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Figure 12.22: (a) A simple ballis-

tics problem. (b) The well known

parabolic trajectory. (c) The velocity

trajectory, called a hodograph, shows

the sequence of positions of the tip

of the velocity vector. The velocity

starts with vx = vy and then vy de-

creases. (d) Plot of x and y compo-

nents vs time. The y component has

a parabolic shape similar to the parti-

cle trajectory because x is proportional

to t in this problem. (e) The velocity

components versus time. Note, (b) is a

`cross plot' of the two plots in (d), and

(c) is a cross plot of (e).

12.2 Linear momentum, angular
momentum, work and energy

If you know a particle's starting position and velocity, and you know the

force on it as itmoves, then you can use
Ç

F = m
Ç

a to predict its path. That is

the central idea of the previous section. We had no need for ideas related

to momentum, angular momentum, work and energy. For one particle

the one equation
Ç

F = m
Ç

a tells the whole story. So, before we go on to

discuss them further, let us be clear:

The concepts of linear and angular momentum, work and energy

are not needed to study particle mechanics.
Ç

F = m
Ç

a is enough.

So, why do we bother to devote a section to these topics? Because

� These concepts will sometimes be needed when we discuss more

complex systems;

� These concepts sometimes provide a shorter route for answering

some dynamics questions;

� The simplest place to introduce the concepts is in the context of one

particle;

� The concepts give a way to check the consistency of solutions of
Ç

F =

m
Ç

a; and

� The concepts can be an aid to physical intuition.

For more complex systems, principles of momentum and energy tran-

scend
Ç

F = m
Ç

a and can generally not be derived from
Ç

F = m
Ç

a. But for a

single particle, all of these are derived concepts, as worked out in box 12.4

on page 9. Note that

All of the facts and theorems below apply to anymotion of a particle

that is consistent with
Ç

F = m
Ç

a.

Example: Simple ballistics solution.

Consider a ball thrown up at 45ý:
Ç

F = *mg �|, Çr.0/ =
Ç

0 and Çv.0/ = v0 �{ + v0 �|.

We claimed (page 616) that a solution is

Çr = v0t�{ + .v0t * gt2_2/ �| and Çv = v0 �{ + .v0 * gt/ �|:

This solution is plotted various ways in �g. 12.22. These functions of time are

consistent with the initial conditions. Further they are consistent with the gov-

erning equations, the so called `equations of motion', �Çv =
Ç

F_m and �Çr = Çv. All

of the momentum and energy principles below must therefore apply.

Some of the ideas apply even if
Ç

F � m
Ç

a. For example, the work of a force

is de�ned for imagined motions that might never occur.
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Figure 12.23: The force and lin-

ear momentum from the problem in

�g. 12.22. Note that the momentum

curves are the integrals of the corre-

sponding force curves.

Linear momentum

Linear momentum for a particle is de�ned as
Ç

L = m
Ç

v. The particle

momentum-balance theorems (facts) are

Ç

F =
d

dt

Ç

L and Ê
t2

t1

Ç

F dt

«­¯­¬
Linear impulse

=
Ç

L2 *
Ç

L1

These are so trivially related to
Ç

F = m
Ç

a that it is hard to see any content

in them. And, indeed, if we were only studying the mechanics of single

particles we probably would not have introduced the concept of linear

momentum. Nonetheless, the general result does apply:

The net force
Ç

F on a particle is the rate of change of its linear mo-

mentum, �
Ç

L.

A special important case is when there is no force and linear momen-

tum is conserved (doesn't change). For a single particle momentum con-

servation means constant velocity motion.

Example: Linear momentum check

For the simple ballistics solution above we evaluate the left side of the momen-

tum balance equation

Ê
t

0

Ç

F dt¨ = *mgt �|:

Then evaluate the right side:

�
Ç

L =
Ç

L2 *
Ç

L1 = [m.v0 �{ + .v0 * gt/ �|/] * [m.v0 �{ + v0 �|/] = *mgt �|

and check for equality: *mgt �| = *mgt �|. This force and momentum is plotted

in �g. 12.23. The solution is consistent with linear momentum balance. Note

that in this example there is no change in the component of linear momentum

in the �{ direction; there is no force in the x direction so Lx is conserved.

Angular momentum

In dynamics angular momentum is one of the most important ideas, im-

portant theoretically and for solving problems. For one particle

Angular momentum relative to point C is
Ç

H
_C

=
Ç

r_C � .m
Ç

v/,

where
Ç

r_C is the position of the particle relative to �xed point C and
Ç

v is

the velocity of the particle. Angular momentum can be calculated rela-

tive to any point C. Which point you pick a�ects the value of the angular

momentum. Sometimes
Ç

H
_C

is written without the �/� as
Ç

HC. The key

angular momentum theorems (facts) are:

2 Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap
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1 Angular momentum contra-

dicts common intuition. The

notion that angular momentum is

bigger if a given mass is further away

is counterintuitive to most of us.

Imagine a one kilogram mass is going

around your head once per second at

a distance of a meter. Now imagine

a second equal mass going around at

a radius of 10 meters and only going

around once every 100 seconds. The

�rst mass whirls around your head

100 times for each slow orbit of the

second mass. Even though the sec-

ond mass certainly doesn't make its

rotation feel so present its angular

momentum is as big. Intuitive or

not, this is how angular momentum

is de�ned. It's a useful concept so

it's worth adjusting your intuition to

match it.
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Figure 12.24: The torque and angu-

lar momentum about the origin for

the problem in �g. 12.22. For this 2D

problem only the z component is non-

trivial. Note that the angular momen-

tum is the integral of the torque.

Ç

r_C �
Ç

F

«­̄ ­¬
Ç

M
C

= �Ç
H
_C

and Ê
t2

t1

Ç

r_C �
Ç

F dt

«­­­¯­­­¬
Angular impulse

= .
Ç

H
_C
/
2
* .

Ç

H
_C
/
1
:

The torque
Ç

M
C
of all the external forces acting on a particle about

point C is the rate of change of its angular momentum �Ç
H
_C

about

point C.

The intuitive notion is that angular momentum represents how much a

particle is `going around' point C. A particle gets more credit for going

faster, for being more massive, and for being farther away 1 .

If the force on the particle is zero or passes through the point C, the

torque (moment) of the force is zero and its angular momentum is con-

served.

Example: Angular momentum check.

Using the same ballistics example we check the solution for consistency with

angular momentum balance. For no good reason let's use the origin for the an-

gular momentum reference point. We could use any point. Again we compare

the left and right sides and check for equality.

Ê
t

0

Çr_0 �
Ç

F dt

«­­­¯­­­¬
Left side

= Ê
t

0

�
v0t

¨ �{ + .v0 * gt¨
2
_2/ �|

�
� .*mg �|/ dt¨

= Ê
t

0

*v0mgt
¨ �kdt¨ = *v0mg

�kt2_2

Ç

H_02 *
Ç

H_01
«­­¯­­¬
Right side

= Çr.t/ � .mÇv.t// * Çr.0/ � .mÇv.0//

= m
�
v0t�{ + .v0t * gt2_2/ �|

�
�

�
v0 �{ + .v0 * gt/ �|

�
*m

�
Ç

0 � Çv.0/
�

=
�
v0t * gt2 * v0t + gt2_2

�
mv0

�k = *v0mgt
2 �k_2:

This torque and angular momentum are plotted in �g. 12.24. The `left side'

agrees with the `right side' and angular momentum balance is satis�ed, as it

must be. In 2D problems like this there is only one non-trivial component to

angularmomentum, that in the out-of-plane (z) direction. In this case the angu-

lar momentumHz is not conserved because the gravity force does have a torque

about the z axis.

Power balance

The power P of a force
Ç

F on a particle with velocity
Ç

v is P =
Ç

F �

Ç

v. The

kinetic energy of a particle is EK = mv2_2. The power balance equations

are

P = �EK and Ê
t2

t1

P dt = EK2 * EK1:

Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap 3



Introduction to Mechanics for Engineers � Ruina & Pratap Ch 12 Section 12.2

The power P of all the external forces acting on a particle is the rate

of change of its kinetic energy �EK. Or, integrating in time, the power

added up over time is the net change in kinetic energy.

The situation is similar to that for 1D motion (section 10.2).

Power and work

The integral of power with respect to time can be replaced with a path

integral for the work of a force. The key idea is in the di�erential expres-

sions for an increment of work:

dW = Pdt =
Ç

F �

Ç

vdt =
Ç

F �

d
Ç

r

dt
dt =

Ç

F � d
Ç

r:

So

W12 = W12

Power integrated in time = Sum of work increments

Ê
t2

t1

Pdt = Ê
2

1

dW

Ê
t2

t1

Ç

F �

Ç

vdt = Ê
Ç

r2

Ç

r1

Ç

F � d
Ç

r (12.8)

Thus the power balance equation, integrated in time is equivalent to the

�work energy� equation:

Work on particle = Change in its kinetic energy

W12 = �EK (12.9)

= EK2 * EK1

Example: Energy check.

We can check the simple ballistics solution for consistency with energy balance.

4 Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap
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Figure 12.25: The power of the gravi-

tational force and the total kinetic en-

ergy are plotted vs time for the ballis-

tics problem of �g. 12.22. Note that

the kinetic energy is the integral of the

power. The gravitational power starts

out negative, goes to zero when the

particle reaches the apex of its trajec-

tory and then becomes positive ever-

more as the downwards gravitational

force acts on a downwards moving

particle. The kinetic energy starts at

mv2
0
and drops tomv2

0
_2 at the particle

apex when vy goes to zero. Then the

kinetic energy increases forever more

as the gravitational force does more

and more work.

First let's compare the work to the change of kinetic energy.

Ê
t

0

Ç

F �

Çvdt

«­­¯­­¬
Work

= Ê
t

0

.*mg �|/ �

�
v0 �{ + .v0 * gt¨/ �|

�
dt¨

= Ê
t

0

*mg.v0 * gt¨/dt¨ = *mgv0t +mg2t2_2

EK2
* EK1

«­¯­¬
Change in kinetic energy

= m.ðÇvð2 * ðÇv0ð2/_2

= m
�
.v2

0
+ .v0 * gt/2 * 2v2

0

�
_2 = *mgv0t +mg2t2_2

«­­­­­¯­­­­­¬
agrees

This power and kinetic energy are plotted in �g. 12.25. In this check we have

not taken advantage of the fact that this particular force is conservative.

The work of a force
Ç

F: W
12

Previously in Physics, and more recently in one dimensional dynamics

here, you learned that

Work is force times distance.

This is actually a special case of the formula

P =
Ç

F �

Ç

v:

How is that? If
Ç

F is constant and parallel to the displacement �
Ç

x, then

W12 = Ê �W dt = Ê Pdt = Ê Ç

F �

Ç

v dt
«̄ ¬
dÇx

= Ê Ç

F � d
Ç

x =
Ç

F � Ê d
Ç

x

=
Ç

F � �
Ç

x = F�x = Force � distance:

In 2 and 3 dimensions there are subtleties involved with the concept

of work because of its dependence onwhich path in space the force works

on. These `path dependence' subtleties are often covered in some detail

in calculus courses in the sections on vector calculus, path integrals, gra-

dient and curl. We discuss the relevant highlights below.

Potential energy of a force

Some forces (read force �elds
Ç

F =
Ç

F.
Ç

r/) have the property that the work

they do is independent of the path followed by the material point as the

force acts. If the work of a force is path independent in this way (see

box 12.3 on page 7), then a potential energy can be de�ned so that the

work done by the force is the decrease in the Potential Energy

Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap 5
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*�EP = W12 = EP1 * EP2

The common examples are listed below:

� linear spring: EP = .1_2/k.stretch/2.

� gravity near earth's surface: EP = mgh

� gravity between spheres or points: EP = *MmG_r

� constant force
Ç

F acting on a point: EP = *
Ç

F �

Ç

r

In all cases a constant could be added to the potential energy and it would

still be a legitimate potential energy for the force.

In the cases of the spring and gravity between spheres, the change in

potential energy is the network done by the spring or gravity on the pair of

objects between which the force acts. If both ends of a spring are moving,

the net work of the spring on the two objects to which it is connected is

the decrease in potential energy of the spring.

There is a possible source of confusion in our using the same symbol

EP to represent the potential work of an external force and for internal

potential energy. In practice, however, they are used identically, so we

use the same symbol for both. The potential energy in a stretched spring

is the same whether it is the cause of force on a system or it is internal to

the system.

Example: Checking conservation of energy

Because the gravity force is conservative we can also check our simple ballistics

solution for consistency with conservation of energy. Taking the potential en-

ergy as EP = mgh = mgy we �nd, as expected, that the solution does have the

property that

Etot1

?
= Etot2

EK1
+ EP1

?
= EK2

+ EP2

mv2
0
+ 0

?
=

�
v2
0
+ .v0 * gt/2

�
m_2 +mg

y
©­­­®­­­ª

.v0t * gt2_2/

mv2
0

ù

= mv2
0

(Checks)

Using momentum and energy as a check of a
numerical solution

You obtain a numerical solution to
Ç

F = m
Ç

a by setting up the set of �rst

order di�erential equations 12.2 on page 615. In turn, these can bewritten

in explicit scalar form as eqn. (12.3).

While you solve these equations you can add further �rst order equa-

tions that you can use in your energy andmomentum checks. These eval-

6 Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap
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uate the integrals for linear impulse, angular impulse and work.

d

dt
(linear impulse) =

Ç

F;

d

dt
(angular impulse) =

Ç

r_C �
Ç

F; and

�W =
Ç

F �

Ç

v:

The �rst two equations are short hand for 2 (or 3) �rst order scalar equa-

tions for motion in 2 (or 3) spatial dimensions. If these are added to the

system of ordinary di�erential equations that you solve, they can be used

to check the solution.

Summary on using energy and momentum to
check a solution

Because the momentum and energy facts and theorems apply to any mo-

tion consistent with
Ç

F = m
Ç

a they can be used as a consistency check on

any solutions you �nd to the di�erential equations of motion (
Ç

F = m
Ç

a).

Here is the general situation. You are given
Ç

F.t;
Ç

r;
Ç

v/. You are given

initial conditions
Ç

r0 and
Ç

v0 at, say, t = 0. Using computer integration or

pencil and paper methods, you solve the di�erential equation
Ç

a =
Ç

F_m

to get
Ç

r.t/ and
Ç

v.t/. Now your solution can be checked for consistency

with the energy and momentum theorems. In particular, your solution,

if it is correct, must satisfy

� Linear momentum balance: � t
0

Ç

Fdt =
Ç

L2 *
Ç

L1;

� Angular momentum balance: � t
0
Ç

r �
Ç

F dt =
Ç

H2 *
Ç

H1;

� Work-energy: � t
0

Ç

F �

Ç

vdt = EK2 * EK1.

12.3 Conservative forces and non-conservative forces
Imagine that the force

Ç

F on a particle is known to depend on the
position Çr of a particle as it moves. This dependence of

Ç

F on Çr is
called a force �eld:

Ç

F =
Ç

F.Çr/:

As the particle moves from one pointÇr1 to another
Çr2 we can eval-

uate the work of this force �eld as

W12 = Ê
t
2

t
1

P dt = Ê
t
2

t
1

Ç

F �

Çvdt = Ê
Ç

r
2

Ç

r
1

Ç

F.Çr/ � dÇr:

But what if the particle moves between the same two points but
along a di�erent path, is the work W12 the same? If that is true
then the work going fromÇr1 to

Çr2 and back would be zero. Which
means the work of the force when the particle moves on any
closed path would be zero. Here is an example of a force �eld
Ç

F.Çr/ in the xy plane where the work in going on a closed path,
fromÇr1 to

Çr1, from home to home, is not zero:

Ç

F = C[ �k �Çr] = C[*y�{ + x �|]

where C is a constant. This force pushes the particle around in
circles. So, if the particle moves on the circular path

Çr = r0[cos ��{ + sin � �|] .0 f � f 2�/

then the work is the force magnitude times the arc-length (the
force is parallel to the velocity for this path) and so,

Ê
�
2

�
1

Ç

F � dÇr = 2�Cr2
0
� 0:

This force �eld gives non-zero work for some closed paths, thus is
path dependent for open paths and therefore is non-conservative.
How can you tell if a force �eld is conservative or not. This, you

learn in vector calculus, holds if the curl of
Ç

F is zero, �( �
Ç

F =
Ç

0,
everywhere.

Forces from any combination of springs and gravity are al-
ways conservative.

Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap 7
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These have been used in the simple ballistics example above. That linear

momentum balance, angular momentum balance and energy balance,

all are consistent to an assumed solution lends credence to its correct-

ness. For simple problems with such simple analytical solutions, using

this consistency is not themost e�cientway of checking a candidate solu-

tion's veracity. We would be better o� just plugging the proposed solution

back into the di�erential equation to see if it was satis�ed. But in more

complex problems and in numerical solutions, checks like those here are

sometimes simpler to make. Some more comments about these checks:

� The angular momentum check can be used relative to any �xed

point you choose. If you can �nd a point where, say, the ap-

plied force has no moment, then the change of angular momentum

should be zero about that point.

� If the applied force is conservative, thework integral can be replaced

by the change in potential energy and the work-energy check is a

check of the conservation of energy.

� If you try to make the checks with pencil and paper the checks can

sometimes be harder to implement than it was to �nd the original

solution.

� These checks are often very useful, and this is perhaps an under-

statement, for checking the validity of numerical solutions of dy-

namics equations. Basically you shouldn't trust yours or any body

else's code unless such checks have been made. It is hard to write

correct code without making such checks. And such checks are a

strong sign of code reliability because an error in computer codewill

usually lead to an error in momentum balance, angular momentum

balance or energy balance.

8 Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap
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12.4 Derivation of momentum, angular momentum and
energy theorems for a point mass

For a point-mass particle the principles of linear momentum, an-
gular momentum and energy are theorems that can be derived
simply from

Ç

F = mÇa

as follows.

Linear momentum
De�ne linear momentum as

Ç

L = mÇv then di�erentiating we have
the equation

Ç

F = mÇa. It is not so much a derivation but a restate-
ment to write:

Ç

F = �ÇL:

Integrating both sides in time we get

Ê
t
2

t
1

Ç

F dt

«­¯­¬
impulse

=
Ç

L2 *
Ç

L1
«­¯­¬

change of momentum

:

This is the principle of impulse and momentum.

Angular momentum

Start with
Ç

F = mÇa and take the cross product of both sides with
the position relative to a �xed point C and you get

Çr_C �
Ç

F = Çr_C � .mÇa/ :

Now if we de�ne
Ç

H
_C

= Çr_C � .mÇv/ we can di�erentiate to �nd

that, writing out all details,

�ÇH
_C

=
d

dt

�
Çr_C � .mÇv/

�
=

d

dt

��
Çr *ÇrC

�
�mÇv

�
= m

�
�Çr * �ÇrC

�
� Çv +m

�
Çr *ÇrC

�
� �Çv

= m
�
Çv *

Ç

0

�
� Çv +m

�
Çr *ÇrC

�
� �Çv

= mÇv � Çv
«¯¬
Ç

0

+m
�
Çr *ÇrC

�
� �Çv

= Çr_C � .m �Çv/

= Çr_C � .mÇa/

Putting these together we have

Çr_C �
Ç

F = �ÇH
_C
:

Integrating both sides with respect to time we get that the net an-
gular impulse is the change in angular momentum.

Ê
t
2

t
1

Çr_C �
Ç

F dt = .
Ç

H
_C
/
2
* .

Ç

H
_C
/
1
:

Power and kinetic energy
The power equation is found with a shade more di�culty. We
take the equation

Ç

F = mÇa and dot both sides with the velocity Çv
of the particle:

Ç

F �

Çv = mÇa �

Çv: (12.10)

Evaluating Çv �

Ça is most easily done with the bene�t of hindsight.
So we cheat and look at the time derivative of the speed squared:

d

dt
0 1
2
v21 =

1

2

d

dt
.Çv �

Çv/

=
1

2

�
�Çv �

Çv + Çv �

�Çv
�

= Çv �

�Çv

= Çv �

Ça

Applying this result to eqn. (12.10) we get

Ç

F �

Çv
«̄ ¬

P

=
d

dt
0 1
2
mv21

«­¯­¬
E
K

;

the energy (or power balance) equation for a particle.

Integrating in time we get

Ê
t
2

t
1

Ç

F �

Çvdt

«­­¯­­¬
Work

= EK2 * EK1
«­­¯­­¬

Change in kinetic energy

;

Power and work and energy

Because
Ç

F �

Çvdt =
Ç

F �dÇr the time integral of power can be replaced
with a path integral, the standard work integral:

Ê
t
2

t
1

Ç

F �

Çvdt = Ê
Ç

r
2

Ç

r
1

Ç

F � dÇr:

If
Ç

F is a conservative force �eld, meaning a function of position,
then EP.

Çr/ exists, so that

* �(EP =
Ç

F then Ê
Ç

r
2

Ç

r
1

Ç

F � dÇr = EP.
Çr1/ * EP.

Çr2/

and the work-energy equation becomes

E2 = E1

Where E = EK + EP is de�ned as the total energy.
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