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13.2 Collisions and explosions of
particles in 2D and 3D

When two things bump into each other there is often a big interaction
force. Think about a ball bouncing off the ground, two pool balls collid-
ing, a baseball hitting a bat, two cars crashing, or the big forces when a
satellite gravitationally slingshots around a planet it passes close by. Simi-
larly there are big short-lived forces when things explode into two or more
pieces. A big and short-lived force is often described by

its net impulse P = / Fdt

rather than its detailed time-history F(t). The collision modeling assump-
tion is that these interaction forces are so big that all other forces on the
partlcles can be 1gn0red For a two-particle collision the impulses are
P, = Pand P, = —P acting on m, and m,. Rather than looking at the
acceleration of mass during the collision one just calculates

the net change in velocity = Av.

Before the collision two particles m, and m, have velocities 0, and v,
(see fig. 13.9). The superscript “~” (minus) means just before the collision.
Then the particles collide. Even though we ignore the spatial extent of the
particles for most of the mechanics analysis, we note that the two particles
have a common tangent plane. The normal of that plane, pointing out of
particle 1, say, is 7. Just after the collision the particles have velocities 6f
and T); with the superscript“*” indicating just after the collision.

The general collision problem is

Given some information about the motion before the collision, the
motion after the collision, and the collisional impulse, find other in-
formation about these same quantities.

We find the unknowns using

« Momentum balance for each particle: P = f F(t) dt = mAv; and
« Some information about the collisional impulse, usually a constitu-

tive law for the collision.

For collisional modeling the constitutive law for interaction involves im-
pulse and change of velocity. We only consider two such constitutive
models:

+

« plastic sticking collisions where O} = 0.

Introduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap 1

a) Before

b) During

c) After

Figure 13.9:

)/
=

Two particles collide.

Their velocities before the collision are

U] and U;.

When they collide their

common tangent plane has normal 7.
After the collision their velocities are
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Figure 13.10: Two particles collide and
stick together so in their subsequent
motion ¥} = ¥, = ¥*. The action-
reaction impulse pair is in whatever
direction it needs to be to get this stick-
ing; the impulses need not be in just

the 7 direction.
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+ frictionless restitution with (0] — 0)) - 2 = —e(0; — ¥,) - A and
P-i=o.

The constitutive models are discussed further below in the context of the
three idealized collisions we treat here:

« sticking collisions
« frictionless collisions with restitution
« explosions.

The only expansion in this section over the 1D collisions in section 10.5
is the need for 2D and 3D geometry.

Sticking collisions

The conceptually simplest collision is a sticking collision also called a per-
fectly plastic no-slip collision (see fig. 13.10). Here the word ‘plastic’ is
used in its old latin meaning malleable or ‘clay like’. Imagine two lumps
of wet clay colliding in space and just sticking together. The plastic colli-
sion model applies, for example,

- when a projectile gets embedded in its target,

« when two cars crash and get entangled so they move together after
the collision, or

« when two machine parts engage at contact because of a mechanism
like a door catch.

In short, the constitutive law for plastic collisions is

Plastic (sticking collision) = ©

And the impulse is what it is, as determined by momentum balance for
the two particles. Here’s the simplest collision problem.

Example: A particle collides with an immovable object.
The impulse on the particle is

P=mAv=m0-7")=-mv.

And here is the general two-particle sticking collision problem.

Example: Two particles collide and stick.

There are three velocities to consider, the before-collision velocities 0} and v,
and the common after-collision velocity ©*. Also relevant is the interaction im-
pulse P. Thats 4 vector quantities (8 scalars in 2D, 12 in 3D). The governing
equations are momentum balance for the two particles

P=m@®*-0v]) and P=m,(0"-1;)

making up 2 vector equations (4 scalar equations in 2D, 6 in 3D). Thus to solve
a problem in 2D, 4 scalar quantities need to be given so that the other quantities
can be found from the momentum balance equations. In 3D, 6 scalar quantities
have to be given.
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There are all different ways to involute such problems, say by taking one
of the masses as unknown. Here is the most straightforward example.

Example: Find the post-collision velocities for a sticking collision.
Given m,, m,, v, and ¥, we find by solving the momentum balance equations
that
m,0; + m,0; - -
+ — M and I’1 = _I)2 =
m; +m,

m,m,
m, + m,

(v; - o7).

The answer can be interpreted like this. The final velocity is the same as the
pre-collision average velocity. This is also the system’s initial (and final) cen-
ter of mass velocity. The impulsive interaction is associated with the change
of velocity of 0] — U, of an effective ‘reduced mass’ with a value of m,,; =
m,m,/(m; + m,) (see box 13.1 on page 3).

Frictionless collisions with restitution

This is the most common model used in elementary mechanics courses.
It is originally due to Newton, at least in the 1D case we discussed in sec-
tion 10.5. Two particles collide and then separate. There is no interaction
force in their common contact tangent plane (hence ‘frictionless’). See
fig. 13.11. The impulse is such that the particles separate at a speed that
is a fixed ratio e of the speed at which they approached. The speed of
approach and separation are measured in the 7 direction.

The speed of approach is the rate at which the distance between the
particles decreases just before the collision. Really, this only makes pre-
cise sense if

« the masses are round, or

« the masses are not rotating.

Frictionless collision with restitution
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Figure 13.11: Two particles collide

and bounce off each other friction-
lessly. The assumption is that their
relative separation speed is the coef-
ficient of restitution e times their ap-
proach speed. Even though for mo-
mentum balance we treat the masses
as particles, for considering the col-
lision we look at the normal i of
the common contacting tangent plane.
The separation speed is (07 — 0}) - it
and the approach speed is —(0; —0;)-

n.

13.1 Effective mass

In two-particle collisions the forces of interest are in the action-
reaction pair between the particles: F‘l acts on m, and F‘z = —f‘l
acts on particle 2. If we know one we know the other, so let’s
call F the force fi‘l on m,. The two-particle system has no net
acceleration, meaning the center of mass does not accelerate. All
that the interaction force does is affect the relative motion of the
particles.

So consider the relative acceleration of particle 1, say, relative
to particle 2:

B P, B -F {1 1
4 =—d —-a =—_—2__1__"1_pl— 4]
ity tn Uity ey ity

The ‘reduced mass’ or ‘effective mass’ mg, is that which connects
the interaction force with the relative acceleration a,,; = @; —
a, of the masses. To personalize it, imagine you have negligible
mass and are floating in space between two big masses holding a
handle on each. Then the relation between the tension in your
arms and the relative acceleration of the masses is determined by
the reduced effective mass m ;. The effective mass is less than
either of the masses separately (because the relative acceleration
comes from the addition of the two accelerations). For two equal
masses m = m, = m, the effective mass is mp; = m/2.

Integrating in time the effective mass also relates the interac-
tion impulse with the change in relative velocity.

P = WleffAvrel7

where P = f Fdt acts on my and O, =0, —0,.
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®Why the word restitution? The par-
ticles approach each other with some
momentum relative to their common
center of mass. At some point dur-
ing the collision they have none. Then
some of the momentum is restituted,
paid back, and they bounce. No resti-
tution, e = 0, and there is no bounce.
Full restitution, e = 1, and they sep-
arate with the as much relative mo-
mentum as they had when they ap-
proached.

Explosion Before
v, =V,
—
v
FBDs
N \
\ P, \\
\\ P \
\
Figure 13.12: An explosion is like

a sticking collision run backwards in
time. The particles initially have the
same velocity D] = U; = U~ and then
separate due to an action-reaction im-
pulse pair in any direction.
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The approach speed is the relative velocity dotted with the 7 direction

vapproach = (61_ - 6;) ‘R

The separation speed, measured just after the collision, has the same def-
inition but with a sign change

~

Vep = — (0F —07) - 1.

Newton’s law of collisional restitution® is

Usep = €Vapproach  OF (6;— - 6-2’_) h=—e (61_ - 6;) i (13.4)

We use the coefficient of restitution for approximate collisional modeling
but,

the ‘coefficient of restitution’ equation is not an accurate law of na-
ture.

Example: Two-particle elastic collision.

Two particles m, and m, have pre-collision velocities of ] and U, and collide
frictionlessly with coefficient of restitution e on the tangent plane with normal
7. The post collision velocities 0} and D}, as well as the impulse P are found by
simultaneously solving these equations.

a8

= m (T)T - T"l—)

3

- = mz(ﬁz_ﬁ;)
(O -0)) -~ = —e(o;-0;)-n

In 2D this makes up 5 scalar equations for 5 scalar unknowns. In 3D it’s 7 equa-
tions for 7 unknowns. The most direct solution is to set up and solve these equa-
tions using a computer.

Rather it is an approximate empirical observation. Or, to put it another
way, the value of the coefficient of restitution e depends on the material,
the shape, the orientation and the speed of the colliding particles. It is
not a true constant. Nonetheless, eqn. (13.4) is a reasonable approxima-
tion for some engineering purposes. Just don’t assume that predictions it
makes will generally be highly accurate.

The “frictionless’ part of this collision law is expressed by the assump-
tion that the net impulse of interaction is in the A direction. So P = Pa
with no component in the A direction.

Generally one assumes that the coefficient of restitution is between
zero and one:

0<Le<l

For e < 0 the masses have to pass through each other. For e > 1 the

Introduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap



Introduction to Mechanics for Engineers — Ruina & Pratap Ch 13 Section 13.2

collision would involve a gain in energy. This might happen if there was
explosive gunpowder in the contact region of the collision.

In the case e = 0 the collision is perfectly plastic but still frictionless.
This is generally not a sticking collision because the masses can enter and
hence leave the collision with some relative velocity in the common con-
tact plane (the 4 direction).

Explosions

If one particle explodes into pieces it’s as if the pieces had a collision. It’s
just that the initial velocities of the pieces were all the same and the total
kinetic energy of the system increases during the ‘collision’. See fig. 13.12.
The overall treatment is extremely similar to that for sticking collisions,
but in some sense backwards. Instead of the particles entering the col-
lision with different velocities and leaving with the same velocity, they
enter with the same velocity and leave with different velocities. But the
same momentum principles apply. There is no collision law or coefficient
of restitution to apply, all of the post-collision relative velocity is restituted
from nothing. Rather one just has to know (or find) the action-reaction
impulse between the masses.

Example: An explosion.
Two particles m, and m, are stuck together and moving at o~ when they explode

13.2 Energetics of collisions

Often one thinks of collisions as passive and energetically dissi-
pative. However, as noted in the text, an explosion is a collision
of sorts in which the system kinetic energy increases. We'd like
to treat these cases in a unified way. First let’s calculate the total
kinetic energy.
2
2
= mg v: +m |0, -0 [>+m,|D, -0

tot“cm 11 cm 2172

— 2
= MtVem

— 2
= MtVem

_ 2
2Ey = myv] + myv

cm
+ g |0 — D,
+ Mgt Ul%el
where m,, = m; + m,, my = mm,/(m; + m,)and v, =
|D; — D,|. There are a few algebra steps needed to go from line
to line above (see section B for related calculations). The concept
of effective mass m; is introduced in box 13.1. The key result is
that the kinetic energy of a two-particle system can be written as
the sum of two terms, one involving center of mass velocity and
one involving the relative velocity of the two masses.

This is a special result for two-particle systems. For any sys-
tem the kinetic energy is a center of mass term (mvgm /2) plus a
term for motion relative to the center of mass. But generally the
relative motion term is written as a sum of terms, one for each
particle, and the motion of each particle is measured relative to
the center of mass (mv; /Cm). What is special for two-particle sys-
tems is that the relative motion part can be written in terms of the

motion of the two particles relative to each other. Because that
is not the velocity of any real thing, it only gives the right kinetic
energy when used with the corrected effective mass ().
‘What about energy and collisions? The center of mass veloc-

ity and energy do not change in the collision. So the only change
in kinetic energy is that associated with changes in m ¢, vfel.

— +32 -2
2AEK = Mgy ((Urel) - (Urel) )

— 95— .-P4+ P2

= 20 P+ |P|/my
+

rel

both sticking collisions, in which case P = —meffﬁ_ and 2AE, =
rel K

—mge (07, ), and to explosions where P=m, ; fﬁ;l and 2AEy, =
mge (0% ). Tt also applies to interactions in-between.

All that enters the change-of-energy equations above is the
projection of the relative velocity in the P direction. Thus the is-
sue of energy loss or gain is determined by whether the projection
of the relative velocity in the P direction decreases or increases in
magnitude. Thus a collision with —1 < e < 1 loses energy and
a collision with |e] > 1 increases energy. We included e < 0
for completeness even though it is sometimes considered ‘non-
physical’ in that it involves the particles passing by or passing
through each other.

where we used that P = Mg (U ﬁr_el). This formula applies for
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and an impulse P separates them. After the collision

of=9"+P/m, and O =0 —P/m,

The full range of behavior for sticking collisions to explosions can be cap-
tured with a single restitution coefficient e, (see box 13.3).

Frictional collisions

Our avoiding of frictional collisions is not because there generally is no
friction during collisions. Friction is a fact of the mechanical world. We
avoid friction here because a host of special assumptions are needed to
make frictional problems deterministic. And no given set of assumptions
is known to yield accurate predictions. Frictional collision models have
too dis-satisfyingly low a ratio of accuracy to complexity for inclusion in
a book at this level.

Simultaneous collisions

Ifone particle isinvolved in two collisions at one time then we have not ex-
plained how to calculate the resulting motion. In an attempt to make the
situation clear one is tempted to say “Let’s make it ideal and assume the
collisions are exactly instantaneous and at exactly the same time.” Then,
unfortunately, one is making the situation exactly ambiguous.
Unfortunately for our hope of making reliable predictions, simultane-
ous collisions are not rare events. Why? Imagine B is touching C and both
are stationary. Then A comes and bangs into B. Because B and C are al-
ready touching one must assume that there are impulsive forces not just
between A and B, but also between B and C. And we have no reliable rules
for sorting out the result. Nor will we find such rules if we make it a life’s
work.
Example: A triangular array of identical spheres.
Imagine 15 accurately-machined nominally-identical spheres laid out in a tight
triangle (5 in one row, 4 in the next, then 3,2, and 1) on a very flat smooth surface.
Then imagine a 16th ball rolls in and hits the apex of the triangle. How do the
15 balls move?
This experiment is performed in smoky rooms full of intoxicated people
night after night. It’s the ‘break’ in a pool game. And the game depends on
the result being unpredictable. Each time, due to tiny differences, the results
are different.

And, according to theory, the more rigid and perfect the balls are, the more
sensitive are the results to the smallest of differences in the initial conditions.

What is the source of the problem?

Example: Three balls in a line.

Consider the one-dimensional collision of three identical particles. B and C
are in line, stationary and touching and then A comes along with v,, = v~.
Let’s assume that the collision(s) whatever they are, are completely elastic and
conserve energy (e = 1, €, = 0). Here are two ways to predict the outcome:
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« Ahits B and C, being all the way at the other side of B, is oblivious to the
interaction between A and B until it is complete. Thus A comes to rest
and B is moving to the right with v™. Then B collides elastically with C
and B comes to rest and C shoots off with the v~.

« Band C are touching and act as a single rigid object throughout the col-
lision with A. Thus the result is like that between a particle with mass m
and another with mass 2m. Such an elastic collision would leave B and C
going forwards at 2v~/3 and A going the other way with v} = —v=/3. A
different result.

« actually there is a one-parameter family of results that are consistent with
energy conservation and momentum balance. We have three outcomes
(the velocities of the three particles) and only 2 scalar equations restricting
them (momentum and energy balance).

Butwhatwould really happen? That would depend on details that are not stated.
Of course if the exact shape and configuration of the balls was known, and the
exact rules for elastic and inelastic deformation, then one could calculate the
resulting motion solving partial differential equations or with atomic simula-
tions. In principle. But we generally do not know such details nor have such
calculation abilities. And crowding that which we don’t know into concepts like
‘rigid-object’ and ‘exactly simultaneous’ crowds the prediction of the outcome
to dependence on infinitesimal things.

So, as an engineer, what are you supposed to do when calculating in situ-
ations involving simultaneous collisions?

« first relax and remember that no collision calculation is likely to be
very accurate (unless the result only depends on balance of momen-
tum). So simultaneous collisions, while philosophically worse in
that even the equations are indeterminate, are not that much worse
than the usual deterministic, but not accurate, collisional relations.

» do experiments, and
« take account of the range of outcomes depending on assumptions
about the collision details.

Samples 13.4 and 13.5 starting on page 675 illustrate the ambiguity of si-
multaneous collisions in 2D.

Final comments

This is the second of three sections about collisions. Section 10.5 was
about collisions in 1D, then this section about particles in 2D and 3D, and
finally the ideas in this section will be extended from particles to rigid
objects in section 17.5.
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13.3 Coefficient of generation

Often one thinks of collisions as passive and energetically dissi-

pative. However, as noted in the text, an explosion is a collision

of sorts in which the system kinetic energy increases. For passive

frictionless collisions one can characterize the collision by the co-

efficient of restitution

(separation speed)

(approach speed)

—(Or-v) .

= 42 (13.5)
(] —vy))-n

However, for explosions the coefficient of restitution is e = oo.
If one is equally interested in energy absorbing or energy creating
collisions one can use a more democratic coefficient of generation

(separation speed)-(approach speed)

8 (separation speed)+(approach speed)

_ TP e (13.6)
—(0] —03)-A+(@®] —D;)-h

We can write the collisional coefficient of generation in terms of
the restitution coefficient, and vice versa, as

1+e
e—1
e = and e= g

g e+1 l—eg'

The generation coefficient is -1 for sticking collisions and 1 for
explosions. This coefficient is zero for energetically neutral col-
lisions (no gain, no loss, e = 1). And the coefficient of genera-
tion does not allow for passing-through or passing-by collisions
(e <0).

As a replacement for the conventional coefficient of resti-
tution the coefficient of generation e, is more complex to use
in simple calculations in that eqn. (13.6) is more complex than
eqn. (13.5). On the other hand the coefficient of generation is con-
venient for describing situations which are a mix of passive (e < 1
and €, < 0) and active (e > 1 and e, > 0). Such is the case, for
example, in simple models of legged locomotion (see box 13.4 on
page 9).

Note that in all the collisional restitution formulas we could
replace i1 with —t without affecting the validity of the equations.
Similarly all the subscript 2’s could be replaced with 1’s and vice
versa without affecting the validity of the equations. Knowing this
relieves anxiety about the choice of normal # (towards m, or to-
wards m1,?) or which particle to call 1 and which to call 2.
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13.4 A particle collision model of running

At every step a running person flies through the air, hits the
ground with a foot and pushes on the ground. By action and re-
action, the ground pushes back on the foot which pushes on the
leg which pushes on the body which causes the body to slow its
descent and then go from moving forward and somewhat down
to moving forward and somewhat up. Then the foot leaves the
ground and the person flies through the air again readying for the
next foot contact.

Human bodies are somewhat bigger than human legs so one
approximation is that the legs have negligible mass. Human bod-
ies don’t tumble about much during a running step, so a next ap-
proximation is to neglect all distortion and rotation of the body
and think of it as a particle. Finally, one might imagine that the
ground contact time is short, and that the step on the ground is
like a bounce. Thus running is like a sequence of collisions be-
tween a body and the ground. Obviously a running person is not
a bouncing particle in all regards. Nonetheless, this model gives
a means for making various estimates about running,

In the flight phase of running, neglecting air friction, the
body moves in a parabolic arc according to:

F=ma = —mgj=ma

This has solution that the time of flight is
Lp=20,/8

where v is the vertical component of the velocity at the start of
flight. The distance of flight is
d=uvt,= vavy/g
where v, is the constant horizontal component of velocity.
What happens in the ‘collision’ with the ground?

The horrible leap-frog model of
running

We could think of each step as independent. Each running step
would be a jump at the end of which the body would come to
rest and then jump again. That is, each step would start with an
explosion and, after a period of flight, end with a plastic no-slip
collision. Then immediately after there would be another jump.
How much energy would it take to run like that? Each jump
would involve an impulse to get the body from zero velocity to
v =ud+ vyoJ- The work of the legs would be the increase in
kinetic energy.

—2/0 = 2
W =mv?/2 = m@?2 + vy0)/2

Then the legs would absorb that much energy at landing. Mus-
cles, unlike generators, are not regenerative. If muscles were re-
generative you would feel especially peppy after you walked down
a long stair case. On the other hand, walking down stairs is not
that tiring. So let’s approximate that there is no metabolic cost for
absorbing work. So the energetic cost of locomotion per unit time
would be

m (v)zc + U;o) /2
2Uy0/g

tan 8 + cot 8
=mgu, i

P=W/i, =

where tan® = v,,, /v, is the angle of the trajectory at liftoff. The
function tan 8 + cot@ has its minimum value of 2 at 6 = 45° s

the cost of sucli
Muscles use about 4 times as much chemical energy as they can
produce work (i.e., about 25% efficient at best) so the chemical

oductlon to Mechanics for Engineers « © 2026 Andy Ruina udra Pra
0COmMOtioN, 1n terms of average power 18 mgo 72R #iPtheir energy at ea

energy to run by jumping and landing, over and over again, would
be about

Metabolic Cost per unit time = P, = 2mgv,,

that is twice the weight times the speed. The chemical energy
needed per unit distance would be about 2 - (weight).

Obviously this seems like a tiring way to run. You shouldn’t
stop and start your horizontal motion at every step. Real people
don’t do that. Furthermore, the energy cost we have just predicted
is bigger than what people use by a factor of about 5; the rate at
which people use chemical energy to run is more like mgv, /2
or mguv, /3. Notice that the energetic cost of this mode of ‘run-
ning’ does not depend on the step length or flight time but only on
the initial angle of the trajectories. Smaller steps involve smaller
collisions and hence smaller energy cost per collision. But with
smaller jumps there are more collisions per unit distance. The
two effects exactly cancel in this model. Only the angle of liftoff
matters, not the length of the jumps.

Frictionless collision model of
running

Although shoes generally have high friction, the legs pivot under
the body during ground contact. The result is that the main force
transmitted by the leg to the body is vertical. In effect the leg medi-
ates an effectively frictionless collision. At least that’s an extreme
idealization of what a leg does. Perhaps a better model of running
is then a sequence of vertical frictionless collisions.

At each step there is, in effect, a plastic frictionless collision
which absorbs energy immediately followed by an energetically
generative collision that sends the body back up again. Together
they look like a single frictionless elastic collision, but in this
model we want to take account of the work absorbed in landing
and the work needed to take off again. To start we will neglect
that humans do have springs in their legs (e.g., tendons).

Thus at each step the energy needed to take off is

= mp?
W= mu, /2.
The time of flight is again . = 20, /g and so, for this model the
average work per unit time is
2
mu, /2

Zvyo /g

and the work per unit distance would be

P=W/t, = = mgu,, /4

. Vyo/ Ve
work per unit distance = mg

=mgtan6/4

and the metabolic cost per unit distance, taking muscle efficiency
as 25% again, would be the weight times tan 8. So, at a given hor-
izontal speed, the energy cost per unit distance can be made ar-
bitrarily small by having the flight angle small and there being,
consequently, more and more small collisions. But for a person
to try to save energy that way she would have to swing her legs
in impossibly tiring small rapid steps. To complete this model so
that it would not predict that people should choose infinite fre-
quency and infinitesimal steps we would have to add in a formula
for the cost of swinging the legs rapidly. If we evaluate this model
with the step length of real human running, and the consequent
launch angle 6 we over-estimate the actual energetic cost of run-
ning by about a factor of 2. Why is that? Probably because peo-
ple do use their spri C(gs to bounce. They don’t just throw away
ground landing and then jump vertically.
Rather their tendons store energy and release it at each step, doing
something like half of the work needed to get airborne again.
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