Chapter 14. 1

SAMPLE 14.6 Force in braking. A front-wheel-drive car of mass m =
1200 kg is cruising at v = 60 mph on a straight road when the driver slams
on the brake. The car slows down to 20 mph in 4 s while maintaining its
straight path.
1. What is the average force (average in time) applied on the car during
braking?
2. What is the average power of braking?

Solution
1. Let us assume that we have an xy coordinate system in which the car is traveling
along the x-axis during the entire time under consideration. Then, the velocity of
the car before braking, ¥,, and after braking, v,, are
0, =v,i=60mphi and ©,=uv,i=20mphi.

The linear impulse during braking is F,, At where F = F i (see free-body diagram
of the car). Now, from the impulse-momentum relationship,

FAt=L,-L, Figure 14.27: Free-body diagram of a
where L, and L, are linear momenta of the car before and after braking, respec-  {ront-wheel-drive car during braking.
tively, and F is the average applied force. Therefore, Note that we have (arbitrarily) pointed

1 F, to the right. The algebra in this
F = A_t(f,z -L)= Aﬂt(ﬁz -9) problem will tell us that F,, < 0.
1200 kg

kg i 1600 m 1 Mr ,

= —12000—=2. 22— 22
000 " T Al 36005
= —@ kg - m/s?i = —5.33kNi.
Thus
Fi = -533kNi = F,=-533kN.

F, = —5.33kN

2. Let the average power during braking be P
isW=/[P

we- Then the work done during braking

wvedt. From work-energy principle, we have
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Substituting m = 1200kg, At = 4s, v, = 60mph = 26.67m/s and v, = 20 mph =
8.89m/s, we get

P,,. = —94815N-m/s = —94.815kW.
It is easy to check that if we take the average force F, , calculated above and the
average speed v, = (v; + V,)/2 = 40mph = 17.77m/s, then

P, = Fpyolpe = —5.33kN - 17.77m/s = —94.815kW,

ave ~ave

as obtained above.

P =—94.815kW

ave —

Introduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap



Chapter 14.

Figure 14.29: FBD of the suitcase.

SAMPLE 14.7 A suitcase skidding on frictional ground. A suitcase
of mass m is pushed and sent sliding on a horizontal surface. The suit-
case slides without any rotation. A and B are the only contact points of
the suitcase with the ground. If the coefficient of friction between the
suitcase and the ground is y, find all the forces applied by the ground on
the suitcase. Discuss the results obtained for normal forces.

Solution As usual, we first draw a free-body diagram of the suitcase. The FBD is shown
in Fig. 14.29. Assuming Coulomb’s law of friction holds, we can write

F,=-uN,i and F,=—uN,i. (14.29)
Now we write the balance of linear momentum for the suitcase:
ZF‘ =mad,
=> —(F, +F)i+ (N, + N, —mg)j = mai (14.30)

where @, = a.i is the unknown acceleration. Dotting eqn. (14.30) with i and j and
substituting for F; and F, from eqn. (14.29) we get

—u(N;+N,) = mac (14.31)
N, +N, = mg. (14.32)

Equations (14.31) and (14.32) represent 2 scalar equations in three unknowns N;, N, and
a. Obviously, we need another equation to solve for these unknowns.

We can write the balance of angular momentum about any point. Points A or B are
good choices because they each eliminate some reaction components. Let us write the
balance of angular momentum about point A:

ZMAzﬁA
ZMA = Tyu XN, j+Fp, X(—mg)j
= fixN2j+§ix(—mg)j
- (sz—mgg)k (14.33)

and

o
>
Il

?C/A X ma
= (gi + hj) X ma.i
= —maghk. (14.34)

Equating (14.33) and (14.34) and dotting both sides with k we get the following third
scalar equation:

¢N, — mgg = —mach. (14.35)
Solving eqns. (14.31) and (14.32) for a we get
ac = —Hg

and substituting this value of a . in eqn. (14.35) we get
mugh + mgt /2

¢
mg (1 + ﬁ,u)

2 ¢

Substituting the value of N, in either of the equations (14.31) or (14.32) we get

1 h
N1=m8(§—gﬂ>-

N, =
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Chapter 14.

1k 1, h
N, = mg(; - ;#)’ N, = mg(; + ;#)’ fi1=uNy, fr=uN,.

Discussion: From the expressions for N; and N, we see that

1. Ny =N, = %mg if u = 0 because without friction there is no deceleration. The
problem becomes equivalent to a statics problem.

2.N, =N, ~ img if ¢ >> h. In this case, the moment produced by the friction
forces is too small to cause a significant difference in the magnitudes of the normal
forces. For example, take ¢ = 20h and calculate moment about the center-of-mass
to convince yourself.

Graphically, N,, N, and their difference N, —N, are shown in the plot below as a function
of h/¢ for a particular value of u and mg. As the equations indicate, N; — N, increases
steadily as i /¢ increases, showing how the moment produced by the friction forces makes
a bigger and bigger difference between N, and N, as this moment gets bigger.

mg=1 wu=05

N1, N2, and ]\/1—]\/2

h/t

Figure 14.30: The normal forces N, and N, differ from each other more and more as h/¢
increases.
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Figure 14.31: An accelerating board in
3-D
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Figure 14.32: FBD of the board
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SAMPLE 14.8 Uniform acceleration of a board in 3-D. A uniform
sign-board of mass m = 20kg sits in the back of an accelerating flatbed
truck. The board is supported with a ball-and-socket joint at O and a hinge
atG. Alightrod from H to I keeps the board from falling over. The truck is
on level ground and has forward acceleration @ = 0.6 m/s%i. The relevant
dimensionsare b = 1.5m, ¢ = 1.5m, d = 3m, e = 0.5m. There is
gravity (g = 10 m/s?).

1.
2.

Draw a free-body diagram of the board.

Set up equations to solve for all the unknown forces shown on the
FBD.

. Use the balance of angular momentum about an axis to find the ten-

sion in the rod.

Solution

1.

The free-body diagram of the board is shown in Fig. 14.32.

2. Linear momentum balance for the board:

ZF‘: ma, or

(G, +0)i+ (G, +0)j+ (G, +0, — mgk + Tiy = mai (14.36)
where

. di+bj+ek di+bj+ek
Vd2 + b2+ e?
and ¢ is the length of the rod HI.
Dotting eqn. (14.36) with i, jand k we get the following three scalar equations:

GX+OX+T§ = ma
b
Gy+Oy+TE

GZ+OZ+T§ = mg

s

(14.37)

Il
o

(14.38)
(14.39)

Angular momentum balance about point G:
Z M;=H;

ZMG =

= (—§j+ %k) x (—mgh) — bj x (0, + 0,k)

Foyo X (—mgk) + ¥4, X (0,0 + 0,k) + Fpy o X Thy,

+[=bj + (c — e)k] x g(di+ bj+ ek)

b T T\,
= (zmg— bO, — bez —(c—- e)bz)l

+(c — e)d%j + (box + bdz> k (14.40)

t
and

ﬁc = T Xmal
b, c—e: R
= (—§J+Tk)><mal

c—e

= émaic+

> maj. (14.41)
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Chapter 14.

Equating (14.40) and (14.41) and dotting both sides with i, j and k we get the
following three additional scalar equations:

c 1
d 1
ET = Ema (1443)
d 1

Now we have six scalar equations in seven unknowns — O,, 0,,0,,G,, G,,G,,
and T. From basic linear algebra, we know that we cannot find unique solu-
tions for all these unknowns from the given equations. A closer inspection of
eqns. (14.37-14.39) and (14.42-14.44) shows that we can easily solve for O,, O,,
G,,G,,and T, but O, and G, cannot be determined uniquely because they appear
together as the sum G, +0,. Fortunately, we can find the tension in the wire
HI without worrying about the values of O, and G, as we show below.

. Balance of angular momentum about axis OG gives:

iOG'ZMG =

= Agg - (Fc/g X mai).

loc -H G
(14.45)

Since all reaction forces and the weight go through axis OG, they do not produce
any moment about this axis (convince yourself that the forces from the reactions
have no torque about the axis by calculation or geometry). Therefore,

;Loc : ZMG = J Py X TiHI)
- rde-9 (14.46)
¢
Ao+ FrjoXmai) = J- [(9‘ ﬂk)xmai]
oc *\Fcsc = J 2] 3
ma(c;ze). (14.47)
Equating (14.46) and (14.47), as required by eqn. (14.45), we get
ma¢
T = —
2d
_ 20kg-0.6m/s’-3.39m
a 2-3m
= 6.78N.
T,, =6.78N
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©) Note that G, and O, will always ap-
pear together as the sum G, + O, even
if you took the angular momentum
balance about some other point. This
is because they have the same line of
action. Thus, they cannot be found in-
dependently. This mathematical prob-
lem corresponds to the physical real-
ity that the supports at points O and G
could be squeezing the plate along the
line OG with, say, 0, = 1000N and
G, = —1000N even if there were no
gravity, and the truck was not acceler-
ating. To make prestress problems like
this tractable, people often make as-
sumptions like, ‘Assume G, = 0’, that
is, they try to get rid of the redundancy
in supports to make the problem stati-
cally determinate.
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©) Be careful with units. Most com-
puter programs will not take care of
your units. They only deal with nu-
merical input and output. You should,
therefore, make sure that your vari-
ables have proper units for the re-
quired calculations. Either do dimen-
sionless calculations or use consistent
units for all quantities.

SAMPLE 14.9 Computer solution of algebraic equations. In the pre-
vious sample problem (Sample 14.8), six equations were obtained to solve
for the six unknown forces (assuming G, = 0). (i) Set up the six equations
in matrix form and (ii) solve the matrix equation on a computer. Check
the solution by substituting the values obtained in one or two equations.

Solution

1. The six scalar equations — (14.37), (14.38), (14.39), (14.42), (14.43), and (14.44) are
amenable to hand calculations. We, however, set up these equations in matrix form
and solve the matrix equation on the computer. The matrix form of the equations
is:

10010 &

3 0, ma
01000 2

¢ 0O, 0
0010 1 °

¢ |0 1) me | (14.48)
00100 < G mg/2

f X
00000 ¢ G, ma/2

A T ma/2
10000 °

The above equation can be written, in matrix notation, as
Ax=b

where A is the coefficient matrix, x is the vector of the unknown forces, and b is
the vector on the right hand side of the equation. Now we are ready to solve the
system of equations on the computer.

2. We use the following pseudo-code to solve the above matrix equation. ©)

m =20, a=0.6,
b=15,¢c=1.5,d=3, e=0.5 g =10,

1 = sqrt(b™2 + 472 + e72),
A=[100104d/1

010000Db/1

00101e/1

00100¢c/1

000004d/1

1000 0 d/1]
b = [m*a, 0, m*g, m*g/2, m*a/2, m*a/2]’

{Solve A x = b for x}

X = % this is the computer output

0

-3.0000

97.0000

6.0000

102.0000

6.7823

The solution obtained from the computer means:
0,=0,0,=-3N, 0, =97N, G, =6N, G, =102N, T =6.78N.

We now hand-check the solution by substituting the values obtained in, say, Eqns. (14.38)
and (14.43). Before we substitute the values of forces, we need to calculate the length ¢.

Vd2 + b2 + e2

3.3912m.

¢
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Therefore,
b 1.5m
Y
. d 1 _ 3m 1 5
Eqn. (14.43): ET_ sma = 3.3912m6.78N 220kg0.6m/s

=<

0.

Thus, the computer solution agrees with our equations.

Comments: We could have solved the six equations for seven unknowns without assum-
ing G, = 0if our computer program or package allows us to do so. We will, of course, not
get a unique solution. For example, by taking the following A, a 6 X 7 matrix, and solving
Ax=bforx= [0, O, 0,;G, G, G, T]" with the same b as input above, we get the
solution as shown below.

A=[1001004d/1
0100100b/1
001001e/1
001000¢c/1
0000004/l
10000 0 d/1]
b = [m*a, 0, m*g, m*g/2, m*a/2, m*a/2]’

{Solve A x = b for x}

X = % this is the computer output

0

-3.0000

97.0000

6.0000

0

102.0000

6.7823

This is the same solution as we got before except that it includes G, = 0 in the solution.
Now, if we add avector Ax= [0 & 00 —a 0 0]” to x where « is any number, and compute
A (x+Ax) , we get back b. That is, the six equilibrium conditions are satisfied irrespective
of the actual values of O, and G, as long as the value of O, + G, remains the same.
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