

m

� 1
 =

 1
 m

�2 = 0.8 m

⇀
ω

θ

Problem 16.2.11

More-Involved
Problems
16.2.12 Two discs A and B rotate at con-
stant speeds about their centers. Disc A
rotates at 100 rpm and disc B rotates at
10 rad_s. Which is rotating faster? <

16.2.13 A motor turns a uniform disc
of radius R counter-clockwise about its
mass center at a constant rate !. The
disc lies in the xy-plane and its angu-
lar displacement � is measured (posi-
tive counter-clockwise) from the x-axis.
What are the velocity and acceleration of
a point P at position ÇrP = c�{+d �| relative
to the velocity and acceleration of a point
Q at position ÇrQ = 0:5.*d�{ + c �|) on the

disk? (c2 + d2 < R2.) <

16.2.14 A 0:4m long rod AB has many
holes along its length such that it can be
pegged at any of the various locations. It
rotates counter-clockwise at a constant
angular speed about a peg whose loca-
tion is not known. At some instant t,
the velocity of end B is ÇvB = *3m_s �|.

After
�

20
s, the velocity of end B is ÇvB =

*3m_s�{. If the rod has not completed
one revolution during this period,
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a) �nd the angular velocity of the
rod, and <

b) �nd the location of the peg along
the length of the rod. <

B

A

ı̂

ĵ

Problem 16.2.14

16.2.15 A circular disc of radius r =
250mm rotates in the xy-plane about a
point which is at a distance d = 2r away
from the center of the disk. At the instant
of interest, the linear speed of the cen-
terC is 0:60m_s and themagnitude of its
centripetal acceleration is 0:72m_s2.

a) Find the rotational speed of the
disk. <

b) Is the given information enough
to locate the center of rotation of
the disk? <

c) If the acceleration of the center
has no component in the �| di-
rection at the instant of interest,
can you locate the center of rota-
tion? If yes, is the point you lo-
cate unique? If not, what other in-
formation is required to make the
point unique? <

Cr

Center of rotation

Problem 16.2.15

16.2.16 A uniform disc of radius r =
200mm is mounted eccentrically on a
motor shaft at point O. The motor ro-
tates the disc at a constant angular speed.
At the instant shown, the velocity of the
center of mass is ÇvG = *1:5m_s �|.

a) Find the angular velocity of the
disc. <

b) Find the point with the highest
linear speed on the disc. What is
its velocity? <

O
G

r 2
3

r

x

y

Problem 16.2.16

16.2.17 The circular disc of radius R =
100mm rotates about its center O. At a
given instant, point A on the disk has a
velocity vA = 0:8m_s in the direction
shown. At the same instant, the tangent
of the angle � made by the total acceler-
ation vector of any point B with its radial
line to O is 0.6. Compute the angular ac-
celeration � of the disc. <

A
B

O
θ

R
⇀
aB

⇀
vA

Problem 16.2.17

16.2.18 Show that, for non-constant rate
circular motion, the acceleration of all
points in a given radial line are parallel.

O

⇀
a

Problem 16.2.18

16.2.19 A motor turns a uniform disc of
radius R about its mass center at a vari-
able angular rate ! with rate of change
�!, counter-clockwise. The disc lies in the
xy-plane and its angular displacement

� is measured from the x-axis, positive
counter-clockwise. What are the veloc-
ity and acceleration of a point P at posi-
tion ÇrP = c�{ + d �| relative to the veloc-
ity and acceleration of a point Q at po-
sition ÇrQ = 0:5.*d�{ + c �|) on the disk?

(c2 + d2 < R2.) <

16.2.20 The dumbbell AB shown in the
�gure rotates counterclockwise
about point O with angular acceleration
3 rad_s2. Bar AB is perpendicular to bar
OC. At the instant of interest, � = 45

ý

and the angular speed is 2 rad_s.

a) Find the velocity of point B rela-
tive to point A. Will this relative
velocity be di�erent if the dumb-
bell were rotating at a constant
rate of 2 rad_s? <

b) Without calculations, draw a vec-
tor approximately representing
the acceleration of B relative to A.

c) Find the acceleration of point B
relative to A. What can you say
about the direction of this vector
as the motion progresses in time?
<

A

B

O

C

x

y

�  = 0.5 m

θ

Problem 16.2.20

16.2.21 Bit-stream kinematics of a
CD. A Compact Disk (CD) has bits of
data etched on concentric circular tracks.
The data from a track is read by a beam
of light from a head that is positioned un-
der the track. The angular speed of the
disk remains constant as long as the head
is positioned over a particular track. As
the head moves to the next track, the an-
gular speed of the disk changes, so that
the linear speed at any track is always
the same. The data stream comes out
at a constant rate 4:32 � 106 bits/second.
When the head is positioned on the out-
ermost track, for which r = 56mm, the
disk rotates at 200 rpm.

a) What is the number of bits of data
on the outermost track? <
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b) �nd the angular speed of the disk
when the head is on the innermost
track (r = 22mm), and <

c) �nd the number of bits on the in-
nermost track. <

16.2.22 2-D constant rate gear train.
The angular velocity of the input shaft
(driven by a motor not shown) is a con-
stant, !input = !A. What is the angular

velocity !output = !C of the output shaft

and the speed of a point on the outer edge
of disc C, in terms of RA, RB, RC , and !A?
<

RA RB

RC



ωA

A B

C

no slip

ωC

Problem 16.2.22: Gear B is welded to C
and engages with A.

16.2.23 A horizontal diskD of diameter
d = 500mm is driven at a constant speed
of 100 rpm. A small disk C can be po-
sitioned anywhere between r = 10mm
and r = 240mm on disk D by sliding it
along the overhead shaft and then �xing
it at the desired position with a set screw
(see the �gure). Disk C rolls without slip
on disk D. The overhead shaft rotates
with disk C and, therefore, its rotational
speed can be varied by varying the posi-
tion of disk C. This gear system is called
brush gearing. Find the maximum and
minimum rotational speeds of the over-
head shaft. <

r

r

set screw

100 rpm

Side View

Top View

bearing

D

C

C

D

Problem 16.2.23

16.2.24 Two points A and B are on the
samemachine part that is hinged at an as
yet unknown location C. Assume you are
given that points at positions ÇrA and ÇrB
are supposed tomove in given directions,

indicated by unit vectors ��A and ��B. For
each of the problem parts below, illus-
trate your results with two numerical ex-
amples (in consistent units): i) ÇrA = 1�{,
ÇrB = 1 �|, ��A = 1 �|, and ��B = *1�{ (thus
ÇrC =

Ç

0), and ii) a more complex example
of your choosing.

a) Describe in detail what equations
must be satis�ed by the point ÇrC.

b) Write a computer program that
takes as input the 4 pairs of num-

bers [ÇrA], [
ÇrB], [

��A] and [ ��B] and
gives as output the pair of num-
bers [ÇrC].

c) Find a formula of the form ÇrC =
§ that explicitly gives the position
vector for point C in terms of the 4
given vectors. <

Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap
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16.2.1 Give the de�nition of each term
below inwords and, but for the �rst, with
an equation.

a) angular velocity

b) angular acceleration

Answer:

(a) The rate of change of anymarked or

imaginary line on a rigid object.

(b) The rate of change of the angular ve-

locity.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap
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16.2.2 Assume that in the reference con-
�guration, when � = 0, that the x¨y¨ axes
attached to an object are aligned with the
xy axes. Consider a point P attached to
the moving frame (object) that has coor-
dinates .x¨; y¨/. Find each of the quan-
tities below in terms of some or all of
x¨; y¨; �{; �|; �; �� and ��.

a) ÇrP

b) ÇvP

c) Ça
P

Answer:

(a) Lcos � *sin �

sin � cos �
M Lx¨

y¨M
(b) ÇvP =

Ç! � ÇrP
(c) Ça

P
= �Ç! � ÇrP +

Ç! � .Ç! � ÇrP/

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.



Chapter 16. 2. Angular. . . Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap Problem 16.2.3 3

16.2.3 Assume that in the reference con-
�guration, when � = 0, the x¨y¨ axes
are aligned with the xy axes. Consider
two points P1 and P2 attached to themov-
ing frame. P1 and P2 have coordinates
.x¨

1
; y¨

1
/ .x¨

2
; y¨

2
/. Find each of the quan-

tities below in terms of some or all of
x¨
1
; y¨

1
; x¨

2
; y¨

2
; �{; �|; �; �� and ��.

a) ÇrP
1
_P

2

b) ÇvP
1
_P

2

c) Ça
P
1
_P

2

Answer:

(a) ÇrP
1
_P

2

= .x¨
2
* x¨

1
/�{ + .y¨

2
* y¨

1
/ �|

(b) ÇvP
1
_P

2

= ��
�
.x¨

2
* x¨

1
/ �| * .y¨

2
* y¨

1
/�{
�

(c) Ça
P
1
_P

2

=

��
�
.x¨

2
* x¨

1
/ �| * .y¨

2
* y¨

1
/�{
�

*
��2
�
.x¨

2
* x¨

1
/�{ + .y¨

2
* y¨

1
/ �|
�

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.2.4 Find Çv = Ç! � Çr, if Ç! = 1:5 rad_s �k
and Çr = 2m�{ * 3m �|.

Answer:

.5:4�{ + 3:0 �|/m_s

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.2.5 A rod OB rotates with its end O
�xed as shown in the �gure with angular

velocity Ç! = 5 rad_s �k and angular accel-

eration Ç� = 2 rad_s2 �k at the instant of
interest. Find, draw, and label the tan-
gential and normal acceleration of point
B at � = 60

ý

. r = 10 in

A

B

x

y

O

θ

Problem 16.5

Answer:
Çat = 20 �| in_s2 and Çan = *250�{ in_s2.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.2.6 A disc rotates at 15 rpm. How
many seconds does it take to rotate by 180
degrees? What is the angular speed of the
disc in rad_s?

Answer:

rad_s =
�

2
rad_s.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.2.7 A motor turns a uniform disc
of radius R counter-clockwise about its
mass center at a constant rate !. The
disc lies in the xy-plane and its angu-
lar displacement � is measured (posi-
tive counter-clockwise) from the x-axis.
What is the angular displacement �.t/ of

the disc if it starts at �.0/ = �0 and
��.0/ =

!? What are the velocity and accelera-
tion of a point P at position Çr = x�{ + y �|?

Answer:

�.t/ = �0 + !t, Çv = !.x �| * y�{/, and
Ça = *!.x�{ + y �|/.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.2.8 Find the angular velocities of the
second, minute, and hour hands of a
clock.

Answer:

!sec =
�

30
rad_s, !min =

2�

3600
rad_s, and

!hour =
2�

43200
rad_s.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.2.9 A disc C spins at a constant rate
of two revolutions per second counter-
clockwise about its geometric center, G,
which is �xed. A point P is marked on
the disk at a radius of one meter. At the
instant of interest, point P is on the x-
axis of an xy-coordinate system centered
at point G.

a) Draw a neat diagram showing the
disk, the particle, and the coordi-
nate axes.

b) What is the angular velocity of the

disk, Ç!
C
?

c) What is the angular acceleration

of the disk, �Ç!C?

d) What is the velocity ÇvP of point P?

e) What is the acceleration ÇaP of
point P?

Answer:

(b) Ç!
C
= 4� rad_s.

(c) �Ç!C = 0 rad_s2.

(d) Çvp = 4� �|m_s.

(e) Çap = *16�2 �{m_s2.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.2.10 A uniform rigid rod rotates at
constant speed in the xy-plane about a
peg at point O. The center of mass of the
rod may not exceed a speci�ed acceler-
ation amax = 0:5m_s2. Find the maxi-
mum angular velocity of the rod.

� = 0.5 m

x

y

O

Problem 16.10

Answer:

!max = 1 rad_s

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.2.11 A dumbbell AB is welded to a
rigid arm OC such that OC is perpendic-
ular to AB. Arm OC rotates about O at a
constant angular velocity Ç! = 10 rad_s �k.
At the instant when � = 60

ý

,

a) Find the relative velocity of B with
respect to A.

b) Find the acceleration of point B
relative to point A.

x

y

 = 60

O

A

B

C

m

m

�
1
 =

 1
 m

�
2 = 0.8 m

⇀
ω

θ

Problem 16.11

Answer:

(a) ÇvB_A = 4m_s.�{ +
ù
3 �|/

(b) ÇaB_A = *40m_s2.
ù
3�{ * �|/

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.2.12 Two discs A and B rotate at con-
stant speeds about their centers. Disc A
rotates at 100 rpm and disc B rotates at
10 rad_s. Which is rotating faster?

Answer:

Disc A is faster.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.2.13 A motor turns a uniform disc
of radius R counter-clockwise about its
mass center at a constant rate !. The
disc lies in the xy-plane and its angu-
lar displacement � is measured (posi-
tive counter-clockwise) from the x-axis.
What are the velocity and acceleration of

a point P at position ÇrP = c�{+d �| relative
to the velocity and acceleration of a point
Q at position ÇrQ = 0:5.*d�{ + c �|) on the

disk? (c2 + d2 < R2.)

Answer:
ÇvP_Q = !

�
.c +

d

2
/ �| * .d *

c

2
/�{
�
, and

ÇaP_Q = *!2
�
.c +

d

2
/�{ + .d *

c

2
/ �|
�

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.



14 Chapter 16. 2. Angular. . .Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap Problem 16.2.14

16.2.14 A 0:4m long rod AB has many
holes along its length such that it can be
pegged at any of the various locations. It
rotates counter-clockwise at a constant
angular speed about a peg whose loca-
tion is not known. At some instant t,
the velocity of end B is ÇvB = *3m_s �|.

After
�

20
s, the velocity of end B is ÇvB =

*3m_s�{. If the rod has not completed
one revolution during this period,

a) �nd the angular velocity of the
rod, and

b) �nd the location of the peg along
the length of the rod.

B

A

ı̂

ĵ

Problem 16.14

Answer:

(a) ! = 30 rad_s.

(b)
1

10
m from B.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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Sunday, March 31, 2019 5:59 PM

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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HW9-P47-16.2.14
Tuesday, April 6, 2021 3:00 PM

   HW Solutions Page 1    

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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   HW Solutions Page 2    

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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   HW Solutions Page 3    

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.2.15 A circular disc of radius r =
250mm rotates in the xy-plane about a
point which is at a distance d = 2r away
from the center of the disk. At the instant
of interest, the linear speed of the cen-
terC is 0:60m_s and themagnitude of its
centripetal acceleration is 0:72m_s2.

a) Find the rotational speed of the
disk.

b) Is the given information enough
to locate the center of rotation of
the disk?

c) If the acceleration of the center
has no component in the �| di-
rection at the instant of interest,
can you locate the center of rota-
tion? If yes, is the point you lo-
cate unique? If not, what other in-

formation is required to make the
point unique?

C
r

Center of rotation

Problem 16.15

Answer:

(a) �� = 1:2 rad_s.

(b) No.

(c) If the acceleration of the center has

no component in the �| direction the

center of rotation can lie anywhere on

the x-axis.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.2.16 A uniform disc of radius r =
200mm is mounted eccentrically on a
motor shaft at point O. The motor ro-
tates the disc at a constant angular speed.
At the instant shown, the velocity of the
center of mass is ÇvG = *1:5m_s �|.

a) Find the angular velocity of the
disc.

b) Find the point with the highest
linear speed on the disc. What is
its velocity?

O

G

r 
2

3

r

x

y

Problem 16.16

Answer:

(a) Ç! = *11:25 rad_s �k

(b) Speed is maximum at Çr =
5r

3
�{;

Çvmax = *3:75m_s �|

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.2.17 The circular disc of radius R =
100mm rotates about its center O. At a
given instant, point A on the disk has a
velocity vA = 0:8m_s in the direction
shown. At the same instant, the tangent
of the angle � made by the total acceler-
ation vector of any point B with its radial
line to O is 0.6. Compute the angular ac-
celeration � of the disc.

A

B

O

θ
R

⇀
aB

⇀
vA

Problem 16.17

Answer:

� = 38:4 rad_s2

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.2.18 Show that, for non-constant rate
circular motion, the acceleration of all
points in a given radial line are parallel.

O

⇀

a

Problem 16.18

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.2.19 A motor turns a uniform disc of
radius R about its mass center at a vari-
able angular rate ! with rate of change
�!, counter-clockwise. The disc lies in the
xy-plane and its angular displacement
� is measured from the x-axis, positive
counter-clockwise. What are the veloc-
ity and acceleration of a point P at posi-

tion ÇrP = c�{ + d �| relative to the veloc-
ity and acceleration of a point Q at po-
sition ÇrQ = 0:5.*d�{ + c �|) on the disk?

(c2 + d2 < R2.)

Answer:
ÇvP_Q = !

�
.c +

d

2
/ �| * .d *

c

2
/�{
�
, and

ÇaP_Q = *
�
�!.d *

c

2
/ + !2.c +

d

2
/
�
�{ +�

�!.c +
d

2
/ * !2.d *

c

2
/
�
�|

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.2.20 The dumbbell AB shown
in the �gure rotates counterclockwise
about point O with angular acceleration
3 rad_s2. Bar AB is perpendicular to bar
OC. At the instant of interest, � = 45

ý

and the angular speed is 2 rad_s.

a) Find the velocity of point B rela-
tive to point A. Will this relative
velocity be di�erent if the dumb-
bell were rotating at a constant
rate of 2 rad_s?

b) Without calculations, draw a vec-
tor approximately representing
the acceleration of B relative to A.

c) Find the acceleration of point B
relative to A. What can you say

about the direction of this vector
as the motion progresses in time?

A

B

O

C

x

y

�  =
 0

.5
 m

θ

Problem 16.20

Answer:

(a)
1
ù
2
m_s.�{ + �|/

(c) ÇaB_A = .*0:353�{ + 2:474 �|/m_s2

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.2.21 Bit-stream kinematics of a
CD. A Compact Disk (CD) has bits of
data etched on concentric circular tracks.
The data from a track is read by a beam
of light from a head that is positioned un-
der the track. The angular speed of the
disk remains constant as long as the head
is positioned over a particular track. As
the head moves to the next track, the an-
gular speed of the disk changes, so that
the linear speed at any track is always
the same. The data stream comes out
at a constant rate 4:32 � 106 bits/second.
When the head is positioned on the out-

ermost track, for which r = 56mm, the
disk rotates at 200 rpm.

a) What is the number of bits of data
on the outermost track?

b) �nd the angular speed of the disk
when the head is on the innermost
track (r = 22mm), and

c) �nd the number of bits on the in-
nermost track.

Answer:

(a) 1:296Megabits.

(b) 509.09 rpm.

(c) 0:509Megabits

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.2.22 2-D constant rate gear train.
The angular velocity of the input shaft
(driven by a motor not shown) is a con-
stant, !input = !A. What is the angular

velocity !output = !C of the output shaft

and the speed of a point on the outer edge
of disc C, in terms of RA, RB, RC , and !A?

RA RB

RC



ωA

A B

C

no slip

ωC

Problem 16.22: Gear B is welded to C and
engages with A.

Answer:

!C =
!
A
R
A

R
B

and vC =
!
A
R
A
R
C

R
B

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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Saturday, April 6, 2019 10:06 PM

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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MAE 2030 HW 9 Problem 48 Solution

16.2.22 Depei Yu
Given : Ra

,
Rrs

,

Rc
,
WA

find :
Woutput

'

Wc

speed of point on outer edge of disc C (Va)

solution :

Define a point P on disc A and a point P
'

on

disc B
,
such that they are in contact. At

this point, we can apply the the no- slip condition.

poop
'

No - slip condition: Jp
-

-Fpi , and WI
-

-

wa
kn

,
uh =

- wets

TNA xfpia-wcxrp.sc →

Wn. I × RAT
= -wot x ( - RB) i gears

B and C are glued together

{ wa Raj =

We Rbi )

{ } . j → WAR,
-

- WoRB → We =
WARI

RB

Wo
=

WANNA
Vc

= Row,
aWABARCRBRB

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.2.23 A horizontal diskD of diameter
d = 500mm is driven at a constant speed
of 100 rpm. A small disk C can be po-
sitioned anywhere between r = 10mm
and r = 240mm on disk D by sliding it
along the overhead shaft and then �xing
it at the desired position with a set screw
(see the �gure). Disk C rolls without slip
on disk D. The overhead shaft rotates
with disk C and, therefore, its rotational
speed can be varied by varying the posi-
tion of disk C. This gear system is called
brush gearing. Find the maximum and
minimum rotational speeds of the over-
head shaft.

r

r

set screw

100 rpm

Side View

Top View

bearing

D

C

C

D

Problem 16.23

Answer:

!min = 10 rpm and !max = 240 rpm

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.2.24 Two points A and B are on the
samemachine part that is hinged at an as
yet unknown location C. Assume you are
given that points at positions ÇrA and ÇrB
are supposed tomove in given directions,

indicated by unit vectors ��A and ��B. For
each of the problem parts below, illus-
trate your results with two numerical ex-
amples (in consistent units): i) ÇrA = 1�{,
ÇrB = 1 �|, ��A = 1 �|, and ��B = *1�{ (thus
ÇrC =

Ç

0), and ii) a more complex example
of your choosing.

a) Describe in detail what equations

must be satis�ed by the point ÇrC.

b) Write a computer program that
takes as input the 4 pairs of num-

bers [ÇrA], [
ÇrB], [

��A] and [ ��B] and
gives as output the pair of num-
bers [ÇrC].

c) Find a formula of the form ÇrC =
§ that explicitly gives the position
vector for point C in terms of the 4
given vectors.

Answer:

(c) ÇrC = ÇrB +
.Çr
A
*Çr
B
/� ��

A
�
.Çr
C
� ��

B
/� ��

B

�
�

��
A

�
.ÇrC �

��B/ �
��B

�
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% Find the location of the hinge point rC given rA, rB, lambdaA,

 lambdaB

% location of A is given rA = 1i

rA = [1 0];

% location of B is given rB = 1j

rB = [0 1];

% unit vector of velocity of A is given lambdaA = 1j

lambdaA = [0 1];

% unit vector of velocity of B is given lambdaB = -1i;

lambdaB = [-1 0];

rC = FindHinge(rA,rB,lambdaA,lambdaB);

disp('The location vector rC is');

disp(rC);

% Another example

rA = [1 1];

rB = [2 3];

lambdaA = [0 1];

lambdaB = [1 0];

rC = FindHinge(rA,rB,lambdaA,lambdaB);

disp('The location vector rC is');

disp(rC);

function rC = FindHinge(rA,rB,lambdaA,lambdaB)

    % Find the location vector of the hinge rC

    % Equation that rC must satisfy:

    % rC dot lambdaA = rA dot lambdaA

    % rC dot lambdaB = rB dot lambdaB

    % solve for these two equations:

    syms x y

    eqn1 = dot([x y],lambdaA)-dot(rA,lambdaA);

    eqn2 = dot([x y],lambdaB)-dot(rB,lambdaB);

    [x,y] = solve([eqn1,eqn2],[x,y]);

    rC = [x y];

end

The location vector rC is

[ 0, 0]

 

The location vector rC is

[ 2, 1]

 

Published with MATLAB® R2018a

1
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