Introduction to Mechanics for Engineers — Ruina & Pratap

Ch 15 Section 15.2

15.2.1 Force on a person standing on
the equator. Find the magnitude of the
total force acting on a 1501bm person
standing on the equator. The total force
is the gravity force plus the force of the
ground on the person (note that these
two do not exactly cancel). Neglect the

motion of the earth around the sun and
of the sun around the solar system, etc.
The radius of the earth is 3963 mi. Give
your solution in both pounds (1bf) and
Newtons (N).

Answer:
F =0.521bf =2.3N
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1.1 Force on a person standing on the equator. The total force acting
on an object of mass m, moving with a constant angular speed w on a circular
path with radius r, is given by F' = mw?r. A person standing still on the earth
is held in a circular path about the earth’s axis by the sum of the reaction force
of the ground and the force of earth’s gravity. Find the magnitude of the total
force acting on a 1501bm person standing on the equator. Neglect the motion
of the earth around the sun and of the sun around the solar system, etc. The
radius of the earth is 3963 miles. Give your solution in both pounds ( 1bf) and

Newtons (N).
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Disclaimer: We have lost track of the many people who wrote these solutions.

They are not official and have not been reviewed by the authors for correctness.
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15.2.2 Consider a mass m in circular mo-
tion. Let),F = ) F,e, + ), F,é, Us-
ing > F = ma, express ), F, and ), F,
in terms of some or all of 8,8, 8,, r, and
m.
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 15.2.3

3

15.2.3 Using Y. F = ma, find the ex-
pressions for 3 F, and )’ F, in terms of

8, 8, r, and 6. [Hint é. =cosfi+sindj
and &, = —sin6i + cos 6 j].
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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15.2.4 A bead of mass m goes around a gular momentum about the origin
circular path of radius R in the xy-plane att =1¢,?
with angular acceleration 6 = ct®. The ¢) What is the kinetic energy of the
bead starts from rest at 6 = 0. bead att = t,?
a) Whatis the angular momentum of d) Does the kinetic energy increase,
the bead about the originat¢ = ¢,? decrease, or remain constant with
time? Why?

b) What is the rate of change of an-

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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15.2.5 A 200 gm particle goes in circles
about a fixed center at a constant speed
v = 1.5m/s. It takes 7.5s to go around
the circle once.

a) Find the angular speed of the par-
ticle.

b) Find the magnitude of accelera-
tion of the particle.

¢) Take center of the circle to be the
origin of a xy-coordinate system.
Find the net force on the particle
when it is at & = 30° from the x-
axis.
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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15.2.6 A race car cruises on a circular
track at a constant speed of 120 mph. It
goes around the track once in three min-
utes. Find the magnitude of the cen-
tripetal force on the car. What applies
this force on the car? Does the driver
have any control over this force?
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 15.2.7

15.2.7 A particle moves on a counter-
clockwise, origin-centered circular path
in the xy-plane at a constant rate. The
radius of the circle is r, the mass of the
particle is m, and the particle completes
one revolution in time 7.

a) Neatly draw the following things:
1. The path of the particle.

2. A dot on the path when the
particle is at & = 0°, 90°,
and 210°, where 6 is mea-
sured from the x-axis (posi-
tive counter-clockwise).

3. Arrows representing &, é,,
O, and a at each of these
points.

b) Calculate all of the quantities in
part(3) above at the points defined
in part (2), (represent vector quan-
tities in terms of the cartesian base
vectors i and j).

¢) If this motion was imposed by the
tension in a string, what would
that tension be?

d) Is radial tension enough to main-
tain this motion or is another force

needed to keep the motion going
(assuming no friction) ?

e) Again, if this motion was imposed
by the tension in a string, what is
F,, the x component of the force
in the string, when 6 = 210°? Ig-

nore gravity.
Answer:
(b) For 6 = 0°,
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¢ = 3 ) J
\/Enr

(]2
Il
|
L
+

Ql
Il
n‘o
+

amn?r

©T =

(d) Tension is enough.

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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15.2.8 The velocity and acceleration of b) Find the net force on the particle
a 1kg particle, undergoing constant rate at time ¢.
circular motion, are known at some in-

¢) Atsome later time t*, the net force
on the particle is in the — j direc-
tion. Find the elapsed time ¢t — ¢*.

d) After how much time does the
force on the particle reverse its di-
rection.

stant ¢:
0=-10m/s(i+j), a=2m/s*{i—j).

a) Write the position of the particle at
time ¢ using &, and &, base vectors.
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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15.2.9 A particle of mass 3 kg moves in b) What is the angular velocity of the
the xy-plane so that its position is given particle? Isit constant? Show how
by you know if it is constant or not.
¢) What is the velocity of the particle
N 2mt\ . . (27wt . in polar coordinates?
r(t) =4m [cos (T) i+ sin (T) J]

with respect to point O, the origin of a
fixed cartesian coordinate system.

a) What is the path of the particle?

d) What is the speed of the particle at
t =3s?

e) What net force does it exert on its
surroundings at t = 0s? Assume
the x and y axes are fixed.

Show how you know what the f) Whatis the angular momentum of

path is.

the particle at t = 3s about point
0?
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 15.2.10

15.2.10 A comparison of constant
and nonconstant rate circular mo-
tion. A 100 gm mass is going in circles
of radius R = 20cm at a constant rate
@ = 3rad/s. Another identical mass is
going in circles of the same radius but at
a non-constant rate. The second mass is
accelerating at 6 = 2rad/s? and at posi-
tion A, it happens to have the same an-
gular speed as the first mass.

a) Find and draw the accelerations of
the two masses (call them I and II)
at position A.

b) Find H for both masses at posi-
tion A.

¢) Find ff/o for both masses at posi-
tions A and B. Do the changes in
H/0 between the two positions re-

flect (qualitatively) the results ob-
tained in (b)?

d) If the masses are pinned to the
center O by massless rigid rods, is
tension in the rods enough to keep
the two motions going? Explain.
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15.2.11 A small mass m is connected to be launched in the track so that it
one end of a spring. The other end of the keeps going at a constant speed?

spring is fixed to the center of a circular b) Ifthe springis replaced by another
track. The radius of the track is R, the un- spring of same relaxed length but
stretched length of the spring is ¢, (with twice the stiffness, what will be

¢4 <R), and the spring constant is k. the new required launch speed of

a) With what speed should the mass the particle?
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 15.2.12

15.2.12 A bead of mass m is attached
to a spring of stiffness k. The bead slides
without friction in the tube shown. The
tube is driven at a constant angular rate

90 about axis AA’ by a motor (not pic-

tured). There is no gravity. The un-
stretched spring length is r,. Find the ra-
dial position r of the bead if it is station- A

ary with respect to the rotating tube.
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Problem 15.2.13

15

15.2.13 A particle of mass m is re-
strained by a string to move with a con-
stant angular speed w around a circle of
radius R on a horizontal frictionless ta-
ble. If the radius of the circle is reduced

ing from circular motion at R to circular
motion at r? Why or why not?

slowly to r, by pulling the string with a m- T
slowly varying force F through a hole in ‘
the table, what will the particle’s angu- l
lar velocity be in the final circular mo- F
tion? Is kinetic energy changed in mov-
Problem 15.13
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 15.2.14

15.2.14 An ‘L’ shaped rigid, massless,
and frictionless bar is made up of two
uniform segments of length £ = 0.4m
each. A collar of mass m = 0.5kg, at-
tached to a spring at one end, slides fric-
tionlessly on one of the arms of the ‘L.
The spring is fixed to the elbow of the ‘L
and has a spring constant k = 6 N/m.
The structure rotates clockwise at a con-
stant rate w = 2rad/s. If the collar is

steady at a distance 36 = 0.3m away

from the elbow of the ‘L find the relaxed
length of the spring, ¢,. Neglect gravity.

motor \w
L

Problem 15.14: Forces in constant rate
circular motion.
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15.2.15 A massless rigid rod with length
¢ attached to a ball of mass M spins at a
constant angular rate w which is main-
tained by a motor (not shown) at the
hinge point. The rod can only withstand
a tension of T, before breaking. Find
the maximum angular speed of the ball
so that the rod does not break assuming

a) there is no gravity, and

b) there is gravity (neglect bending

stresses). Problem 15.15
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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15.2.16 A 1m long massless string has
a particle of 10 grams mass at one end
and is tied to a stationary point O at
the other end. The particle rotates
counter-clockwise in circles on a friction-
less horizontal plane. The rotation rate
is 2 rev /sec. Assume an xy-coordinate
system in the plane with its origin at O.

a) Make a clear sketch of the system.

b) What is the tension in the string
(in Newtons)?

c) Whatis the angular momentum of
the mass about O?

d) When the string makes a 45° an-
gle with the positive x and y axis
on the plane, the string is quickly
and cleanly cut. What is the posi-
tion of the mass 1 sec later? Make
a sketch of the particle’s trajectory.

Answer:
(b) T = 0.167*N.
(©OH, = 0.0472kg-m/sk
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Problem 15.2.17

15.2.17 A ball of mass M fixed to an in-
extensible rod of length ¢ and negligible
mass rotates about a frictionless hinge
as shown in the figure. A motor (not
shown) at the hinge point accelerates the
mass-rod system from rest by applying a
constant torque M. The rod is initially
lined up with the positive x-axis. The rod
can only withstand a tension of T, before
breaking. Atwhat time will the rod break
and after how many revolutions? Neglect
bending stresses.

“p ’27;7

a) Neglect gravity.
b) Include gravity.

Y

Problem 15.17

TN

Q) Nej\ec l’ SXCKV‘ ”‘tLj

éE:g =M G

=10
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Problem 15.2.18

15.2.18 A particle of mass m, tied to one
end of a rod whose other end is fixed at
point O to a motor, moves in a circular
path in the vertical plane at a constant
rate. Gravity acts in the — j direction.

a)

b)

Find the difference between the
maximum and minimum tension
in the rod.

Find the ratio
Tax — Tonin- A criterion for ignor-
ing gravity might be if the varia-

tion in tension is less than 2% of
the maximum tension; i.e., when

2L < 0.02. Fora given length r

AT

where AT =

orfn ﬁle rod, find the rotation rate w
for which this condition is met. .

2% -L-mq

18D +m5(-9) = m(—xFEN -8

¥

¢) For w = 300rpm, what would be
the length of the rod for the condi-

tion in part (b) to be satisfied? .

Problem 15.18

Answer:
(a) 2mg.

(b) w =+/99g/r

(©)r~1m(r> 0.98m)

O=C orAtan \:

v
L = ™My 6' - m(}()‘nc‘_

i
)

|
L\lffh ‘i

=Catd i+ S,0;

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 15.2.19

15.2.19 A massless rigid bar of length L
is hinged at the bottom. A force F is ap-
plied at point A at the end of the bar. A
mass m is glued to the bar at point B, a
distance d from the hinge. There is no
gravity. What is the acceleration of point
A at the instant shown? Assume the an-
gular velocity is initially zero.

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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15.2.20 The mass m is attached rigidly
to the rotating disk by the light rod AB of
length ¢. Neglect gravity. Find M, (the
moment on the rod AB from its support
point at A) in terms of 8 and §. What is
the sign of M, if § = 0 and 8 > 0? What
is the sign if § = 0 and 8 > 0?

Problem 15.20

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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15.2.21 Simple pendulum, compre-
hensive version. This problem cov-
ers many aspects of a simple pendulum.
A point mass M hangs on a massless
string or rod of length L. The gravita-
tional force is Mg. The pendulum is in
a vertical plane. At any time ¢, the angle
between the straight down line and the
pendulum, measured counter clockwise,
is 6(t). Neglect air friction. When num-
bers are called foruse M = 1kg,L =1m
and g = 10m/s%

a) Find the equations of motion.
That is, assume that you know
both 6 and 6, find 8. There are sev-
eral ways to do this problem. Find
the equations using

1. Linear momentum balance

2. Angular momentum

balance
3. Conservation of energy

b) Tension. Assuming that you

know 6 and 8, find the tension T
in the string.

c) Reaction components. Assum-
ing you know 6 and 6, find the x
and y components of the force that
the hinge support causes on the
pendulum. Clearly define the di-
rections of positive x and y with a
sketch.

d) Reduction to first order equa-
tions. The equation that you
found in (a) is a nonlinear second
order ordinary differential equa-
tion. It can be changed to a pair
of first order equations by defining
a new variable w = 6. Write the
equation from (a) as a pair of first
order equations.

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.

e) Numerical solution. Given the
initial conditions (¢t = 0) = 7/2
and w(t = 0) = 6(t = 0) =
0. Using numerical integration,
find: 6(r), 6(t) & T(t). Make a sin-
gle plot, or three vertically aligned
plots, of these variables for one full
oscillation of the pendulum.

f) Maximum tension. Using your
numer-
ical solutions, find the maximum
value of the tension in the rod as
the mass swings.

g) Plot the x and y reaction compo-
nents as a function of time.

h) Period of oscillation. How long
does it take to make one oscilla-
tion?

i) Other observations. Some ques-
tions:

1. Does the solution to (f) de-
pend on the length of the
string?

2. Is the solution to (f) exactly
30 or just a number near 30?
If it is exact can you find the
result analytically?

3. Is the period found in (h)
longer or shorter than the
period found by solving the
linear equa-
tion 8 + (g/1)6 = 0, based
on the (inappropriate-to-use
in this case) small angle ap-
proximation sin6 = 6? Ex-
plain intuitively why you ex-
pect the period to be longer
or shorter?

Answer:

(a) 6 = —(g/L)sin6
(d) o = —(g/L)sinb,
(f) Tppr = 30N

6=w

Problem 15.2.21
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HW8-P43-15.2.21

Tuesday, March 30, 2021 6:10 PM

So(«chon 47 Michael Zakodorofn/

15.2.21 Simple pendulum, comprehen-
sive version. This problem covers many
aspects of a simple pendulum. A point
mass M hangs on a massless string or rod
of length /.. The gravitational force is M g.
The pendulum is in a vertical plane. Atany
time ¢, the angle between the straight down
line and the pendulum, measured counter
clockwise, is 6(¢). Neglect air friction.
When numbers are called for use M =

lkg, I = Imand g = 10m/s>.
a) Find the equations of motion.
That is, assume that you know both

() and (:', find (. There are several
ways to do this problem.* Find the
equations using

1. Linear momentum balance
2. Angular momentum balance

3. Conservation of energy

b) Tension. Assuming that you know
€ and #, find the tension 7 in the
string.

C

Reaction components. Assuming
you know ¢ and . find the x and
y components of the force that the
hinge support causes on the pendu-
lum. Clearly define the directions
of positive x and y with a sketch.

d

Reduction to first order equa-
tions. The equation that you found
in (a) is a nonlinear second order or-
dinary differential equation. It can
be changed to a pair of first order
equations by defining a new vari-

able w = (. Write the equation
from (a) as a pair of first order equa-
tions. *

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.

e)

s

Numerical solution. Given the ini-
tial conditions (1 = 0) = x/2
and w(t = 0) = 0t = 0) = 0.
Using numerical integration, find:
0(t), 0(1) & T(r). Make a sin-
gle plot, or three vertically aligned
plots, of these variables for one full
oscillation of the pendulum.

Maximum tension. Using your
numerical solutions, find the maxi-
mum value of the tension in the rod
as the mass swings. *

Plot the x and y reaction compo-
nents as a function of time.

Period of oscillation. How long
does it take to make one oscillation?

Other observations. Some ques-
tions:

1. Does the solution to (f) de-
pend on the length of the
string?

2. Is the solution to (f) exactly
30 or just a number near 307
If it is exact can you find the
result analytically?

3. Is the period found in (h)
longer or shorter than the pe-
riod found by solving the lin-
ear equation 0 4 (g/ )0 = 0,
based on the (inappropriate-
to-use in this case) small an-
gle approximation sind = 07?
Explain intuitively why you
expect the period to be longer
or shorter?

&M(n.‘ M zlkj
L= Ilm

Assume .

g /‘/o fr,‘m‘m/\

p/au\g

HW Solutions Page 1

j $IDH\/§L

o Pondalum in vertical
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% $ MAE 2030
% HW 8, Q43 part d Solution
% Solution by Michael Zakoworotny

clear all; clc; close all;
set (0, 'DefaultAxesFontSize',12); % set plot font size

oe

Define pendulum parameters and gravity
=1; L =1; g = 10;
.M =M; p.L = L; p.g = g;

T =

% Set initial conditions
th0 = pi/2; w0 = 0;
z0 = [thO0 wO0]';

% Set run time
t0 = 0; tend = 10;
tspan = [t0 tend];

% Integate over time

fun = @(t,z) myrhs(t,z,p); % function defining the ode

tol = le-6;

opts = odeset ('RelTol',tol, 'AbsTol',tol);

soln = ode45 (fun, tspan, z0, opts); % get a solution object for accurate
% interpolation

Cut off the plot after one oscillation - find the exact time for one
oscillation. Use small angle approximation of period for guess. Find the
time around T approx for which the velocity returns to its initial value.
(Use the velocity because there are no sign changes when finding the

o0 o o° of o

zeros associated with theta)
_approx = 2*pi*sqrt(L/q);
_exact = fzero(@(t) deval(soln,t,2) - w0, T_approx);

H A

Extract th and w, over one period.
deval evaluates the soln structure at all points in t_array, where 1 is

o° o° oe

the index for th, and 2 is the index for w

t_array = linspace(t0, T exact, 500); % 500 time points from 0 to 1 period
th = deval(soln, t_array, 1);

w = deval(soln, t_array, 2);

Tension = M* (g*cos (th) + L*w.”2); % tension formula from b)

figure;

% Plot theta vs time

subplot (3,1,1); % create 3 vertically stacked subplots, plot in uppermost
plot (t_array, th,'-k','Linewidth',2);

x1im ([0, T_exact]); % set x limits to 0 - T exact

ylabel ('\theta (rad)', 'interpreter', 'tex');

title ('Pendulum angle over time');

% Plot omega vs time

subplot (3,1,2); % plot in middle subplot
plot (t array, w,'-r','LineWidth',2);

x1im ([0, T _exact]); % set x limits to 0 - T exact
ylabel ('\omega (rad/s)','interpreter', 'tex');

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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title ('Pendulum angular speed over time');
$ Plot tension vs time

subplot(3,1,3); % plot in lower subplot

plot (t_array, Tension,'-b','LineWidth',62);

x1im ([0, T_exact]); % set x limits to 0 - T exact
ylabel ('T (N)');

xlabel ('t (s)');

title('Pendulum tension over time');

¢ f - Maximum tension
max_Tension = max(Tension);

o

fprintf ('The maximum tension is $.3f N\n',max Tension);

$ g - x and y reaction components
R_x = Tension.*cos (th);
R y = Tension.*sin(th);

% Plot reaction components

figure; box on; hold on;

plot (t array, R x, '-r', 'LineWwidth', 2);
plot (t_array, R y, '-b', 'Linewidth',6 2);

x1im ([0, T exact]); % set x limits to 0 - T exact
xlabel ('t (s)');
ylabel ('Reaction components (N)');

title('Reaction force components over time');
legend ({'X component', 'Y component'});

$ h - Print the exact period, found in line 32
fprintf ('The period is %.4f s\n', T exact);

function zdot = myrhs(t,z,p)
M=p.M; g =p.g; L =p.L;
th = z(1); w = z(2);

thdot w;

wdot -g/L*sin(th);

zdot = [thdot wdot]';
end

The maximum tension is 30.000 N
The period is 2.3452 s

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.



40 Chapter 15. 2. Dyna.mics.lm.roduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap

Problem...

i (rad)

w (radfs)

= 20
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30
25

S 20

= —
= %]

Reaction components
on

Pendulum angle over time
T

0.5 1 1.5 2
Pendulum angular speed over time

0.5 1 1.5 2
Pendulum tension over time

0.5 1

Reaction force components over time

T f \ T

= X component
Y component |

Disclaimer: We have lost track of the many people who wrote these solutions.
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e We see that the pendulum angle varies periodically, though since
this oscillates at large angles, the motion is not precisely a
sinusoid. The angular velocity oscillates similarly with a phase
shift, as expected.

e The tension oscillates between 0 and the maximum value of 30,
with twice the frequency of the angle 0. This is representative of
the fact that tension in a string is strictly positive, and reaches its
maximum value whenever 6 = 0° (the lowest point in arc).

e The x reaction component (vertical) follows a similar trend as the
tension, though it is slightly distorted when 0 is at its maximum
and minimum values from the introduction of the additional cos
function.

e The y reaction component (horizontal) oscillates between positive
and negative values, consistent with whether 0 is positive or
negative. However, it exhibits two intermediate peaks, which
corresponding to angles between 0 and 90 This reflects the
cos0*sind term in the equation for Ry, which is maximized at
0=45°. A more intuitive way to understand this is to recall that the
horizontal component of tension is 0 when 0 = 0° (string is
vertical), and when 0 = +/-90cofor these initial conditions (=0
momentarily at highest point in arc); the tension must therefore be
maximized between these angles.

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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15.2.22 Tension in a simple pendu- just after the pendulum is re-
lum string. A simple pendulum of leased?

length 2m with mass 3kg is released
from rest at an initial angle of 60° from
the vertically down position.

b) What is the tension in the string
when the pendulum has reached

30° from the vertical?
a) What is the tension in the string

J-2m ™M 2.

Olro)- o 60
Oa /“: () S 9 (t) = 'BC)c -l
- ,J ;J (C(:‘Sé» CCX&MW\

Y ' ; 4"
JOust veleoneel  H-0 Cles ™6 +mg s O

T =9Ces0 - mq (s} = 454

(

f? q

X g(A T%“CL*S'_%} =% dv: 29 i £1

V)) é ved
z L2 "E“)% 5(\52—0’-{—:{\1

2

e ?5-‘2 B e R Br\o.ﬁ\ﬂ
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15.2.23 Cartesian

coordinates <
Find the nonlinear governing differential
equation for a simple pendulum

6= —%sin@

using linear momentum in Cartesian co-
ordinates and without using the polar co-
ordinate formulas for velocity and accel-

eration. Of course you can use that x =
¢cosf and y = ¢sin6 for x pointing
down.

| 1&.2.2%
i'X:LCA&
poX = lcsp
£

| %

2= 0%
2% - mo

16

B +mg 1)

e
‘\}"T Ces0 4 m

~any

=21 S'\ﬂ& 2

'Y\w% Sing

Problem 15.23

b £ LI
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Rl
q = mp/9n50+(m6;W{ Sin@

m2

(€806 - 516 5) ] cup
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= M(-18405 -4 408

™

P
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Disclaimer: We have lost track of the many people who wrote these solutions.
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15.2.24 Tension in a rope-swing rope. mass falls.
Model a swinging person as a point mass.
The swing starts from rest at an angle
6 = 90°. When the rope passes through
vertical the tension in the rope is higher

b) Use conservation of energy to find

6 at & = 0. Then use other me-
chanics relations to find the ten-

(it is hard to hang on). A person wants ston.
to know ahead of time if she is strong
enough to hold on. How hard does she
have to hang on compared, say, to her
own weight? You are to find the solution
two ways. Use the same m, g, and L for
both solutions. 4 L
a) Find 6 as a function of g, L, 6, and
m. This equation is the governing
differential equation. Write it as
a system of first order equations. P
Solve them numerically,. Once B m
you know 6 at the time the rope ~ s
is vertical you can use other me- Problem 15.24
chanics relations to find the ten-
sion. If you like, you can plot the Answer:
tension as a function of time as the (b) The maximum tension is 3 times the
person’s weight.
\&.9.9¢4
8 q \ NMa. .c ® |
&, = "t B MW mg (). 1 Cs0) PN2=10
.
™al = | I v s .
F AN s g ey 558
{ i A,

[ 2 <
=~ wm|p +Nq

[2.2.25 2 3= = 5

Disclaimer: We have lost track of the many people who wrote these solutions.
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15.2.25 Pendulum. A pendulum with 0 in terms of ¢, m, g and any base
a negligible-mass rod and point mass m vectors you define clearly

is released from rest at the horizontal po-
sition 0 = 7 /2.

c) Find the string tension when the
pendulum passes through the ver-
tical at 6 = 0 (in terms of
¢,mand g).

a) Find the acceleration (a vector) of
the mass just after it is released

at @ = 7w/2 in terms of ¢,m,g
and any base vectors you define
clearly.

b) Find the acceleration (a vector)
of the mass when the pendulum
passes through the vertical at 6 =

Problem 15.25

e A
e )G}J : €s
5 = L A
¥ \ >y
-3 fw Yt’:} e ¥9
M= J((,;’w{)j—o j[_g"v ‘/‘\'/:{Xé\)>
N o~ A e o < —)e,
): = Jl‘/ &+ LG e[x S ? 2
g 5 x
5% -mae

Si’ ~mMgé= ™ (- 8 e 186) ’% 5316 = —™g = mp’

S22
= 0= -

n

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.



48 Chapter 15. 2. Dynamics.lntroduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap Problem...

2o

2—»0;.(‘—“_;4-_.—-)4

9
)
5
1
3
S5
02
\
Vv
2
\
g
|3
e

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.



Chapter 15. 2. Dynamics. .. Introduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap Problem 15.2.26 49

15.2.26 Write a computer program to simple pendulum equation, § = —8 with

s"olve thg nonlinear pendulum equation, the same initial conditions. In particular,

o= s 6_’ ?Yer 4 gl\./e?n time inter- a) Find the difference in the time pe-

val (0, £), and initial conditions 6(0), and riod of oscillations of the two sys-

6(0). The output should be a vector of tems.

time instants, ¢;, in the given time inter- b) Plot 8 obtained from the two so-

val and the corresponding 6; and 6. lutions against time and comment
Now use your computer program to on the differences.

find the solution of . .
c) Plot © against © from the two

6 = —sin6, 0(0) = 7 /4, 6(0) = 0. solutions on the same plot and
compare the two phase portraits.
Compare the solution obtained with the Comment on the differences.

analytical solution of the corresponding

p=—-0
it ik
0= Ge 2 € % é_ Sl =
B o = LYE T TENd
= +
»“—“ : { - C = ::C“\C'l =5 Cy = Gy
= ’CrﬁT
i R SR o W o .
) > Gz—e,
T
- e i v e = = &
??Cl S hlE a5 c EE S S5 e Sy 2 2
4 > L~ aw ) — B S NS ot
! g¢ 8:‘73\ ie-e
e y hl’ Q == :"‘51
ST SR 6‘ + T :f = T 2cat = Seal e
8 3 &

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.



50

Chapter 15. 2. Dyna.mics.lmroduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap

Problem 15.2.28

15.2.28 A pendulum of mass m and
length ¢ is released from rest at 6(0) =
60°. It executes oscillatory motion. If
the pendulum were to be released from
two different positions, 6(0) = 45° and
0(0) = 0°, with some corresponding ini-
tial angular speed such that the ensu-
ing motion were exactly the same as that
with 6(0) = 60° and 6(0) = 0, find the
required initial angular speeds.

a) First, find the corresponding 6(0)

{ [:’{C s 6()0 -

& Blo) = &5°
G b(o)= 0
¢ &_

without any computer simulation.

b) Verify your answer by plotting
computer generated solutions for
the three different initial condi-

tions.

c¢) What is the general relationship
between 6(0) and 6(0) that pro-
duces a predefined motion gener-
ated by, say, a given set of 6(0) =

6, and 6(0) = 6,

6}7: = (€6 -Cs O
9\_ BL =ips /ﬂ'\ﬁx\
f""(cd =0
:: (o) = /5 . 'x‘,i’c-.'-— : Eo ‘ = 2
O (o) - o, 0, = J _A’ (€t & (s 40) ;J’{?(%_l_)
-2
O (o) ,{/ e e ==
% Cz = '\) 7) ((rsc--(cgéo\, 3 jf %

29
T [CU’SE’ — C(_(SE;“&K] :

29 . '

Disclaimer: We have lost track of the many people who wrote these solutions.
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15.2.30 Bead on a hoop with friction.
A bead slides on a rigid, stationary, cir-
cular wire. The coefficient of friction be-
tween the bead and the wire is u. The
bead is loose on the wire (not a tight fit
but not so loose that you have to worry

about rattling). Assume gravity is negli-
gible.

a) Given v, m, R, & p; what is v?

b) If v(@ = 0) = v,, how does v de-

Problem 15.30
pend on 6, u, v, and m?

Answer: )

. [}
(a)v = K-
(b) v = ve .

TAi 203

FB8D 4
r<"/v€r
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<
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w= Y
R
B 4\_/-_ -—/«Ru),\/_ bt w:de
4t R t
av _ - MV 41—~/ud6
[} Y
laV = —ub + ¢
e
W = Vo e vi= eC, e-}i() a’.t d=0
V=N

-p8
vz e’

Disclaimer: We have lost track of the many people who wrote these solutions.
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{Uow Solve

DDEI
Ly = - pdo Prpbig Lcoo Vlo=ed= et = e
Inlvl = -m6+c,

C)y= Vo

o= ¢, e

> V(@)= W e_ﬂa

V is not afePalde- on ress m.

Disclaimer: We have lost track of the many people who wrote these solutions.
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Problem 15.2.31

15.2.31 Particle in a chute. One of
a million non-interacting rice grains is
sliding in a circular chute with radius R.
Its mass is m and it slides with coefficient
of friction u (Actually it slides, rolls and
tumbles — p is just the effective coeffi-
cient of friction from all of these interac-
tions.) Gravity g acts downwards.

a) Find a differential equation that
is satisfied by 0 that governs the
speed of the rice as it slides down
the hoop. Parameters in this equa-
tion can be m, g, R and u [Hint:
Draw FBD, write eqs of mechan-
ics, express as ODE.]

Find the particle speed at the bot-
tom of the chute if R 0.5m,
m = 0.1grams, g = 10m/s?, and

(4 .2.3

b)

-

>

u = 0.2 as well as the initial val-
ues of 6, = 0 and its initial down-
ward speed is v, = 10m/s. [Hint:
you are probably best off using a
numerical solution. ]

Problem 15.31
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15.2.32 Due to a push which happened
in the past, the collar with mass m is slid-
ing up at speed v, on the circular ring
when it passes through the point A. The
ring is frictionless. A spring of constant k
and unstretched length R is also pulling
on the collar.

a) Whatis the acceleration of the col-
lar at A. Solve in terms of R, v, m,
k, g and any base vectors you de-
fine.

b) What is the force on the collar
from the ring when it passes point

A? Solve in terms of R, vy, m, k, g Problem 15.32
and any base vectors you define.
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15.2.33 A toy used to shoot pellets is prior to its departure from the
made out of a thin tube which has a tube? What about just after?
spring of spring constant k on one end. .
The spring is placed in a straight section k R
of length ¢; it is unstretched when its \\
length is ¢. The straight part is attached S N N -
to a (quarter) circular tube of radius R, l
which points up in the air. Problem 15.33
a) A pellet of mass m is placed in the Answer:
device and the spring is pulled to T el @il o
the left by an amount A¢. Ignor- @) i velocity of departure Is D,
ing friction along the travel path, K 2GRj j, where j is perpendic-
Wwhat is the pel!)a,s velocity D as it ular fo the curved end of the tube.
leaves the tube? ) (b) Just before leaving the tube the net
b) What force acts on the pellet just force on the pellet is due to the wall and
gravity, F,,, = —-mgj — m Baesl” i; Just
after leaving the tube, the net force on
the pellet is only due to gravity, F,,, =
—-mgj.
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.




Chapter 15. 2. Dynamics. .. Introduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap Problem 15.2.34 59

15.2.34 A block with mass m is moving
to the right at speed v, when it reaches a
circular frictionless portion of the ramp.

a) What is the speed of the block
when it reaches point B? Solve in
terms of R, vy, m and g.

b) What is the force on the block
from the ramp just after it gets
onto the ramp at point A? Solve in
terms of R, v,, m and g. Remem-
ber, force is a vector.

Problem 15.34
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 15.2.34 1

15.2.35

mg

Figure 15.2.1: (a) Block with mass m at speed vy approaching the circular frictionless ramp
of radius R; gravity g and points of interest A and B are shown. (b) Free body diagram of
the block at point A.

A block with mass m is moving to the right at speed vy when it reaches a circular frictionless

portion of the ramp, as shown in shown in Fig. [15.2.1{a).

(a) What is the speed of the block when it reaches point B? Solve in terms of R, vy, m,
and g.

(b) What is the force on the block from the ramp just after it gets onto the ramp at point
A? Solve in terms of R, vy, m, and g. Remember, force is a vector.

Part a

Since the ramp is frictionless, only the gravitational force and the normal force from the
ramp act on the block: see the free-body diagram in Fig. ). The normal force from
the ramp is a constraint force that does no work (always acts perpendicular to the block
trajectory) and the gravitational force is conservative, therefore the total energy (kinetic
plus potential) is constant,

E = Ep + Ex = constant. (15.2.1)
~
mgh  mv2/2

The potential energy is mgh due to the gravitational force, where h is the height of the
block, and the kinetic energy is mv?/2, where v is the speed of the block. We do not need to
consider the normal force provided by the ramp because it does no work (a constraint force;
it acts orthogonal to the path of the block). Taking A = 0 at A, the initial energy of the
block is Ea = mv3/2. The height is then h = R at B, where the total energy is

2

Fs = mgR + % (15.2.2)

April 2, 2021, M. R. Buche

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Since the total energy is conserved, we can take Fy = Ep,

2 2

mug mug

o R+ B
5 mgR + 5

and then solve for the speed at point B,

vg = y/v3 — 2gR. (15.2.4)

Note that our result is independent of m, which is because all work-related forces (gravita-
tional, here) are proportional to m. Additionally, note that this result holds for arbitrary
curves shapes leading from point A to point B, which is because all all work-related forces
are conservative. Finally, note that we obtain a complex (imaginary) result if the initial
speed is not large enough (when vy < 1/2¢gR), which is because in that case the block would
not reach point B (it would reach a maximum height of h = vf/2¢g < R).

(15.2.3)

Part b
The free body diagram of the block is shown in Fig.[15.2.1(b), showing the gravitational force

—mgj and the normal force from the ramp N. After the mass gets to point A, the normal
force from the ramp N always acts towards the center of the circular ramp, N = —Neé,. The
linear momentum balance equation is then

—Né&, — mgj = ma. (15.2.5)

The acceleration of the block after it reaches A is given by

d=—R6%*&, + Rl ¢, (15.2.6)
so dotting Eq. (15.2.5)) with €, (and canceling each negative signs) results in

N +mgj - & = mRE>. (15.2.7)
At point A, we have § = vy/R and j = —&,, which obtains (written as a vector)
- ’02 ~
N=m (g + ﬁ) j at A (15.2.8)

April 2, 2021, M. R. Buche

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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1349 block with mMass M, speed Vo, frictiortless ramp
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8

15.2.35 A car moves with speed v along (o) l
the surface of the hill shown which can
be approximated as a circle of radius R.
The car starts at a point on the hill at
point O. Compute the magnitude of the
speed v such that the car just leaves the
ground at the top of the hill.
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Disclaimer: We have lost track of the many people who wrote these solutions.
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