Introduction to Mechanics for Engineers — Ruina & Pratap Ch 13 Section 13.2

/ .
for v/, and Uy

sin6v,, + cos OV, = ev, cos6
13.2.1 Assuming 6, v,, and e to be , . s .
known quantities, write the following cos Bv),, —sin6v),, = vy sin 6.
equations in matrix form set up to solve

Answer:
D .
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—v,i, e =05, U, = 0, v, = 2ft/si —
13.2.2 The equation (¥} — ¥)) - A =  5ft/sj, and A = —(i + j), find the
= = A . ces 2
e(v, — D,) - i relates relative velocities V2
of two point masses before and after fric-
tionless impact in the normal direction iz
of the impact. If 0} = v, i+ v Js v, = Answer:
v+ vy, +y, =15

scalar equation relating the velocities in
the normal direction.

(\qm ’Lu“)/l) + \'1\3 = € ‘( 2l “5)
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13.2.3 The following three equations Assume v,, g, and v, are the only un-
are obtained by applying the principle knowns. Write the equations in matrix
of conservation of linear momentum on form set up to solve for the unknowns.

some system.

Answer:
myv, = 24m/sm, — .67myv, — .58m v,
0=36m/sm, + .33my0, + 0.3m 0, 0 —.67my; —.58m,\(v, 23m/s
0=23m/sm, —.67myvy — .58MmU.. 0 0.33m,; 0.03m, |[|v; | =—m,|36m/s
-m, —.67my —.58m,J\v, 24m/s
v, : kcuy g V., ove unknowm
I 0 v
=-6Tmg —p-Sgme ° =223m,
(0] 0-33m LC'Z $ -3 6m
s 2 03me¢ A
~Mo 0-6Tmyp —69 m, v, “2ymp
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13.2.4 The following three equations are Set up these equations in matrix form.

obtained to solve for v/, , v/, , and v}, :

Ax> “Ay? Answer:
(vp, — V), )cos6 = v), sin® —10m/s
vl sinf = v, cos6 —36m/s —cos6 —sin® cosf v, 10m/s
, , sin@ —cos® 0 v |=—|36m/s
mguy +myvl, = (—60m/s)m,. m ay | =
x x 1 0 -2 Ny 60m/s
m, Bx
1R &
o — ) b
. ~1lo
~Cos® ~ ALnd (0So Vﬁ.}( ;
Ao - (DCE ‘ J - — B
<o 0 A v 2 36
My O Mp v -bomMn
l ¥ J
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Problem 13.2.5

5

13.2.5 Solve for the unknowns v/, , v/, ,
X y

and v, in problem 13.2.4 taking6 = 50°,

m, = 1.5my, and m, = 0.8kg. Use any

computer program.

Answer:

v, =39.62, v, = —-879 andv, =

X ¥y x
13.59

clear all;

clc;

theta = 50*pi/180; % Angle in radians
mB_by mA=1.5;

A = [-cos(theta) -sin(theta) cos(theta);

sin(theta) -cos(theta) 0;
1 0 mB_by mA];
Y = [- 10 36 60]";
X = A\Y;
Matlab gives:

X =[39.62 - 8.79 13.59]’

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 13.2.6

13.2.6 Using the matrix form of equa-
tions in Problem 13.2.1, solve for v',,
and v’ if6 = 20" and v, = 5ft/s.

Answer:
v, = 1.6(e —1)and v',, = —(4.4e +
0.58)

1o 2l
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and Vo= 5 [
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(Va)r
13.2.7 Two frictionless equal-mass (Va)=0
pucks sliding on a plane collide as shown (VB)r O A Ai
below. Puck A is initially at rest. Given Y] .
that (Vz), = 1.0m/s, (V,); = 0, and S
(V4); = 0.5m/s, find the approach an- RN /d’
gle ¢ and rebound angle y. The coeffi- (Va): B
cient of restitution is e = 0.9. B Q
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Problem...

13.2.7 Two frictionless equal-mass pucks sliding on a plane collide as shown be-
low. Puck A is initially at rest. Given that (Vg); = 1.0m/s, (V4); = 0, and

(V4)r = 0.5m/s, find the approach angle ¢ and rebound angle y. The coefficient
of restitution is ¢ = 0.9.
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13.2.8 Reconsider problem 13.2.7. Given
instead that y = 30°, (V,), = 0, and
(V4); = 0.5m/s, find the initial velocity
of puck B.
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Problem 13.2.9

13.2.9 A ball of mass m = 0.5kg is
thrown up in the air with initial speed
v, = 50m/satanangle @ = 60°. The ball
lands on and bounces off a slanted floor
that makes an angle « = 15° with the
horizontal. Assume the collision with
the floor to be elastic and ignore air drag
on the ball.

a) Find the impulse of the collision of
the ball,

b) After bouncing off the slanted
floor, how much horizontal dis-
tance does the ball travel before
landing on the ground again? Is
this distance more, less, or the

same as it would have travelled
had the floor not been slanted?

Problem 13.9

Answer:
(a) 2muy, sin(6 — a)(sin ai + cos « j)

UZ

(b)d = - sin(26—4«); The distance af-
g

ter bouncing off a slanted floor is more.
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Problem 13.2.10

13.2.10 Solve the general two-particle
frictionless collision problem. For exam-
ple, write computer code that has lines
like this near the start :

m1=3; m2=19 Set values of masses
vizero=[10 20] Initial velocity of

masses after the collision. Your program
should assume consistent units for all
quantities.

a) You should demonstrate that your
program works by solving at least
4 different problems for which you
can check your answer by sim-
ple pencil-and-paper calculations.

mass 1
v2zero=[-5 3] Initial velocity of These problems should have as
mass2 much variety as possible. Sketch
e=.5 Set coefficient of these problems clearly, show their
restitution analytic solution, and show that
theta=pi/4 Angle that the Y

normal to contact
plane makes,
measured CCW
from +x axis, in

radians .
Your program (function, code, script)

should calculate the impulse of mass 1
on mass 2, and the velocities of the two

the computer agrees.

b) Solve the problem given in the
sample text given in the initial
problem statement.

Answer:

One test problem is this: 0, = 1,0, =
ﬁ,ml =m, = l,e = 0,0 = 0. This
should have the solution o = o} =
0.51, P = 0.5i.

MAE2030 HW P28 (13.2.10) Solution
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L&) Verify Matleh  ods with b s;mr(e (ases

CAA& | z@wJ masses head on destic Collision

=S - -

| _
Vi oL _ _
(W= ) e
— A vz (o) = Gy
e = | O =0

Tntwidive aml(jﬁw( Solution Vi = Va2 , Vo = W

—_ - AN ,
V7= (-1, , Vi=¢i1,0)  -P= (2,0

CAAL 2 Mo OOU-"OQ}s onto A\‘WM ’

| -
! Vo _ ik _
O B O A A
:ﬁﬁ VI = (0/ 0) 7 VZ = (—210)
e = | O =0

Intwstive Mjw obution . v, = Vs

—_ JEN JEAN ,
V"= (0,00, Vi=¢2,0)" ., -P= (4,0

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Care 2 %M masses  Stick t\o]wluf A#u* Mision

@ m, = M, = |

>- Vo= (o -3) , U= (o,
@ e =0 , 0 = T/2
VA A

I

A+ —_ -

I\{;m‘b‘\/c a/w[(]ﬁm/ Solution , \_j‘\‘+ =V, = ZIZ 2Vi

—_ RN

A /
V' = (o, , Vir=(o,2) . -P = (o,

CAAL 4. LJANAJ ‘{;ovw{'\[rzj , f;-u‘cﬁmw

(m)

n / MIz Z ) V',\*a—:;
h / - - ) - _ /
3/\1_ Vo= (00) oy, = (LD

@ .

Tnbuwrbive ml(jaw/ obtion . 32N Vs = A

1]

0.3, 0 = 2n/y
\7.*:(0,0)’, Va=C1,1) . -P= (0,0

A,wljﬁw/ Sobutions for* wse -4 A//{ A(jfeﬂ— with ngﬁbu{o mﬁom/ts

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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th) Griven

m, =

Vi

1)

2
OW{?U\)‘:
31
.A‘+

Va

P

( pstwme  consistot  wnits )
> Ma = 19

(10, 20)", vy = (=5,3)
0.5, 9 = /4

{HM /V\m‘/lwé

= (=107, 07’
= (-.]), b3’
= (b2, b2.2)’

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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General two-particle frictionless collision

Aut hor: Duan Li
Mar 18, 2021

% Thi s program sol ves the general two-particle frictionless
% col I'i si on probl em

clear all; close all
% ##### USER | NPUT #####

partN "b';
caseN = 4; %only for part (a)

% Settings for different parts/cases
if partN=="a" %part (a)
switch caseN
% 4 different cases to verify the code
case 1

n2
vilzero
v2zero
e = 1;
theta = 0
case 2
mL. = 10000
m = 1;
vizero
v2zero
e = 1;
theta = 0
case 3

[1, 0]";
[—1! O]Iv

o,
0]";

[0
[-2,

[

[0, -1]1";
e =20

theta = pi/2

ot herw se
error('lnvalid case nunber.")
end
elseif partN == "'b" %part (b)
m = 3;
nm = 19;

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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vlzero = [10, 20]';
v2zero = [-5, 3]';
e = 0.5;
theta = pi/4;

el se

error('lnvalid part nunber.")
end

% pack paraneters

p.nm = nmi;

p.n2 = ng;

p.vli = vilzero;
p.v2i = v2zero;
p.e = e;
p.theta = theta;

% sol ve the two-particle frictionless collision problem
[, vif, v2f] = collision(p);

% print out solutions
disp(' Velocity of mass 1 after the collision')

di sp(vif)

di sp(' Velocity of nass 2 after the collision')
di sp(v2f)

di sp(' I npul se of mass 1 on nass 2')

disp(-1)

function [I, vif, v2f] = collision(p)
% | nput (wapped in p):

%nl - mass 1

%n2 - mass 2

% vli - initial velocity of mass 1, 2x1 vector
% v2i - initial velocity of mass 2, 2x1 vector
% e - coefficient of restitution

% theta - angle of the nornal to contact plane,
% neasured CCWfrom +x axis, in radians
% Qut put

% | - inpulse of mass 1 on mass 2, 2x1 vector

% v1f - velocity of mass 1 after the collision, 2x1 vector
% v2f - velocity of mass 2 after the collision, 2x1 vector

% unpack paraneters
nanmes = fiel dnanmes(p);
for i = 1:1ength(nanes)
eval ([names{i} '= p." nanes{i} ';']);
end

% col |'i sion plane nornmal vector
nx cos(theta);

ny sin(theta);

n=1[nx, nyl";

% Matrix M

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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M= [nl, O, 0, 0, -nx;
0, mi, 0, 0, -ny;
0, 0, n2, 0, nx;
0, 0O, 0, nR2, ny;
nx, ny, -nx, -ny, 01];

% right hand side vector b
b [mi*v1i; nmR*v2i; -e*(vli-v2i)'*n];

% sol ve for the unknowns
X = M\ b;

% unpack the solution
vif = x(1:2);

v2f = x(3:4);

I = x(5)*n;

end

Vel ocity of mass 1 after the collision
-10.7273
-0.7273
Velocity of mass 2 after the collision
-1.7273
6.2727
I mpul se of mass 1 on mass 2
62.1818
62.1818

Published with MATLAB® R2020b

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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13.2.11 A projectile is launched at 6 =
40° with speed v, = 25m/s. The pro-
jectile lands on a steel plate that can be
adjusted to make any angle a with the
horizontal. The projectile bounces off
the steel plate without losing any en-
ergy. The projectile is required to reach
a height after rebound twice as much as
it did during its flight before hitting the
plate. Ignore air resistance.

a) Find the required angle a of the
plate.

b) Can you always find some «a for
any launch angle 6 < 7/2 such

that h, = 2h,?

Problem 13.11

Answer:

(a) a is the solution to equ. sin(6 +
2a) = \/5 sin@

(b) & can be obtained only for 0 < 6 >
i @ = sin’l(\ﬁsins)—s
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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13.2.12 Two equal mass cars approach
an intersection at right angles. They
crash and stick together. One of the cars
was going at 30 mph before the crash.
The other car’s path gets deflected by 15°.
How fast was it going?

Answer:
112 mph

12 2412

ml‘:m] =N

‘ Nt
. : oY e\l
Tvom LomARY valion C‘E hins

m:\,;i ¥ m)\,é; - (m s ML> v

A o . A . A
m- 2o y re, | o= am v (AMo1sT b+ o810 ‘J>

A A

: A " Py 2
301 + VU, = RV ¥t + Q¥ 81§

A
\92 ) = 29 waeil ¢
A 3 =
301 = 2V An i€ i

V= B

2 Aeni(

g .
Vo= 30 ol 5

\'Cl = 112 mplf\

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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13.2.13 A ball m is thrown horizontally
at height h and speed v,. It then has
a sequence of bounces on the horizon-
tal ground. Treating each collision as

how far has the ball travelled horizon-
tally when it just finishes bouncing? An-
swer in terms of some or all of m, g, h, v,
and e.

Answer:

frictionless with restitution coefficient e
ooy /2 (22)
g g \l—e

5 -
[ J1 Y,
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e 5% ‘ et o
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Disclaimer: We have lost track of the many people who wrote these solutlons
They are not official and have not been reviewed by the authors for correctness.
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13.2.14 A game involves using a pedal makes it through the slot. You can ignore
to direct a falling ball into a fixed verti- the dimensions of the ball.
cal slot by simply rotating the pedal when Y 7
the ball hits the pedal. A model of this NG N I l
game is shown in the figure. The ball is T T am
thrown horizontally with an initial speed n g ) o T
v = 10m/s from a height h, = 3m. The ! N A A
pedal is located at d = 2 m from the wall A C 12
that houses the slot at height 4, = 2m. o |
The slot itself is 0.3 m in extent. The co- -—d x
efficient of regtitution between the ped_al Problem 13.14
and the ball is e = 0.9. The air resis-
tance is negligible. Find the angle o or Answer:
the range of this angle, so that the ball o = ! tan~! (2” o—/2%8 )
2 Uy +2,/28h,
12218 » .
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.



Chapter 13. 2. Collisions... Introduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap Problem 13.2.15

31

Where should you look for the other

13.215 An airplane is flying steadily  piece? Assume the interaction impulse
at an altitude of 30,000ft at a speed  js in the horizontal plane and make the
of 500mph. It explodes into two equal  approximation that the two pieces fly in

pieces. One piece is found to the right frictionless parabolic trajectories.
of the airplane’s initial trajectory and
8 miles forward of the explosion point. Answer:

4 miles forward of the explosion point.

}q = 20,000 é{/ = 5-5 nv;

j/ g9-¢ fﬂ/sl = T3 Z2%e rY\l/m‘z
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem...
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Disclaimer: We have lost track of the many people who wrote these solutions.
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13.2.16 Consider the simultaneous col-
lision of a ball with a ramp and the ramp
with the ground. Consider the ball to be
much more massive than the cart; m; =
20kg and m, = 1kg. The angle of the in-
clined face is very shallow, « = 2°. The
ball hits the cart with the velocity 0, =
50m/si. The impact of the ball with the
ramp is elastic and frictionless. The ramp
ends up moving in the i direction. Find
the subsequent velocities of the ball and
the cart using the two methods discussed
in Sample ?? and Sample ??. Comment
on the answers you get. How will your

answers change if you reversed the mass
ratio?

Problem 13.16

Answer:

If the collision between the ball and the
cart is considered first we get v, =
0.11 m/s while if the collision between
the cart and ground is considered first
we get U, = 2.26 m/s. If the mass ra-

tio is reversed we get v_._. = 0.0055m/s
cart
and v,,,, = 0.0058 m/s in the two cases
respectively.
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C:\Users\Smart\Downloads\Prob_12_2_16.m 03 March 2017 12:47
% Dynamics Solutions

% Chapter 12

% Problem: 12.2.15

% Method 1 Sequence of collisions

clear all
ml = 1; % mass of the ball in kg
m2 = M % mass of the cart in kg
alpha = 2*pi/ ; % ramp angle in radian
v0 = H % initial velocity of the ball m/s
e = H % coefficient of restitution
M= [mi, O, m2, O, O;...
, mi, O, m2, O;...
sin(alpha), -cos(alpha), -sin(alpha), cos(alpha), 0;...
-m1, 0, 0, 0, -sin(alpha);...
, -ml, 0, 0, cos(alpha)]
P = [m1*v0; 0O; -e*vO*sin(alpha); -ml1*v0; 0]
Vp = M\P

P2 = -m2*Vp(4,1)

% Speed of ramp in x direction after second collision
V2xpp = Vp(3,1)

%

%% Method 2 Simultaneous collisions

Mm = [m1, O, m2, O, O;...

, mi, O, O, -15...
ml, O, O, sin(alpha), 0;...
, ml, O, -cos(alpha), 0O;...
-sin(alpha), cos(alpha), sin(alpha), 0, 0]
Pp = [m1*v0; 0; ml*vO; O; e*vO*sin(alpha)]
Vv = Mm\Pp;
v2vx = W(3,1)
Pp2 = W(5)

1-

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 13.2.17

13.2.17 Consider the simultaneous col-
lisions problem of problem 13.2.16 again.
Now assume that m; = 5kg, m, = 10kg,
v, = 50m/s, e = 0.75, and the angle
a = 88°. What is the net loss of energy Problem 13.17
in the impacts as calculated the two dif-
ferent ways?

Answer:
Energy lost is 1829.3J by one method
while it is 1824.9 J by another method.

C:\Users\Smart\Downloads\Prob_12_2_17.m

03 March 2017 12:46

% Dynamics Solutions

% Chapter 12

% Problem: 12.2.15

% Method 1 Sequence of collisions

clear all

ml = 5; % mass of the ball in kg

m2 = 10; % mass of the cart in kg

alpha = 88*pi/180; % ramp angle in radian

v0 = 50; % initial velocity of the ball m/s
e = 0.75; % coefficient of restitution

M=[ml, O, m2, O, O;...
0, mi, O, m2, O;...
sin(alpha), -cos(alpha), -sin(alpha), cos(alpha), 0;...
-ml, 0, 0, 0, -sin(alpha);...
0, -m1, 0, 0, cos(alpha)]
P = [m1*v0; 0O; -e*vO*sin(alpha); -ml1*vO; O]
Vp = M\P
P2 = -m2*Vp(4,1)
% Speed of ramp in x direction after second collision
V2xpp = Vp(3,1)
%
%% Method 2 Simultaneous collisions
Mm = [m1, O, m2, O, O;...
0, my, O, O, -1;...
ml, O, O, sin(alpha), O;...
0, ml, O, -cos(alpha), O;...
-sin(alpha), cos(alpha), sin(alpha), 0, 0]
Pp = [m1*v0; O; ml*v0; 0; e*vO*sin(alpha)]

Vv = Mm\Pp;
v2vx = W(3,1)
Pp2 = Ww(%)

%% Energy loss

Ek1l = 1/2*ml1*v0™2 % initial energy in J

Ek21 = 1/72*m1*(Vp(1)N2+Vp(2)"2)+1/2*m2*(Vp(3)N2+Vp(4)12)
El11 = Ek11-Ek21

Ek12 = 1/2*ml1*v0™2 % initial energy in J

Ek22 = 1/2*m1* (VW (I)N2+VW(2)N2)+1/2*m2* (VW (3)N2)

EI2 = EK12-Ek22

meff = m1*m2/(ml+m2);

dEk1l = 1/2*mefF*((Vp(1)-Vp(3))"2+Vp(2)"2-v0N2)
dEk2 = 1/2*meff*((Vv(1)-VW(@)) 2+VWw(2)"N2-v0™2)

-1-

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.



