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13.2 Collisions and explosions of
particles in 2D and 3D

When two things bump into each other there is often a big interaction
force. Think about a ball bouncing off the ground, two pool balls collid-
ing, a baseball hitting a bat, two cars crashing, or the big forces when a
satellite gravitationally slingshots around a planet it passes close by. Simi-
larly there are big short-lived forces when things explode into two or more
pieces. A big and short-lived force is often described by

its net impulse P = / Fdt

rather than its detailed time-history F(t). The collision modeling assump-
tion is that these interaction forces are so big that all other forces on the
partlcles can be 1gn0red For a two-particle collision the impulses are
P, = Pand P, = —P acting on m, and m,. Rather than looking at the
acceleration of mass during the collision one just calculates

the net change in velocity = Av.

Before the collision two particles m, and m, have velocities 0, and v,
(see fig. 13.9). The superscript “~” (minus) means just before the collision.
Then the particles collide. Even though we ignore the spatial extent of the
particles for most of the mechanics analysis, we note that the two particles
have a common tangent plane. The normal of that plane, pointing out of
particle 1, say, is 7. Just after the collision the particles have velocities 6f
and T); with the superscript“*” indicating just after the collision.

The general collision problem is

Given some information about the motion before the collision, the
motion after the collision, and the collisional impulse, find other in-
formation about these same quantities.

We find the unknowns using

« Momentum balance for each particle: P = f F(t) dt = mAv; and
« Some information about the collisional impulse, usually a constitu-

tive law for the collision.

For collisional modeling the constitutive law for interaction involves im-
pulse and change of velocity. We only consider two such constitutive
models:

+

« plastic sticking collisions where O} = 0.
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Two particles collide.

Their velocities before the collision are

U] and U;.

When they collide their

common tangent plane has normal 7.
After the collision their velocities are
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Figure 13.10: Two particles collide and
stick together so in their subsequent
motion ¥} = ¥, = ¥*. The action-
reaction impulse pair is in whatever
direction it needs to be to get this stick-
ing; the impulses need not be in just

the 7 direction.
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+ frictionless restitution with (0] — 0)) - 2 = —e(0; — ¥,) - A and
P-i=o.

The constitutive models are discussed further below in the context of the
three idealized collisions we treat here:

« sticking collisions
« frictionless collisions with restitution
« explosions.

The only expansion in this section over the 1D collisions in section 10.5
is the need for 2D and 3D geometry.

Sticking collisions

The conceptually simplest collision is a sticking collision also called a per-
fectly plastic no-slip collision (see fig. 13.10). Here the word ‘plastic’ is
used in its old latin meaning malleable or ‘clay like’. Imagine two lumps
of wet clay colliding in space and just sticking together. The plastic colli-
sion model applies, for example,

- when a projectile gets embedded in its target,

« when two cars crash and get entangled so they move together after
the collision, or

« when two machine parts engage at contact because of a mechanism
like a door catch.

In short, the constitutive law for plastic collisions is

Plastic (sticking collision) = ©

And the impulse is what it is, as determined by momentum balance for
the two particles. Here’s the simplest collision problem.

Example: A particle collides with an immovable object.
The impulse on the particle is

P=mAv=m0-7")=-mv.

And here is the general two-particle sticking collision problem.

Example: Two particles collide and stick.

There are three velocities to consider, the before-collision velocities 0} and v,
and the common after-collision velocity ©*. Also relevant is the interaction im-
pulse P. Thats 4 vector quantities (8 scalars in 2D, 12 in 3D). The governing
equations are momentum balance for the two particles

P=m@®*-0v]) and P=m,(0"-1;)

making up 2 vector equations (4 scalar equations in 2D, 6 in 3D). Thus to solve
a problem in 2D, 4 scalar quantities need to be given so that the other quantities
can be found from the momentum balance equations. In 3D, 6 scalar quantities
have to be given.
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There are all different ways to involute such problems, say by taking one
of the masses as unknown. Here is the most straightforward example.

Example: Find the post-collision velocities for a sticking collision.
Given m,, m,, v, and ¥, we find by solving the momentum balance equations
that
m,0; + m,0; - -
+ — M and I’1 = _I)2 =
m; +m,

m,m,
m, + m,

(v; - o7).

The answer can be interpreted like this. The final velocity is the same as the
pre-collision average velocity. This is also the system’s initial (and final) cen-
ter of mass velocity. The impulsive interaction is associated with the change
of velocity of 0] — U, of an effective ‘reduced mass’ with a value of m,,; =
m,m,/(m; + m,) (see box 13.1 on page 3).

Frictionless collisions with restitution

This is the most common model used in elementary mechanics courses.
It is originally due to Newton, at least in the 1D case we discussed in sec-
tion 10.5. Two particles collide and then separate. There is no interaction
force in their common contact tangent plane (hence ‘frictionless’). See
fig. 13.11. The impulse is such that the particles separate at a speed that
is a fixed ratio e of the speed at which they approached. The speed of
approach and separation are measured in the 7 direction.

The speed of approach is the rate at which the distance between the
particles decreases just before the collision. Really, this only makes pre-
cise sense if

« the masses are round, or

« the masses are not rotating.

Frictionless collision with restitution
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Figure 13.11: Two particles collide

and bounce off each other friction-
lessly. The assumption is that their
relative separation speed is the coef-
ficient of restitution e times their ap-
proach speed. Even though for mo-
mentum balance we treat the masses
as particles, for considering the col-
lision we look at the normal i of
the common contacting tangent plane.
The separation speed is (07 — 0}) - it
and the approach speed is —(0; —0;)-

n.

13.1 Effective mass

In two-particle collisions the forces of interest are in the action-
reaction pair between the particles: F‘l acts on m, and F‘z = —f‘l
acts on particle 2. If we know one we know the other, so let’s
call F the force fi‘l on m,. The two-particle system has no net
acceleration, meaning the center of mass does not accelerate. All
that the interaction force does is affect the relative motion of the
particles.

So consider the relative acceleration of particle 1, say, relative
to particle 2:

B P, B -F {1 1
4 =—d —-a =—_—2__1__"1_pl— 4]
ity tn Uity ey ity

The ‘reduced mass’ or ‘effective mass’ mg, is that which connects
the interaction force with the relative acceleration a,,; = @; —
a, of the masses. To personalize it, imagine you have negligible
mass and are floating in space between two big masses holding a
handle on each. Then the relation between the tension in your
arms and the relative acceleration of the masses is determined by
the reduced effective mass m ;. The effective mass is less than
either of the masses separately (because the relative acceleration
comes from the addition of the two accelerations). For two equal
masses m = m, = m, the effective mass is mp; = m/2.

Integrating in time the effective mass also relates the interac-
tion impulse with the change in relative velocity.

P = WleffAvrel7

where P = f Fdt acts on my and O, =0, —0,.
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®Why the word restitution? The par-
ticles approach each other with some
momentum relative to their common
center of mass. At some point dur-
ing the collision they have none. Then
some of the momentum is restituted,
paid back, and they bounce. No resti-
tution, e = 0, and there is no bounce.
Full restitution, e = 1, and they sep-
arate with the as much relative mo-
mentum as they had when they ap-
proached.

Explosion Before
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Figure 13.12: An explosion is like

a sticking collision run backwards in
time. The particles initially have the
same velocity D] = U; = U~ and then
separate due to an action-reaction im-
pulse pair in any direction.
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The approach speed is the relative velocity dotted with the 7 direction

vapproach = (61_ - 6;) ‘R

The separation speed, measured just after the collision, has the same def-
inition but with a sign change

~

Vep = — (0F —07) - 1.

Newton’s law of collisional restitution® is

Usep = €Vapproach  OF (6;— - 6-2’_) h=—e (61_ - 6;) i (13.4)

We use the coefficient of restitution for approximate collisional modeling
but,

the ‘coefficient of restitution’ equation is not an accurate law of na-
ture.

Example: Two-particle elastic collision.

Two particles m, and m, have pre-collision velocities of ] and U, and collide
frictionlessly with coefficient of restitution e on the tangent plane with normal
7. The post collision velocities 0} and D}, as well as the impulse P are found by
simultaneously solving these equations.

a8

= m (T)T - T"l—)

3

- = mz(ﬁz_ﬁ;)
(O -0)) -~ = —e(o;-0;)-n

In 2D this makes up 5 scalar equations for 5 scalar unknowns. In 3D it’s 7 equa-
tions for 7 unknowns. The most direct solution is to set up and solve these equa-
tions using a computer.

Rather it is an approximate empirical observation. Or, to put it another
way, the value of the coefficient of restitution e depends on the material,
the shape, the orientation and the speed of the colliding particles. It is
not a true constant. Nonetheless, eqn. (13.4) is a reasonable approxima-
tion for some engineering purposes. Just don’t assume that predictions it
makes will generally be highly accurate.

The “frictionless’ part of this collision law is expressed by the assump-
tion that the net impulse of interaction is in the A direction. So P = Pa
with no component in the A direction.

Generally one assumes that the coefficient of restitution is between
zero and one:

0<Le<l

For e < 0 the masses have to pass through each other. For e > 1 the
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collision would involve a gain in energy. This might happen if there was
explosive gunpowder in the contact region of the collision.

In the case e = 0 the collision is perfectly plastic but still frictionless.
This is generally not a sticking collision because the masses can enter and
hence leave the collision with some relative velocity in the common con-
tact plane (the 4 direction).

Explosions

If one particle explodes into pieces it’s as if the pieces had a collision. It’s
just that the initial velocities of the pieces were all the same and the total
kinetic energy of the system increases during the ‘collision’. See fig. 13.12.
The overall treatment is extremely similar to that for sticking collisions,
but in some sense backwards. Instead of the particles entering the col-
lision with different velocities and leaving with the same velocity, they
enter with the same velocity and leave with different velocities. But the
same momentum principles apply. There is no collision law or coefficient
of restitution to apply, all of the post-collision relative velocity is restituted
from nothing. Rather one just has to know (or find) the action-reaction
impulse between the masses.

Example: An explosion.
Two particles m, and m, are stuck together and moving at o~ when they explode

13.2 Energetics of collisions

Often one thinks of collisions as passive and energetically dissi-
pative. However, as noted in the text, an explosion is a collision
of sorts in which the system kinetic energy increases. We'd like
to treat these cases in a unified way. First let’s calculate the total
kinetic energy.
2
2
= mg v: +m |0, -0 [>+m,|D, -0

tot“cm 11 cm 2172

— 2
= MtVem

— 2
= MtVem

_ 2
2Ey = myv] + myv

cm
+ g |0 — D,
+ Mgt Ul%el
where m,, = m; + m,, my = mm,/(m; + m,)and v, =
|D; — D,|. There are a few algebra steps needed to go from line
to line above (see section B for related calculations). The concept
of effective mass m; is introduced in box 13.1. The key result is
that the kinetic energy of a two-particle system can be written as
the sum of two terms, one involving center of mass velocity and
one involving the relative velocity of the two masses.

This is a special result for two-particle systems. For any sys-
tem the kinetic energy is a center of mass term (mvgm /2) plus a
term for motion relative to the center of mass. But generally the
relative motion term is written as a sum of terms, one for each
particle, and the motion of each particle is measured relative to
the center of mass (mv; /Cm). What is special for two-particle sys-
tems is that the relative motion part can be written in terms of the

motion of the two particles relative to each other. Because that
is not the velocity of any real thing, it only gives the right kinetic
energy when used with the corrected effective mass ().
‘What about energy and collisions? The center of mass veloc-

ity and energy do not change in the collision. So the only change
in kinetic energy is that associated with changes in m ¢, vfel.

— +32 -2
2AEK = Mgy ((Urel) - (Urel) )

— 95— .-P4+ P2

= 20 P+ |P|/my
+

rel

both sticking collisions, in which case P = —meffﬁ_ and 2AE, =
rel K

—mge (07, ), and to explosions where P=m, ; fﬁ;l and 2AEy, =
mge (0% ). Tt also applies to interactions in-between.

All that enters the change-of-energy equations above is the
projection of the relative velocity in the P direction. Thus the is-
sue of energy loss or gain is determined by whether the projection
of the relative velocity in the P direction decreases or increases in
magnitude. Thus a collision with —1 < e < 1 loses energy and
a collision with |e] > 1 increases energy. We included e < 0
for completeness even though it is sometimes considered ‘non-
physical’ in that it involves the particles passing by or passing
through each other.

where we used that P = Mg (U ﬁr_el). This formula applies for
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and an impulse P separates them. After the collision

of=9"+P/m, and O =0 —P/m,

The full range of behavior for sticking collisions to explosions can be cap-
tured with a single restitution coefficient e, (see box 13.3).

Frictional collisions

Our avoiding of frictional collisions is not because there generally is no
friction during collisions. Friction is a fact of the mechanical world. We
avoid friction here because a host of special assumptions are needed to
make frictional problems deterministic. And no given set of assumptions
is known to yield accurate predictions. Frictional collision models have
too dis-satisfyingly low a ratio of accuracy to complexity for inclusion in
a book at this level.

Simultaneous collisions

Ifone particle isinvolved in two collisions at one time then we have not ex-
plained how to calculate the resulting motion. In an attempt to make the
situation clear one is tempted to say “Let’s make it ideal and assume the
collisions are exactly instantaneous and at exactly the same time.” Then,
unfortunately, one is making the situation exactly ambiguous.
Unfortunately for our hope of making reliable predictions, simultane-
ous collisions are not rare events. Why? Imagine B is touching C and both
are stationary. Then A comes and bangs into B. Because B and C are al-
ready touching one must assume that there are impulsive forces not just
between A and B, but also between B and C. And we have no reliable rules
for sorting out the result. Nor will we find such rules if we make it a life’s
work.
Example: A triangular array of identical spheres.
Imagine 15 accurately-machined nominally-identical spheres laid out in a tight
triangle (5 in one row, 4 in the next, then 3,2, and 1) on a very flat smooth surface.
Then imagine a 16th ball rolls in and hits the apex of the triangle. How do the
15 balls move?
This experiment is performed in smoky rooms full of intoxicated people
night after night. It’s the ‘break’ in a pool game. And the game depends on
the result being unpredictable. Each time, due to tiny differences, the results
are different.

And, according to theory, the more rigid and perfect the balls are, the more
sensitive are the results to the smallest of differences in the initial conditions.

What is the source of the problem?

Example: Three balls in a line.

Consider the one-dimensional collision of three identical particles. B and C
are in line, stationary and touching and then A comes along with v,, = v~.
Let’s assume that the collision(s) whatever they are, are completely elastic and
conserve energy (e = 1, €, = 0). Here are two ways to predict the outcome:
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« Ahits B and C, being all the way at the other side of B, is oblivious to the
interaction between A and B until it is complete. Thus A comes to rest
and B is moving to the right with v™. Then B collides elastically with C
and B comes to rest and C shoots off with the v~.

« Band C are touching and act as a single rigid object throughout the col-
lision with A. Thus the result is like that between a particle with mass m
and another with mass 2m. Such an elastic collision would leave B and C
going forwards at 2v~/3 and A going the other way with v} = —v=/3. A
different result.

« actually there is a one-parameter family of results that are consistent with
energy conservation and momentum balance. We have three outcomes
(the velocities of the three particles) and only 2 scalar equations restricting
them (momentum and energy balance).

Butwhatwould really happen? That would depend on details that are not stated.
Of course if the exact shape and configuration of the balls was known, and the
exact rules for elastic and inelastic deformation, then one could calculate the
resulting motion solving partial differential equations or with atomic simula-
tions. In principle. But we generally do not know such details nor have such
calculation abilities. And crowding that which we don’t know into concepts like
‘rigid-object’ and ‘exactly simultaneous’ crowds the prediction of the outcome
to dependence on infinitesimal things.

So, as an engineer, what are you supposed to do when calculating in situ-
ations involving simultaneous collisions?

« first relax and remember that no collision calculation is likely to be
very accurate (unless the result only depends on balance of momen-
tum). So simultaneous collisions, while philosophically worse in
that even the equations are indeterminate, are not that much worse
than the usual deterministic, but not accurate, collisional relations.

» do experiments, and
« take account of the range of outcomes depending on assumptions
about the collision details.

Samples 13.4 and 13.5 starting on page 675 illustrate the ambiguity of si-
multaneous collisions in 2D.

Final comments

This is the second of three sections about collisions. Section 10.5 was
about collisions in 1D, then this section about particles in 2D and 3D, and
finally the ideas in this section will be extended from particles to rigid
objects in section 17.5.
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13.3 Coefficient of generation

Often one thinks of collisions as passive and energetically dissi-

pative. However, as noted in the text, an explosion is a collision

of sorts in which the system kinetic energy increases. For passive

frictionless collisions one can characterize the collision by the co-

efficient of restitution

(separation speed)

(approach speed)

—(Or-v) .

= 42 (13.5)
(] —vy))-n

However, for explosions the coefficient of restitution is e = oo.
If one is equally interested in energy absorbing or energy creating
collisions one can use a more democratic coefficient of generation

(separation speed)-(approach speed)

8 (separation speed)+(approach speed)

_ TP e (13.6)
—(0] —03)-A+(@®] —D;)-h

We can write the collisional coefficient of generation in terms of
the restitution coefficient, and vice versa, as

1+e
e—1
e = and e= g

g e+1 l—eg'

The generation coefficient is -1 for sticking collisions and 1 for
explosions. This coefficient is zero for energetically neutral col-
lisions (no gain, no loss, e = 1). And the coefficient of genera-
tion does not allow for passing-through or passing-by collisions
(e <0).

As a replacement for the conventional coefficient of resti-
tution the coefficient of generation e, is more complex to use
in simple calculations in that eqn. (13.6) is more complex than
eqn. (13.5). On the other hand the coefficient of generation is con-
venient for describing situations which are a mix of passive (e < 1
and €, < 0) and active (e > 1 and e, > 0). Such is the case, for
example, in simple models of legged locomotion (see box 13.4 on
page 9).

Note that in all the collisional restitution formulas we could
replace i1 with —t without affecting the validity of the equations.
Similarly all the subscript 2’s could be replaced with 1’s and vice
versa without affecting the validity of the equations. Knowing this
relieves anxiety about the choice of normal # (towards m, or to-
wards m1,?) or which particle to call 1 and which to call 2.
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13.4 A particle collision model of running

At every step a running person flies through the air, hits the
ground with a foot and pushes on the ground. By action and re-
action, the ground pushes back on the foot which pushes on the
leg which pushes on the body which causes the body to slow its
descent and then go from moving forward and somewhat down
to moving forward and somewhat up. Then the foot leaves the
ground and the person flies through the air again readying for the
next foot contact.

Human bodies are somewhat bigger than human legs so one
approximation is that the legs have negligible mass. Human bod-
ies don’t tumble about much during a running step, so a next ap-
proximation is to neglect all distortion and rotation of the body
and think of it as a particle. Finally, one might imagine that the
ground contact time is short, and that the step on the ground is
like a bounce. Thus running is like a sequence of collisions be-
tween a body and the ground. Obviously a running person is not
a bouncing particle in all regards. Nonetheless, this model gives
a means for making various estimates about running,

In the flight phase of running, neglecting air friction, the
body moves in a parabolic arc according to:

F=ma = —mgj=ma

This has solution that the time of flight is
Lp=20,/8

where v is the vertical component of the velocity at the start of
flight. The distance of flight is
d=uvt,= vavy/g
where v, is the constant horizontal component of velocity.
What happens in the ‘collision’ with the ground?

The horrible leap-frog model of
running

We could think of each step as independent. Each running step
would be a jump at the end of which the body would come to
rest and then jump again. That is, each step would start with an
explosion and, after a period of flight, end with a plastic no-slip
collision. Then immediately after there would be another jump.
How much energy would it take to run like that? Each jump
would involve an impulse to get the body from zero velocity to
v =ud+ vyoJ- The work of the legs would be the increase in
kinetic energy.

—2/0 = 2
W =mv?/2 = m@?2 + vy0)/2

Then the legs would absorb that much energy at landing. Mus-
cles, unlike generators, are not regenerative. If muscles were re-
generative you would feel especially peppy after you walked down
a long stair case. On the other hand, walking down stairs is not
that tiring. So let’s approximate that there is no metabolic cost for
absorbing work. So the energetic cost of locomotion per unit time
would be

m (v)zc + U;o) /2
2Uy0/g

tan 8 + cot 8
=mgu, i

P=W/i, =

where tan® = v,,, /v, is the angle of the trajectory at liftoff. The
function tan 8 + cot@ has its minimum value of 2 at 6 = 45° s

the cost of sucli
Muscles use about 4 times as much chemical energy as they can
produce work (i.e., about 25% efficient at best) so the chemical
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energy to run by jumping and landing, over and over again, would
be about

Metabolic Cost per unit time = P, = 2mgv,,

that is twice the weight times the speed. The chemical energy
needed per unit distance would be about 2 - (weight).

Obviously this seems like a tiring way to run. You shouldn’t
stop and start your horizontal motion at every step. Real people
don’t do that. Furthermore, the energy cost we have just predicted
is bigger than what people use by a factor of about 5; the rate at
which people use chemical energy to run is more like mgv, /2
or mguv, /3. Notice that the energetic cost of this mode of ‘run-
ning’ does not depend on the step length or flight time but only on
the initial angle of the trajectories. Smaller steps involve smaller
collisions and hence smaller energy cost per collision. But with
smaller jumps there are more collisions per unit distance. The
two effects exactly cancel in this model. Only the angle of liftoff
matters, not the length of the jumps.

Frictionless collision model of
running

Although shoes generally have high friction, the legs pivot under
the body during ground contact. The result is that the main force
transmitted by the leg to the body is vertical. In effect the leg medi-
ates an effectively frictionless collision. At least that’s an extreme
idealization of what a leg does. Perhaps a better model of running
is then a sequence of vertical frictionless collisions.

At each step there is, in effect, a plastic frictionless collision
which absorbs energy immediately followed by an energetically
generative collision that sends the body back up again. Together
they look like a single frictionless elastic collision, but in this
model we want to take account of the work absorbed in landing
and the work needed to take off again. To start we will neglect
that humans do have springs in their legs (e.g., tendons).

Thus at each step the energy needed to take off is

= mp?
W= mu, /2.
The time of flight is again . = 20, /g and so, for this model the
average work per unit time is
2
mu, /2

Zvyo /g

and the work per unit distance would be

P=W/t, = = mgu,, /4

. Vyo/ Ve
work per unit distance = mg

=mgtan6/4

and the metabolic cost per unit distance, taking muscle efficiency
as 25% again, would be the weight times tan 8. So, at a given hor-
izontal speed, the energy cost per unit distance can be made ar-
bitrarily small by having the flight angle small and there being,
consequently, more and more small collisions. But for a person
to try to save energy that way she would have to swing her legs
in impossibly tiring small rapid steps. To complete this model so
that it would not predict that people should choose infinite fre-
quency and infinitesimal steps we would have to add in a formula
for the cost of swinging the legs rapidly. If we evaluate this model
with the step length of real human running, and the consequent
launch angle 6 we over-estimate the actual energetic cost of run-
ning by about a factor of 2. Why is that? Probably because peo-
ple do use their spri C(gs to bounce. They don’t just throw away
ground landing and then jump vertically.
Rather their tendons store energy and release it at each step, doing
something like half of the work needed to get airborne again.




Chapter 13.

SAMPLE 13.3 Projectile hits a slanted floor: A ball of mass m = 0.2kg
is thrown in the air at an angle & = 60° with initial speed vy, = 10m/s.
The ball lands on a hard, frictionless floor that is tilted at angle o« = 20°
with the horizontal. The coefficient of restitution between the floor and
the ball is e = 0.85. Ignore air resistance. Find the height of the ball after
the rebound from the floor.

Solution This problem has two parts to it. In order to figure out the height after rebound,
we need to find the rebound velocity. But to find the rebound velocity, we need to know
the velocity of the ball before impact with the floor. Let the velocity just before the impact
be ¥~ and the velocity of rebound (just after impact) be v*. Let us first find v,

The ball undergoes projectile motion before it lands at A. Its initial (launch) velocity
is ¥, = v,(cosbi + sin 0 j). From energy conservation, we know that the kinetic energy
just before impact at A, m|0~|?/2, must be the same as kinetic energy at launch, mvg /2.
Thus [07] = v,. And, from the symmetry of the flight, we can conclude that 0~ must
make the same angle 6 with the horizontal that ¥, does. Thus, using fig. 13.14, we have

U~ = v,(cos 0i —sin 6 j).

Now we are ready to do collision mechanics at point A. We need to determine v* given
v~ and the coefficient of restitution for the collision at A. From collision law, we know
that the velocity component normal to the floor changes because of the normal impulse
during collision, while the tangential velocity remains the same because there is no force
or impulse parallel to the floor. Thus,

vt-4 = v -4
vt-n = —e(® -n).
Writingoutv* = vyi+vy j, and noting that 4 = cosai+sinajand it = —sinai+cos aj,

we get, from the equations above,

cosavy +sinavy =

—sinavy +cosavy =

v, cos B cosa — v, sin @ sina = v, cos(8 + a)

—evy(—cosOsina —sin O cosa) = ev, sin(0 + a).

These are two equations in two unknowns, v} and U;'. Writing them in a matrix form and
solving the matrix equation, we get

vy \ _| cosa —sina vocos(@+a) \ [ wv,cos(6 +2a)
v T | sina - ’

cosa e v, sin(6 + a) e v, sin(6 + 2a)
Thus, we know the rebound velocity D+ = v,[cos(0 + 2a)i + esin(6 + 2a) j].

To find the maximum height reached by the ball on the rebound, we only need the
vertical component of the rebound velocity. Since the ball has a constant deceleration g,
we can use the formula (vy)2 = (vyu)2 — 2gh with v, = 0 at the maximum height &, to
get,

<%

)2 e sin*(6 + 2a)
o2 2g
Substituting the given values of v, e, 8, and «, and using g = 9.81 m/s?, we get,

max

Ay = 3.57m.
h,,. =3.57m

You can see that the inclined plane helps in getting the ball to reach higher on the bounce.
If the floor were flat (@ = 0), we would get h_,, = 2.76 m. It should be obvious that for
maximum height, we should have sin(6 + 2a) = 1 which gives a = %(g -0).
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Figure 13.14: Trajectory of the ball
through air: From the symmetry of the
trajectory, we can conclude that the
angle the velocity vector makes with
the horizontal at point A is the same
as the angle of launch, 6.
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Figure 13.15: Collision of the ball with
the tilted floor: The ball strikes the
floor with velocity ©~. It rebounds
with velocity v*. The impulse during
the collision acts in the normal direc-
tion to the floor at A. The unit nor-
mal and the unit tangent vectors at A
are i = —sinai + cosaj, and A=
cos i + sin a j respectively.

~>




2 Chapter 13.

Figure 13.16
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Figure 13.17: The ball and the cartasa
system during the collision. There are
no external forces or impulses acting
on the system. Therefore, the linear
momentum must be conserved during
the collision; i.e, L™ = L*.
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Figure 13.18: Free-body diagram of
the ball during the collision. The im-
pulse P, acts normal to the plane of
collision which is the inclined surface
of the cart.
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SAMPLE 13.4 Simultaneous collisions: This problem involves two si-
multaneous collisions. In general, such problems are hard to solve. We
are going to show one way of solving such problems by treating the col-
lisions successively. However, this leads to nonuniqueness of solution.
Here we solve the problem in one way and in the next sample, we solve
the same problem in another way.

A 12kg cart with an inclined face rests on a frictionless floor. A ball
of mass 3 kg is shot horizontally with speed 30 m/s at the inclined face of
the cart. The coefficient of restitution between the cart and the ball is 0.9.
The cart subsequently moves horizontally on the floor. Find the velocity
of the ball and that of the cart after the collision.

Solution There are two simultaneous collisions in this problem. One collision is between
the ball and the cart and the other is between the cart and the ground. Here, we will treat
the two collisions one after the other, the one between the ball and the cart preceding the
one between the cart and the ground. In Sample 13.5, we treat the ground collision first.

Collision between the ball and the cart: Here we assume that the ball hits the cart
and both are free to move in any direction immediately after the collision. Let the mass
of the ball be m, and that of the cart be m,. Let their after collision velocities be ;" and
0, respectively. Let the impulse during this collision be P;.

Let us consider the cart and the ball as a single system during the collision. Then,
the impulse becomes internal to this system and there is no net impulse on this system.
Therefore, the linear momentum is conserved; that is, L™ = L~. From this relationship,
we have,

m, 0] + m,0; = m; 0] + m,0; = m,y,i.
Writing out the unknown velocities in terms of their x and y components and dotting the
resulting equation with i and j separately, we get the following two scalar equations:

myv} + myv) mv, 13.7)
mv}, +my; = 0. (13.8)

We have four unknowns here, vy, vl"y, vy, and v'z*y. So far, we have just two equations.
We need more equations. We can write restitution equation relating the relative velocities

of the ball and the cart in the normal direction before and after the collision:

Now, writing 2 = n,i + n, j and carrying out the dot products (after writing o;" and o
in terms of their components), we get,

vy, —vin, + (v'z*y — vfy)ny = —eu, n,. (13.9)

We still need another equation. Let us now consider the impulse acting on the ball during
the collision. From the free-body diagram shown in fig. 13.2, we can write the change in
momentum of the ball as,

S Sy oo
Pn = mpu —m,

or P(ndi+n,j = mji+ vl’“yj — v,b).

Again, separating out this equation in scalar equations (by dotting the equation with i
and j separately), we get,

Pn, —mv}, —my, (13.10)
Pin,—myuf, = 0. (13.11)

© 2026 Andy Ruina & Rudra Pratap



Chapter 13.

Now, we have added another unknown P,, but fortunately, we have got an extra equation
too. We now have five unknowns and five independent equations. So we should be able
to solve for all the unknowns.

For solving these equations, we first write them in matrix form and then use a com-
puter to solve them. We write eqn. (13.7)-eqn. (13.11) as,

m 0 m 0 0 v} m,v,
0 m 0 m, O vy, 0
-n, -n, n, n, 0 vy | =] —evyn,
-m, 0 0 0 n v, —m,v,
0 -m; 0 0 n, P, 0

Here is the pseudo computer code to solve this matrix equation:

ml =3, m2 = 12

theta = pi/6 % angle in radians

nx = -sin(theta), ny = cos(theta) % components of the normal
v0 = 30

e= 0.9

A=[ml 0 m2 O 0 % x comp of lin mom bal

0 mi 0 m2 O % y comp of lin mom bal

-nx -ny nx ny O % restitution equation

-ml 0 O O -nx % impulse-momentum for ml, x comp

0 -ml1 0 O -nyl 7% impulse-momentum for ml, y comp
b = [mixv0 O -exvO*nx -ml*vO O]’ % the known right hand side
solve A*x = b for x

The solution thus computed gives us
vl =18.60m/s, vy, =19.74m/s,
vy =2.85m/s, vy, = —4.94m/s,

P, = —68.40N - s.

of = (18.60m/s)i + (19.74m/s)j
vl = (285m/s)i + (—494m/s)j

O

Collision between the cart and the ground: Now, we consider the collision between
the cart and the ground, taking ©," as the velocity of the cart just before the collision.
Figure 13.19 shows the impulse from the ground acting on the cart. We know the final
velocity of the cart has to be in the i direction. Just to keep our notations straight, let us
denote the velocity of the cart after collision as 0;* (after the second collision) and keep
the incoming velocity as f);. Then, from impulse momentum, we have,

s S =4
P,j=m,0; m,v, .

This is a vector equation which we can write as two scalar equations in the i and j direc-
tions. Note that O} = v;*i and we already know 0} = (2.85m/s)i + (—4.94m/s)j as
found before. Thus,

vyt = 0y -1=285m/s

P, = -my; - j=—-(12kg)(—4.94m/s) =59.24kg- m/s = 59.24N - s.

U}t =2.85m/si
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i P,

Figure 13.21: Free-body diagram of
the ball-cart system during the colli-
sion with the ground. The ground im-
pulse is P, the velocities of the ball and
the cart before the collision are given
— U, =y, b, = 0, and the veloc-
ities after the collision D} = v,i and
;" = v{,i + 0], j are unknown.
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Figure 13.22: Free-body diagram of
the ball during the collision with the
cart. The cart impulse P, acts along
the normal 2. From geometry, we find
thata =n,i+n,j= —sinai+cosaj.
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SAMPLE 13.5 Simultaneous collisions again: Consider the ball and
the cart collision problem of Sample 13.4 again. This time, consider the
ball and the cart together to have a collision with the ground first. Then
consider the collision between the cart and the ball. Once again, you are
to find the final horizontal velocity of the cart. The problem parameters
are the same — mass of the ball m; = 3kg, mass of the cart m, = 12kg,
e = 0.9 between the ball and the cart, and the velocity of the ball before
impact, v, = 30m/s.

Solution Let us consider the ball and the cart as a system colliding with the ground as
shown in fig. 13.21. There is an unknown external impulse P, from the ground acting on
this system in the j direction. Using this information, we now write impulse-momentum
equation for this system:

P,j=L,—L, =m0} +m,0; —m,0;
Assuming that v = v} i + v, j and v} = v}, and using the given information v, =
v,i, we obtain the following two scalar equations from the vector impulse-momentum
equation:

myv} + m,vy mu, (13.12)
muy =P, = 0 (13.13)

So far, we have two equations and four unknowns — vy, vfy, vy and P,. Obviously, we

need more equations. Now, let us consider the collision between the cart and the ball.
Let the impulse of this collision be P;. Then the impulse-momentum equation for the
ball gives us,

P = m, (v} i+ vf ) — mu.
Once again, we separate out the scalar equations from this vector equation, using the
information 2 = n,i + nj:

(13.14)
(13.15)

+ =
mu —Pn, = my,

muf —Pn, = 0
Thus, we have now four equations; we still need one more. We now use the restitution
equation to relate the normal components of the relative velocities of approach and de-

parture of the ball and the cart:

@ -v))-n

+ +
> uLn tupn

—e(vy —Vv))-h

u,n, = (13.16)

N —e Uyl

Y
Now we have five equations in five unknowns. All we need to do now is to solve these
linear equations for all the unknowns. We do so by first writing the five equations
(eqn. (13.12) to eqn. (13.16) in matrix form and then solving the matrix equation on a
computer. The matrix equation is:

m 0 m, 0 0 v} m,v,
0 m O 0 -1 vy, 0

m, 0 0 -n. O vy |= m,u,
0 m 0 -n, 0 P, 0

n, n, —n, 0 0 P, —eyyh,.

Solving this equation as in the previous sample, we get,

vl =16.59m/s, vf'y =23.23m/s, v =3.35m/s, P, = 8047N- s, P, = 69.69N - s.
v = (3.35m/s)i
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Note that the answer obtained here is not the same as that found in Sample 13.4; the
cart moves a bit faster to the right in this answer. Depending on the mass ratios and the
angle of impact, the two methods can give very different answers or very close answers.
Welcome to the world of modeling!

Introduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap 5
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13.2 Collisions and
explosions

Preparatory Problems

13.2.1 Assuming 6, v, and e to be
known quantities, write the following
equations in matrix form set up to solve
for v/, and v;‘y:

s ! ! —_
sin v/, + cos GvAy = ey, cos B

’ : r :
cosOv), —sin GvAy = v, sin 6.

13.2.2 The equation (0] —0)) -7t = e(D, —

v,) - A relates relative velocities of two

point masses before and after frictionless

impact in the normal direction 7 of the
!

impact. If 0] = v, i+ v Js v, =

=0, v, = 2ft/si —
1, A
\/—E(l + j), find the

—0,i, e = 0.5,
5ft/sj, and 7

scalar equation relating the velocities in
the normal direction. *

.S

13.2.3 The following three equations are

obtained by applying the principle of

conservation of linear momentum on
some system.

My, = 24m/s m, — .67myvy — .58m v,
0=36m/sm, + .33mzvy + 0.3m 0,
0=23m/sm, —.67mguy — .58mc 0.

Assume v,, g, and v, are the only un-

knowns. Write the equations in matrix
form set up to solve for the unknowns. *

13.2.4 The following three equations are
obtained to solve for v/, , v/, ,and v} :

Ax? T Ay’
’ ’ o _

(vp, — V), )cosb = Uy sin6 —10m/s
A — _
UAxsmG—vAycosG 36m/s
’ ro_

mgup. +myvl, = (—60m/s)m,.

Set up these equations in matrix form. *

13.2.5 Solve for the unknowns v/, , v/, ,
x y

and v, in problem 13.2.4 taking6 = 50°,

m, = 1.5mg and my = 0.8kg. Use any
computer program. *

13.2.6 Using the matrix form of equa-
tions in Problem 13.2.1, solve for v’
and v’ if 6 = 20" and v, = 5ft/s. *

Introduction to Mechanics for Engineers «

More-Involved
Problems

13.2.7 Two frictionless equal-mass pucks
sliding on a plane collide as shown be-
low. Puck A is initially at rest. Given
that (Vp), = 1.0m/s, (V,), = 0, and
(V,); = 0.5m/s, find the approach an-
gle ¢ and rebound angle y. The coeffi-
cient of restitution is e = 0.9.

(Va)r

QA (Va)i=0

(VB)r
il

Problem 13.2.7

13.2.8 Reconsider problem 13.2.7. Given
instead that y = 30°, (V,), = 0, and
(V4); = 0.5m/s, find the initial velocity
of puck B.

13.2.9 A ball of mass m = 0.5kg is
thrown up in the air with initial speed
v, = 50m/satanangle® = 60°. The ball
lands on and bounces off a slanted floor
that makes an angle ¢ = 15° with the
horizontal. Assume the collision with
the floor to be elastic and ignore air drag
on the ball.

a) Find the impulse of the collision of
the ball, *

b) After bouncing off the slanted
floor, how much horizontal dis-
tance does the ball travel before
landing on the ground again? Is
this distance more, less, or the
same as it would have travelled
had the floor not been slanted? *

Problem 13.2.9

© 2026 Andy Ruina & Rudra Pratap

13.2.10 Solve the general two-particle
frictionless collision problem. For exam-
ple, write computer code that has lines
like this near the start :

ml=3; m2=19 Set values of masses

vizero=[10 20] Initial velocity of
mass 1 .

v2zero=[-5 3] Initial velocity of
mass2

e=.5 Set coefficient of
restitution

theta=pi/4 Angle that the

normal to contact
plane makes,
measured CCW
from +x axis, in

radians .
Your program (function, code, script)

should calculate the impulse of mass 1
on mass 2, and the velocities of the two
masses after the collision. Your program
should assume consistent units for all
quantities.

a) You should demonstrate that your
program works by solving at least
4 different problems for which you
can check your answer by sim-
ple pencil-and-paper calculations.
These problems should have as
much variety as possible. Sketch
these problems clearly, show their
analytic solution, and show that
the computer agrees. *

b) Solve the problem given in the
sample text given in the initial
problem statement.

13.2.11 A projectile is launched at 6 =
40° with speed v, = 25m/s. The pro-
jectile lands on a steel plate that can be
adjusted to make any angle a with the
horizontal. The projectile bounces off
the steel plate without losing any en-
ergy. The projectile is required to reach
a height after rebound twice as much as
it did during its flight before hitting the
plate. Ignore air resistance.
a) Find the required angle a of the
plate. *
b) Can you always find some « for
any launch angle 6 < 7/2 such
that h, = 2h,? *

Problem 13.2.11



2 Chapter 13.

13.2.12 Two equal mass cars approach an
intersection at right angles. They crash
and stick together. One of the cars was
going at 30 mph before the crash. The
other car’s path gets deflected by 15°.
How fast was it going? *

13.2.13 A ball m is thrown horizontally
at height h and speed v,. It then has
a sequence of bounces on the horizon-
tal ground. Treating each collision as
frictionless with restitution coefficient e
how far has the ball travelled horizon-
tally when it just finishes bouncing? An-
swer in terms of some or all of m, g, h, v,
ande. *

13.2.14 A game involves using a pedal
to direct a falling ball into a fixed verti-
cal slot by simply rotating the pedal when
the ball hits the pedal. A model of this
game is shown in the figure. The ball is
thrown horizontally with an initial speed
v = 10m/s from a height h; = 3m. The
pedal is located at d = 2 m from the wall
that houses the slot at height h, = 2m.
The slot itself is 0.3 m in extent. The co-
efficient of restitution between the pedal
and the ball is e = 0.9. The air resis-
tance is negligible. Find the angle o or
the range of this angle, so that the ball
makes it through the slot. You can ignore
the dimensions of the ball. *

Yo
RS
h 81 @ I
2
o AL J
= b—d— X

Problem 13.2.14

13.2.15 An airplane is flying steadily at
an altitude of 30,000ft at a speed of
500mph. It explodes into two equal
pieces. One piece is found to the right
of the airplane’s initial trajectory and
8 miles forward of the explosion point.
Where should you look for the other
piece? Assume the interaction impulse
is in the horizontal plane and make the
approximation that the two pieces fly in
frictionless parabolic trajectories. *
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13.2.16 Consider the simultaneous colli-
sion of a ball with a ramp and the ramp
with the ground. Consider the ball to be
much more massive than the cart; m;, =
20kgand m, = 1kg. The angle of the in-
clined face is very shallow, « = 2°. The
ball hits the cart with the velocity v, =
50 m/si. The impact of the ball with the
ramp is elastic and frictionless. The ramp
ends up moving in the i direction. Find
the subsequent velocities of the ball and
the cart using the two methods discussed
in Sample 13.4 and Sample 13.5. Com-
ment on the answers you get. How will
your answers change if you reversed the
mass ratio? *

Problem 13.2.16

13.2.17 Consider the simultaneous colli-
sions problem of problem 13.2.16 again.
Now assume that m, = 5kg, m, = 10kg,
U, = 50m/s, e = 0.75, and the angle
a = 88°. What is the net loss of energy
in the impacts as calculated the two dif-
ferent ways? *

Problem 13.2.17
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/ .
for v/, and Uy

sin6v,, + cos OV, = ev, cos6
13.2.1 Assuming 6, v,, and e to be , . s .
known quantities, write the following cos Bv),, —sin6v),, = vy sin 6.
equations in matrix form set up to solve

Answer:
D .
v, = —Uy(1 —e)sinBcosb

r 2 2
v, = —Ug(ecos®6 + sin” )

1R.9.1
Aln© tog O Vi : @ Lol
= Vo
oL 6 - A0nQ WAV Ane
g' g8 -1
Vax ALng so 0 oo
= Y%
v, -
AY <o - R0NG NS
~AINO (oSO € s @
’ch
= 334 SenS 24O
Vi ; (l‘f’),‘iEAC(LS@
= - \10
Vay 0w0s’e 4+ Alno

Disclaimer: We have lost track of the many people who wrote these solutions.

They are not official and have not been reviewed by the authors for correctness. 1
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—v,i, e =05, U, = 0, v, = 2ft/si —
13.2.2 The equation (¥} — ¥)) - A =  5ft/sj, and A = —(i + j), find the
= = A . ces 2
e(v, — D,) - i relates relative velocities V2
of two point masses before and after fric-
tionless impact in the normal direction iz
of the impact. If 0} = v, i+ v Js v, = Answer:
v+ vy, +y, =15

scalar equation relating the velocities in
the normal direction.

(\qm ’Lu“)/l) + \'1\3 = € ‘( 2l “5)
U 10y Vs 05 x ()
'Lcnu 4\’;\3 LAV «5

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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13.2.3 The following three equations Assume v,, g, and v, are the only un-
are obtained by applying the principle knowns. Write the equations in matrix
of conservation of linear momentum on form set up to solve for the unknowns.

some system.

Answer:
myv, = 24m/sm, — .67myv, — .58m v,
0=36m/sm, + .33my0, + 0.3m 0, 0 —.67my; —.58m,\(v, 23m/s
0=23m/sm, —.67myvy — .58MmU.. 0 0.33m,; 0.03m, |[|v; | =—m,|36m/s
-m, —.67my —.58m,J\v, 24m/s
v, : kcuy g V., ove unknowm
I 0 v
=-6Tmg —p-Sgme ° =223m,
(0] 0-33m LC'Z $ -3 6m
s 2 03me¢ A
~Mo 0-6Tmyp —69 m, v, “2ymp

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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13.2.4 The following three equations are Set up these equations in matrix form.

obtained to solve for v/, , v/, , and v}, :

Ax> “Ay? Answer:
(vp, — V), )cos6 = v), sin® —10m/s
vl sinf = v, cos6 —36m/s —cos6 —sin® cosf v, 10m/s
, , sin@ —cos® 0 v |=—|36m/s
mguy +myvl, = (—60m/s)m,. m ay | =
x x 1 0 -2 Ny 60m/s
m, Bx
1R &
o — ) b
. ~1lo
~Cos® ~ ALnd (0So Vﬁ.}( ;
Ao - (DCE ‘ J - — B
<o 0 A v 2 36
My O Mp v -bomMn
l ¥ J

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 13.2.5

5

13.2.5 Solve for the unknowns v/, , v/, ,
X y

and v, in problem 13.2.4 taking6 = 50°,

m, = 1.5my, and m, = 0.8kg. Use any

computer program.

Answer:

v, =39.62, v, = —-879 andv, =

X ¥y x
13.59

clear all;

clc;

theta = 50*pi/180; % Angle in radians
mB_by mA=1.5;

A = [-cos(theta) -sin(theta) cos(theta);

sin(theta) -cos(theta) 0;
1 0 mB_by mA];
Y = [- 10 36 60]";
X = A\Y;
Matlab gives:

X =[39.62 - 8.79 13.59]’

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 13.2.6

13.2.6 Using the matrix form of equa-
tions in Problem 13.2.1, solve for v',,
and v’ if6 = 20" and v, = 5ft/s.

Answer:
v, = 1.6(e —1)and v',, = —(4.4e +
0.58)

1o 2l

9= 20°

and Vo= 5 [

Fyom (2 &- L

3
\/l\ "

Ay

Van

Vay

\}gu

V'M

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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(Va)r
13.2.7 Two frictionless equal-mass (Va)=0
pucks sliding on a plane collide as shown (VB)r O A Ai
below. Puck A is initially at rest. Given Y] .
that (Vz), = 1.0m/s, (V,); = 0, and S
(V4); = 0.5m/s, find the approach an- RN /d’
gle ¢ and rebound angle y. The coeffi- (Va): B
cient of restitution is e = 0.9. B Q
Problem 13.7
1T J
T Du g oUision Aftee tollision
, CelAision i
Beforre g W=V M= o5
- \ ™y
QO et -7 P
e n
""" 7 )
"© L.
& L

Ne)p =

Givem: @A)-«l—,o y (’V,;)i.:) ;(\/,)f:o(g')' g 0-9
Lud §, ¥
Lok (Va)ﬁ"v

(\))A)., =0 n A
(§O0= U@ o Ui b )
N i

- tc,y)d),ﬁb ,{,5\;\/)#‘\}

A
W‘A)(« c -5 ) .
. Yo ¥ 1 AW W)
CAE ~N e

N oA
N ¥ v ey
[waany  wiowmtndises 3;W

Connern~vadt 0/& R >
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) 2 .
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13.2.7 Two frictionless equal-mass pucks sliding on a plane collide as shown be-
low. Puck A is initially at rest. Given that (Vg); = 1.0m/s, (V4); = 0, and

(V4)r = 0.5m/s, find the approach angle ¢ and rebound angle y. The coefficient
of restitution is ¢ = 0.9.
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13.2.8 Reconsider problem 13.2.7. Given
instead that y = 30°, (V,), = 0, and
(V4); = 0.5m/s, find the initial velocity
of puck B.
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Problem 13.2.9

13.2.9 A ball of mass m = 0.5kg is
thrown up in the air with initial speed
v, = 50m/satanangle @ = 60°. The ball
lands on and bounces off a slanted floor
that makes an angle « = 15° with the
horizontal. Assume the collision with
the floor to be elastic and ignore air drag
on the ball.

a) Find the impulse of the collision of
the ball,

b) After bouncing off the slanted
floor, how much horizontal dis-
tance does the ball travel before
landing on the ground again? Is
this distance more, less, or the

same as it would have travelled
had the floor not been slanted?

Problem 13.9

Answer:
(a) 2muy, sin(6 — a)(sin ai + cos « j)

UZ

(b)d = - sin(26—4«); The distance af-
g

ter bouncing off a slanted floor is more.
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Problem 13.2.10

13.2.10 Solve the general two-particle
frictionless collision problem. For exam-
ple, write computer code that has lines
like this near the start :

m1=3; m2=19 Set values of masses
vizero=[10 20] Initial velocity of

masses after the collision. Your program
should assume consistent units for all
quantities.

a) You should demonstrate that your
program works by solving at least
4 different problems for which you
can check your answer by sim-
ple pencil-and-paper calculations.

mass 1
v2zero=[-5 3] Initial velocity of These problems should have as
mass2 much variety as possible. Sketch
e=.5 Set coefficient of these problems clearly, show their
restitution analytic solution, and show that
theta=pi/4 Angle that the Y

normal to contact
plane makes,
measured CCW
from +x axis, in

radians .
Your program (function, code, script)

should calculate the impulse of mass 1
on mass 2, and the velocities of the two

the computer agrees.

b) Solve the problem given in the
sample text given in the initial
problem statement.

Answer:

One test problem is this: 0, = 1,0, =
ﬁ,ml =m, = l,e = 0,0 = 0. This
should have the solution o = o} =
0.51, P = 0.5i.

MAE2030 HW P28 (13.2.10) Solution
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General two-particle frictionless collision

Aut hor: Duan Li
Mar 18, 2021

% Thi s program sol ves the general two-particle frictionless
% col I'i si on probl em

clear all; close all
% ##### USER | NPUT #####

partN "b';
caseN = 4; %only for part (a)

% Settings for different parts/cases
if partN=="a" %part (a)
switch caseN
% 4 different cases to verify the code
case 1

n2
vilzero
v2zero
e = 1;
theta = 0
case 2
mL. = 10000
m = 1;
vizero
v2zero
e = 1;
theta = 0
case 3

[1, 0]";
[—1! O]Iv

o,
0]";

[0
[-2,

[

[0, -1]1";
e =20

theta = pi/2

ot herw se
error('lnvalid case nunber.")
end
elseif partN == "'b" %part (b)
m = 3;
nm = 19;

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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vlzero = [10, 20]';
v2zero = [-5, 3]';
e = 0.5;
theta = pi/4;

el se

error('lnvalid part nunber.")
end

% pack paraneters

p.nm = nmi;

p.n2 = ng;

p.vli = vilzero;
p.v2i = v2zero;
p.e = e;
p.theta = theta;

% sol ve the two-particle frictionless collision problem
[, vif, v2f] = collision(p);

% print out solutions
disp(' Velocity of mass 1 after the collision')

di sp(vif)

di sp(' Velocity of nass 2 after the collision')
di sp(v2f)

di sp(' I npul se of mass 1 on nass 2')

disp(-1)

function [I, vif, v2f] = collision(p)
% | nput (wapped in p):

%nl - mass 1

%n2 - mass 2

% vli - initial velocity of mass 1, 2x1 vector
% v2i - initial velocity of mass 2, 2x1 vector
% e - coefficient of restitution

% theta - angle of the nornal to contact plane,
% neasured CCWfrom +x axis, in radians
% Qut put

% | - inpulse of mass 1 on mass 2, 2x1 vector

% v1f - velocity of mass 1 after the collision, 2x1 vector
% v2f - velocity of mass 2 after the collision, 2x1 vector

% unpack paraneters
nanmes = fiel dnanmes(p);
for i = 1:1ength(nanes)
eval ([names{i} '= p." nanes{i} ';']);
end

% col |'i sion plane nornmal vector
nx cos(theta);

ny sin(theta);

n=1[nx, nyl";

% Matrix M

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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M= [nl, O, 0, 0, -nx;
0, mi, 0, 0, -ny;
0, 0, n2, 0, nx;
0, 0O, 0, nR2, ny;
nx, ny, -nx, -ny, 01];

% right hand side vector b
b [mi*v1i; nmR*v2i; -e*(vli-v2i)'*n];

% sol ve for the unknowns
X = M\ b;

% unpack the solution
vif = x(1:2);

v2f = x(3:4);

I = x(5)*n;

end

Vel ocity of mass 1 after the collision
-10.7273
-0.7273
Velocity of mass 2 after the collision
-1.7273
6.2727
I mpul se of mass 1 on mass 2
62.1818
62.1818

Published with MATLAB® R2020b

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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13.2.11 A projectile is launched at 6 =
40° with speed v, = 25m/s. The pro-
jectile lands on a steel plate that can be
adjusted to make any angle a with the
horizontal. The projectile bounces off
the steel plate without losing any en-
ergy. The projectile is required to reach
a height after rebound twice as much as
it did during its flight before hitting the
plate. Ignore air resistance.

a) Find the required angle a of the
plate.

b) Can you always find some «a for
any launch angle 6 < 7/2 such

that h, = 2h,?

Problem 13.11

Answer:

(a) a is the solution to equ. sin(6 +
2a) = \/5 sin@

(b) & can be obtained only for 0 < 6 >
i @ = sin’l(\ﬁsins)—s
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13.2.12 Two equal mass cars approach
an intersection at right angles. They
crash and stick together. One of the cars
was going at 30 mph before the crash.
The other car’s path gets deflected by 15°.
How fast was it going?

Answer:
112 mph
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13.2.13 A ball m is thrown horizontally
at height h and speed v,. It then has
a sequence of bounces on the horizon-
tal ground. Treating each collision as

how far has the ball travelled horizon-
tally when it just finishes bouncing? An-
swer in terms of some or all of m, g, h, v,
and e.

Answer:

frictionless with restitution coefficient e
ooy /2 (22)
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13.2.14 A game involves using a pedal makes it through the slot. You can ignore
to direct a falling ball into a fixed verti- the dimensions of the ball.
cal slot by simply rotating the pedal when Y 7
the ball hits the pedal. A model of this NG N I l
game is shown in the figure. The ball is T T am
thrown horizontally with an initial speed n g ) o T
v = 10m/s from a height h, = 3m. The ! N A A
pedal is located at d = 2 m from the wall A C 12
that houses the slot at height 4, = 2m. o |
The slot itself is 0.3 m in extent. The co- -—d x
efficient of regtitution between the ped_al Problem 13.14
and the ball is e = 0.9. The air resis-
tance is negligible. Find the angle o or Answer:
the range of this angle, so that the ball o = ! tan~! (2” o—/2%8 )
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Where should you look for the other

13.215 An airplane is flying steadily  piece? Assume the interaction impulse
at an altitude of 30,000ft at a speed  js in the horizontal plane and make the
of 500mph. It explodes into two equal  approximation that the two pieces fly in

pieces. One piece is found to the right frictionless parabolic trajectories.
of the airplane’s initial trajectory and
8 miles forward of the explosion point. Answer:

4 miles forward of the explosion point.
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13.2.16 Consider the simultaneous col-
lision of a ball with a ramp and the ramp
with the ground. Consider the ball to be
much more massive than the cart; m; =
20kg and m, = 1kg. The angle of the in-
clined face is very shallow, « = 2°. The
ball hits the cart with the velocity 0, =
50m/si. The impact of the ball with the
ramp is elastic and frictionless. The ramp
ends up moving in the i direction. Find
the subsequent velocities of the ball and
the cart using the two methods discussed
in Sample ?? and Sample ??. Comment
on the answers you get. How will your

answers change if you reversed the mass
ratio?

Problem 13.16

Answer:

If the collision between the ball and the
cart is considered first we get v, =
0.11 m/s while if the collision between
the cart and ground is considered first
we get U, = 2.26 m/s. If the mass ra-

tio is reversed we get v_._. = 0.0055m/s
cart
and v,,,, = 0.0058 m/s in the two cases
respectively.
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C:\Users\Smart\Downloads\Prob_12_2_16.m 03 March 2017 12:47
% Dynamics Solutions

% Chapter 12

% Problem: 12.2.15

% Method 1 Sequence of collisions

clear all
ml = 1; % mass of the ball in kg
m2 = M % mass of the cart in kg
alpha = 2*pi/ ; % ramp angle in radian
v0 = H % initial velocity of the ball m/s
e = H % coefficient of restitution
M= [mi, O, m2, O, O;...
, mi, O, m2, O;...
sin(alpha), -cos(alpha), -sin(alpha), cos(alpha), 0;...
-m1, 0, 0, 0, -sin(alpha);...
, -ml, 0, 0, cos(alpha)]
P = [m1*v0; 0O; -e*vO*sin(alpha); -ml1*v0; 0]
Vp = M\P

P2 = -m2*Vp(4,1)

% Speed of ramp in x direction after second collision
V2xpp = Vp(3,1)

%

%% Method 2 Simultaneous collisions

Mm = [m1, O, m2, O, O;...

, mi, O, O, -15...
ml, O, O, sin(alpha), 0;...
, ml, O, -cos(alpha), 0O;...
-sin(alpha), cos(alpha), sin(alpha), 0, 0]
Pp = [m1*v0; 0; ml*vO; O; e*vO*sin(alpha)]
Vv = Mm\Pp;
v2vx = W(3,1)
Pp2 = W(5)

1-

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.



36 Chapter 13. 2. Collisions.uiroduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap

Problem 13.2.17

13.2.17 Consider the simultaneous col-
lisions problem of problem 13.2.16 again.
Now assume that m; = 5kg, m, = 10kg,
v, = 50m/s, e = 0.75, and the angle
a = 88°. What is the net loss of energy Problem 13.17
in the impacts as calculated the two dif-
ferent ways?

Answer:
Energy lost is 1829.3J by one method
while it is 1824.9 J by another method.

C:\Users\Smart\Downloads\Prob_12_2_17.m

03 March 2017 12:46

% Dynamics Solutions

% Chapter 12

% Problem: 12.2.15

% Method 1 Sequence of collisions

clear all

ml = 5; % mass of the ball in kg

m2 = 10; % mass of the cart in kg

alpha = 88*pi/180; % ramp angle in radian

v0 = 50; % initial velocity of the ball m/s
e = 0.75; % coefficient of restitution

M=[ml, O, m2, O, O;...
0, mi, O, m2, O;...
sin(alpha), -cos(alpha), -sin(alpha), cos(alpha), 0;...
-ml, 0, 0, 0, -sin(alpha);...
0, -m1, 0, 0, cos(alpha)]
P = [m1*v0; 0O; -e*vO*sin(alpha); -ml1*vO; O]
Vp = M\P
P2 = -m2*Vp(4,1)
% Speed of ramp in x direction after second collision
V2xpp = Vp(3,1)
%
%% Method 2 Simultaneous collisions
Mm = [m1, O, m2, O, O;...
0, my, O, O, -1;...
ml, O, O, sin(alpha), O;...
0, ml, O, -cos(alpha), O;...
-sin(alpha), cos(alpha), sin(alpha), 0, 0]
Pp = [m1*v0; O; ml*v0; 0; e*vO*sin(alpha)]

Vv = Mm\Pp;
v2vx = W(3,1)
Pp2 = Ww(%)

%% Energy loss

Ek1l = 1/2*ml1*v0™2 % initial energy in J

Ek21 = 1/72*m1*(Vp(1)N2+Vp(2)"2)+1/2*m2*(Vp(3)N2+Vp(4)12)
El11 = Ek11-Ek21

Ek12 = 1/2*ml1*v0™2 % initial energy in J

Ek22 = 1/2*m1* (VW (I)N2+VW(2)N2)+1/2*m2* (VW (3)N2)

EI2 = EK12-Ek22

meff = m1*m2/(ml+m2);

dEk1l = 1/2*mefF*((Vp(1)-Vp(3))"2+Vp(2)"2-v0N2)
dEk2 = 1/2*meff*((Vv(1)-VW(@)) 2+VWw(2)"N2-v0™2)

-1-
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