Introduction to Mechanics for Engineers — Ruina & Pratap Ch 12 Section 12.1

12.11 Given F(t) = Asin(wt)i + Btj +
Ck, find

1. o(¢)

2. a(t)

3. F(t) x a(t).
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Disclaimer: We have lost track of the many people who wrote these solutions.

They are not official and have not been reviewed by the authors for correctness. 1
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12.1.2 A particle of mass =3 kg travels in
space with its position known as a func-

tion of time, ¥ = (sin i) mi+(cos t—) mj+
S S
L o
tes m/sk. Att = 3, find the particle’s
a) velocity and

b) acceleration.
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Chapter 12. 1. Dynamics...

Problem 12.1.3

a) velocity and

12.1.3 A particle of mass m = 2kg b) acceleration, and

travels in the xy-plane with its posi-
tion known as a function of time, ¥ = ¢) draw the three vectors.
3t2m/s’i + 432 j. Att = 5s, find the
53 Answer:
(a) v(5s) = (30% + 300j) m/s.

particle’s
(b) a(5s) = (6i + 120j) m/s>.
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.



4 Chapter 12. 1. Dyna.mics.lmroduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap Problem 12.1.4

12.1.4 The velocity of a particle of mass
m on a frictionless surface is given as v =
(0.5m/s)i — (1.5m/s)j. If the displace-
ment is given by A¥ = ¥t, find (a) the dis-
tance traveled by the mass in 2 seconds
and (b) a unit vector along the displace-
ment.
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 12.1.5 5

12.1.5 IfF = (u, sin Qt)i+v, jand 7(0) =
Xoi+Y,J, with u, vy, and Q as constants,
find 7(¢) = x()i + y(¢)j.

Answer:
rit) = (x0 + %" — %" cos(Qt))i +
(3o + vot) J-
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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121.6 For o = v, + v,j + v,k and
a =2m/s’i — (Bm/s’ — 1m/s*t)j —
5m/s* t2k, write the vector equation ¥ =
J adt as three scalar equations (i.e., find
v, (1), v, (1), and v,(1)).
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 12.1.7

7

12.1.7 Find #(5s) given that F o=
v, sin(ct)i + v, jand #(0) = 2mi + 3mj,
and that v, is a constant 4m/s, v, is a

constant 5m/s, and c is a constant 4s7*,
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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12.1.8 Let¥ = v,cosai + v,sinaj +
(vytan® — gt)ic, where vy, a, 6,and g
are constants. If#(0) = 0, find 7(¢).
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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9

12.1.9 On a smooth circular helical path
the velocity of a particleis # = —Rsin ti+
Rcostj + gtk. If #(0) = Ri, find
7((/3)s).
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 12.1.10

12.1.10 A particle travels on a path in

the xy-plane given by y(x) = sin’(<)m.

where x(t) = t3(—[:). What are the ve-
S

locity and acceleration of the particle in

1
cartesian coordinates when ¢t = (77)3 s?
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 12.1.11
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12.1.11 The position of a particle is given
t

by #(t) = (t*m/s?i + e mj). What are
the velocity and acceleration of the par-
ticle as functions of time? Draw the path

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.

of the particle and show the vectors ¥ and
aatt=1s.

Answer: .
U=2tm/s’i+esm/sj,a=2m/s’i+
t

esm/sj.
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Problem 12.1.12

12.1.12 A particle travels on an ellipti-
JC2 .

cal path given by y* = b*(1 — =) with
a

constant speed v. Find the velocity of the

particle when x = a/2and y > 0in
terms of a, b, and v.
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 12.1.13

13

12.1.13 A particle travels on a path in the

xy-plane given by y(x) = (1 —e m)m.
Make a plot of the path. It is known that
the x coordinate of the particle is given
by x(¢t) = t*m/s’. What is the rate of
change of speed of the particle? What
angle does the velocity vector make with
the positive x axis when ¢ = 3s?
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" Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 12.1.14

12.1.14 A particle starts at the origin
in the xy-plane, (x, = 0,y, = 0) and
travels only in the positive xy quadrant.
Its speed and x coordinate are known to

be v(t) = 4/1+ (siz)zf2 m/s and x(t) =

t m/s, respectively. What is 7(¢) in carte-

sian coordinates? What are the velocity,
acceleration, and rate of change of speed
of the particle as functions of time? What
kind of path is the particle on? What
is the distance of the particle from the
origin and its velocity and acceleration
when x = 3m?
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 12.1.15
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12.1.15 For a particle, 3 F = md. Two
forces F, and F, act on amass P as shown
in the figure. P has mass 21bm. The ac-
celeration of the mass is somehow mea-
sured to be @ = —2ft/s?i + 5ft/s?j.

a) Write the equation

ZF‘:mﬁ

in vector form (evaluating each
side as much as possible).

b) Write the equation in scalar form
(use any method you like to get
two scalar equations in the two
unknowns F, and F,).

¢) Write the equation in matrix form.

SR ES

d) Find F, = |F,| and F, = |F,| by
the following methods:

1. from the scalar equations
using hand algebra,

2. from the matrix equation
using a computer, and

3. from the vector equation us-
ing a cross product.
P
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem...
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Disclaimer: We have lost track of the many people who wrote these solutions.
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17
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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12.1.16 Three forces, F’l = 20Ni —

5Nj, F, = F, i+ F, k,and F, = F,4,
ﬁj, act on a body with

where 1 = 2+ 2
2 2

d=-02m/s’i+22m/sj+1.7m/sk.
Write the equation Y F = ma as scalar
equations and solve them (most conve-
niently on a computer) for F,,, F,,, and

mass 2 kg. The acceleration of the body is F,.
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Disclaimer: We have lost track of the many people who wrote these solutions.

They are not official and have not been reviewed by the authors for correctness.
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12.1.17 In three-dimensional space with % Incomplete PSEUDO-CODE file
no gravity a particle with m = 3kg at m = 3;
A is pulled by three strings which pass a =1[123];
through points B, C, and D respectively. ~
The acceleration is known tobea = (1i+ rAB = [ 2 3 5]’;
2j+3k) m/s®. The position vectorsof B, ~ rAC = [-3 4 2]’;
C, and D relative to A are given in the first rAD = [ 11 1]7;
few lines of code below. Complete the ~ uAB = rAB/(magnitude of rAB);
pseudo-code to find the three tensions.
The last lineshouldread T = ... withT
being assigned to be a 3-element column
vector with the three tensions in New- T =
tons. [ Hint: If %, y, and z are three col-
umn vectors then A=[x y z] is a matrix
with %, y, and z as columns.]
®
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 12.1.18

12.1.18 A block of mass 100 kg is pulled
with two strings AC and BC. Given that
the tensions T, = 1200N and T, =
1500 N, find the magnitude and direction
of the acceleration of the block. [ )] F=

ma |

Problem 12.18
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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12.1.19 Neglecting gravity, the only force a=?
acting on the mass shown in the figure

is from the string. Find the accelera- kI \3 Ibf

tion of the mass. Use the dimensions

and quantities given. Recall that Ibf is ; J y
a pound force, 1bm is a pound mass, and =251b
Ibf/Ibm = g. Use g = 32ft/s®. Note m=s2lome o
also that 3% 4+ 4% 4+ 122 = 132
X
Problem 12.19
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 12.1.20

12.1.20 Three strings are tied to the mass
shown with the directions indicated in
the figure. They have unknown tensions
T,, T,, and T,. There is no gravity. The
acceleration of the mass is given as @ =

(—0.5i + 2.5§ + iic) m/s2.

a) Given the free-body diagram in
the figure, write the equations of
linear momentum balance for the
mass.

b) Find the tension T,.

A= 5 (30 +12j +4k)

k < .
T3X3 ;="

| 7
m:6kg// _Fg y
b

X

a= (-51+255+1k)%

Problem 12.20
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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12.1.21

An object C of mass 2kg is pulled by
three strings as shown. The acceleration
of the object at the position shown is @ =
(—0.6i — 0.2j + 2.0k) m/s2.

a) Draw a free-body diagram of the
mass.

b) Write the equation of linear mo-
mentum balance for the mass.
Use A’s as unit vectors along the
strings.

¢) Find the three tensions T, T,, and
T, at the instant shown. You may
find these tensions by using hand

algebra with the scalar equations,
using a computer with the matrix
equation, or by using a cross prod-
uct on the vector equation.

Problem 12.21
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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#21 Solution wmichelle deSouza

Monday, March 8, 2021 2:54 PM
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1= Sﬁr\} o EZ\
T~s 14.6N

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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SMAE 2030 HW 4 SOLUTION

$Problem #21 12.1.22

$Michelle deSouza

%For another example, see 'Matlab Code for Three Strings' on Ed

¢Define unit vectors
i=11;0;0];
j =10;1;0];
k = [0;0;1];

¢Define m, a, g

m = 2; %kg

= -0.6*i -0.2*j + 2.0*k;%m/s2
9.8; %m/s"2

a
g9
$%$FIND LAMBDAS%%

%Define v1,2,3 vectors

vl = 1%i - 1.5%§ + 2%k;
v2 = -1%i — 1.5%j + 2%k;
v3 = -1%i + 2.5%5 + 2%k;

%Find v1,2,3 magnitude
vimag = norm(vl);

v2mag = norm(v2);

v3mag = norm(v3);
$Convert to unit vectors
laml = vl1/vlmag;

lam2 = v2/v2mag;

lam3 = v3/v3mag;

2%%%%%%%Method 1: invert a matrix%%%%%%%%
%Create A and b
A = [laml, lam2, lam3];

b = m*a+m*g*k;
%Invert to solve for T1,2,3
T = A\b

2%%%%%%%Method 2: choose good cross product®%%%%%%%

% Tl*laml + T2*lam2 + T3*lam3 = b

% dot both sides by a vector perpendicular to two of the terms e.g.
lam2 and lam3

% those two terms go to 0, so -> dot(perp vecl,laml)*T1l =

dot (perp_vecl,b)

$ T = dot(perp vecl,b)/dot(perp vecl,laml)

perp_vecl = cross(lam2,lam3); S%perpendicular to T2 and T3
perp_vec2 = cross(laml,lam3); %perpendicular to Tl and T3
perp_vec3 = cross(laml,lam2); %perpendicular to Tl and T2

Tl = dot(perp_vecl, b)/dot(perp vecl, laml);
T2 = dot(perp_vec2, b)/dot(perp vec2, lam2);
T3 = dot(perp_vec3, b)/dot(perp vec3, lam3);

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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T = [Tl T2 T3]' %identical to Method 1 :)

14.2707
5.8564
14.5065

14.2707
5.8564
14.5065

Published with MATLAB® R2020b

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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12.1.22 Particle moves on a strange
path. Given that a particle moves in the
xy plane for 1.77 s obeying

F= (5m) cos?(t?/ s?)i
+ (5m)sin(¢?/s?) cos(t*/ s?)j

where x and y are the horizontal distance
in meters and ¢ is measured in seconds.

¥ = ¢

[=

Ple |

W -

= e

£

¥l
-

a) Accurately plot the trajectory of
the particle.

b) Mark on your plot where the parti-
cle is going fast and where it is go-
ing slow. Explain how you know
these points are the fast and slow
places.

®
=y N
Cos"@*) v+ g ;5fn{{~‘-) L {t,_)f

ey

S o @) L
v TR ) eate)

(s )_f,l-J-i) _
Y28 Ain ()

to T =
0% 2 4 % i
— Avn g Lt
8¢
L =
rwr YYT = faeyr

T'Y':I“j 3

e l"\.]"uc b

" .
a Yoo vy tadita hadiuyy o

S ane 4,
=iR-g J ‘E,J..—-(_-.,

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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12.1.24 A particle is blown out through
the uniform spiral tube shown, which
lies flat on a horizontal frictionless ta-
ble. Draw the particle’s path after it is
expelled from the tube. Defend your an-
Swer.

Problem 12.24

©. | Deteemmne the PQH\ ot a Patﬁdc aFtec
1s blown out oF o SP'\(GI tube which res‘f's on q
Erictionless  table,

Since no net focems act on the
F;O(ﬁde th‘cr it \eaves the hbc)
'+ wil| trael n @ stcaghf line

Tbrj:nﬁal o the 'Spifa\ at it end
FO\I‘If

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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12.1.25 Bungy Jumping. In a relatively
safe bungy jumping system, people jump
up from the ground while being pulled
up by a rope that runs over a pulley at O
and is connected to a stretched spring an-
chored at B. The ideal pulley has negligi-
ble size, mass, and friction. For the situa-
tion shown the spring AB has rest length
¢, = 2mand a stiffness of k = 200N/ m.
The inextensible massless rope from A to
P has length ¢, = 8 m, the person has a
mass of 100 kg. Take O to be the origin
of an xy coordinate system aligned with
the unit vectors i and j

a) Assume you are given the posi-
tion of the person ¥ = xi + yj
and the velocity of the person v =
xi + yj. Find her acceleration in
terms of some or all of her posi-
tion, her velocity, and the other
parameters given. Then use the
numbers given, where supplied,
in your final answer.

b) Given that bungy jumper’s initial
position and velocity are 7, =
1mi—-5mjand v, = 0 write com-
puter commands to find her posi-
tionatt = 7'[/\/55.

¢) Find the answer to part (b) with
pencil and paper (that is, find an
analytic solution to the differen-
tial equations, a final numerical
answer is desired).

10 m ‘

J
0

lg:lOm/s2

ground, no contact
~ after jump off

|
Problem 12.25: Conceptual setup for a
bungy jumping system.

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Hws P2z 12.).26 Tewye Yo

Assume.: = pulley s neglgible  size, mass ard  friction
- rope is mosskss ond inectensible

Given : Lo =2m K= 200N/m
L =8m m= (oo kg
9= lomss*

0) Given Teat +yfd ad T=7i+y37 . fid T.
Note  that Lo + 8 = lom.
At rest length-

——m—
X This mesns the persen is at origin when the Spring s at  rest lenﬂ*lh so the spring fore i propor-ﬁonol
to the positon vector.

FBp-

Py

s

s

(MB: ZIF =m7
ML -k#AT+y]) = md
ma = -mg3 - kxf - ky 3
T= —dat -(5y+9)7
K=‘E(M) ?r?—[M@y + loms] ]

(oo ch (oolcﬂ
= -2 (}%,)(%@a) - [2(}%,)(£Lm—/5‘) + (om/s{l K
|7f =-(2sMa7 - [(25”))/ + 10ms"]j‘|

b) Giwen 1¢s, fid T(t=Fs) mmercally.

Its: T, = [m-i‘_gmj‘

v In rhs -
Vo = 0 ) )
£ i : (Fer)= “mgl3) - Kr]  whee [3]= H
z= (" z = Y 2, = -5 [a] = [th/m
Vor o °
vy 2y o ‘ [VJ
Z =
r3= [:;'] = 2(12) ([a]]
Y This & infegrabed  with odedas urkl tend = J s
(vi= [Vy}= z(3:4) Then the last data ro,’rr} is fﬁ”f"J'

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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b) cont.

Solution - |’?(£=%s) = -Im7-tm?

whet Ahe Fajectory looks like :

See next page for  Matkh file . pert C) comes afer.

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Contents

= Partb

% MAE2030 HW5 P22 12.1.26
% Finding the position of bungy jumper using ODE45

Part b

Fining position at t = pi/sqrt(2)

% Parameters

p.m = 100; % [kg]
p.k = 200; % [N/m]
p.g = 18; % [kg/m 2]
% IC

ro = [1;-5];

vo = [0;0];

z0 = [ro;ve];

% Time
tend = pi/sqrt(2);
tspan = [0 tend];

% Equation
eq = @(t,z) rhs(t,z,p);

% Options
smallnumber = le-6;
options = odeset('AbsTol',smallnumber, 'RelTol’,smallnumber);

% Solve
[tarray, zarray] = ode45(eq,tspan,z@,options);

% Display Solution
fprintf('Position at t = pi/sqrt(2) is %.2f m i %.2f m j\n',zarray(end,1),zarray(end,2))

% rhs function

function zdot = rhs(t,z,p)
Unit Vectors

i=[150]; j = [0;1];

B

B

Unpack Variables

= 2z(1:2);

= z(3:4);

Unpack Parameters

=p.m k=p.k; g=p.g;

3 < 3

% Equation
Ftot = -m*g*j-k*r;
vdot = Ftot/m;

% Return zdot
zdot = [v;vdot];

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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end

Position at t = pi/sqrt(2) is -1.00 m i -5.00 m j

Published with MATLAB® R2020b

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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¢) Solve part b) A/la(yﬁca“y.
Q=47+ y7
AT+ YT = ~@syrt -[Gsy+ ’0"’3']3j

{
i< =-(@sYy @
{{-7 Y= ~psYy —loms” @
O x+@sYx=o0
sol: X= Aos (Es'¢t) + Bsin(BEs™ £)
A = - BsAsin((ESTE) + J787'B eos (FS7'E)

IC- Xo) = [m=A
Kbo) = oms™= 3578 > Al) = Cos(ESE) m

B=om

@ Y25y = —joms™
Sol: Yy = ¢ ws(fas™) + D Sin (3S7€)
o= & I¢: Y)=-fm = Cc-Xm — C=om

o V, = oms! = g =0 m
ot (25_2)% = —loms™ v () J2s’d — b

H=-<m L Ye)=-sm
Y=h + % = Ccos (ES'E) + DSn(3sTE)-gm
Y= - F8'Csin(B5") + B Deos ()
Fmdi% Fl-Fs): Alt=5s8) = ws(xs't)m= -Inm

Yie=Es) = —xm

| Pet=5&s) = -ime -smgp

Ay Geners|  solution.
76) = Aws(zs'¢) + B sin(ms'¢)

Y& = ¢ cos (@stt) + Dsio (ESTE) -5 m

X ond y ore  She aves with same ﬁ'equ«my but  difterent Phﬂse shift .
The 3&16(!1' resutt is  ellptical , but solution becomes a S'l‘midH line  when The plose  shift s te Sme
or i one of 4em is constot. (When both oe constant, system is of rest ot one point in sPoce.)

See next pege for exomples.

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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d) cont.
Exomples where  sdution is an 6“|‘Fse:
i) It zo= [(,-5.3,-3)

Initial  endition given in port b) with added initial velacity.

Since ve(odi')/ mjonents are not zero
at a]ml;bwum ]:Ps?-)-ion , tere are
o<illations 10 both directions .

iy 2o=[o,0, I, -1]

sh»ﬂrinj ot origin with  initial Ve(ocﬂ’}/

Simibv~ System  with nonzeo velocily
Gomponents at gu [ibrivm position.
Different intial  conditions Hor His ose
dlorve e shge ond orientstion of
the e“iPso_ dve fo He dwge in phese

shift and 0m]>li+uJL of the sinusoidal
waves .

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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4y cont.
Bamples  of s’rmjﬂhi-—/iﬂe golutions
i) o= [, -4,0,07

Sb(’rhy at o non—e?uilibn'um psition with  Zero  initia]  velocity

With Zero initial Velocity, the sine erms
i both A6 ond y(#) dicpper.
x(€)

y (t)

Acos(Bs'¢)

[}

coos(FEs'¢) —3Im

Thelore Y= Fa+ g - linear relatonship !

V) 2o=1[1,-5, 0. o]’

Conditions 31\18/) in pert b)

This  condition given in pact bD is  special
becose  the y cvaonen+ of position is at
equilibrium  with o initial velocity, whie

oscilbdion exists in o

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.



Chapter 12. 1. Dynamics...

Introduction to Mechanics for Engineers

« © 2026 Andy Ruina & Rudra Pratap Problem...

39

V) 2o=[0, -5, 0. 1}

Jumriry Straight  op ond  down

Solution at one point -
wi) zo= [0, -5,0,0]

Equilibrium position.

This s the cae where F component of
position remains  constat  while - companent
K the peson jumps
up and down right under the P,lley
they woulh*  be  swinging left or rght
(intuitive ) .

Oscillates , meaning

1f Siw%iqg at He  eguilibriom position
with no initial velcity, the resulr
is  static .

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Contents

Part b
= Partd

% MAE2030 HW5 P22 12.1.26
% Finding the position of bungy jumper using ODE45

Part b

Fining position at t = pi/sqrt(2)

% Parameters

p.m = 100; % [kg]
p.k = 200; % [N/m]
p.g = 18; % [kg/m"2]

% IC
re = [1;-5];
ve = [0;0];

z0 = [ro;ve];

% Time

tend = pi/sqrt(2);
tspan = [0 tend];

% Equation

eq = @(t,z) rhs(t,z,p);
% Options

smallnumber = le-6;

options = odeset('AbsTol',smallnumber, 'RelTol’,smallnumber);

% Solve
[tarray, zarray] = ode45(eq,tspan,z0,options);

% Display Solution

fprintf('Position at t = pi/sqrt(2) is %.2f m i %.2f m j\n',zarray(end,1),zarray(end,2))

Part d

Finding general motion Parameters

p.m = 100; % [kg]
p.k = 200; % [N/m]
p.g = 10; % [kg/m" 2]
% IC

B

z0 = [1,-5,3,-3]";
70 = [1,-6,0,0]";
z0 = [0,0,1,-1]";
z0 [1,-5,0,0]";
0,-5,0,0]";
[0,-5,0,1]";

N 32 32 3%
N

|
o=

% z0

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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% Time
tend = 10;
tspan = [0 tend];

% Equation
eq = @(t,z) rhs(t,z,p);

% Options
smallnumber = le-6;
options = odeset('AbsTol',smallnumber, 'RelTol',smallnumber);

% Solve
[tarray, zarray] = ode45(eq,tspan,z@,options);

% Plot

x = zarray(:,1);
y = zarray(:,2);
figure(1)

hold on

box on

grid minor

axis equal
plot(x,y,'bo")
xlabel('x(m)")
ylabel('y(m)")
title('Bungy Jumper Trajectory')

% rhs function

function zdot = rhs(t,z,p)
% Unit Vectors

i=[150]; j = [@;1];

>

Unpack Variables

= z(1:2);

= z(3:4);

Unpack Parameters

=p.m; k =p.k; g =p.g;

3 2 <

% Equation
Ftot = -m*g*j-k*r;
vdot = Ftot/m;

% Return zdot
zdot = [v;vdot];

end

Published with MATLAB® R2020b

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Disclaimer: We have lost track of the many people who wrote these solutions.
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Problem 10.36 (b).

iLorarvav] v cdedsiigshs

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Disclaimer: We have lost track of the many people who wrote these solutions.

They are not official and have not been reviewed by the authors for correctness.
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12.1.26 A softball pitcher releases a ball
of mass m upwards from her hand with
speed v, and angle §,, from the horizon-
tal. The only external force acting on the
ball after its release is gravity.

a) What is the equation of motion for
the ball after its release?

b) What are the position, velocity,

3 O 1

and acceleration of the ball?
c) What is its maximum height?

d) At what distance does the ball re-
turn to the elevation of release?

e) What kind of path does the ball
follow and what is its equation y
as a function of x?

&) E q'_-\.ﬁ-t"_\_!"\'ﬂ)r"[ &% m\_‘h b

Mo 1'7'\@)'\

v oy
; -
Y- -g3
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Vo tfe i
Ve 4
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V=¥t w7
N = Vo tos @ -
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Disclaimer: We have lost track of the many people who wrote these solutions.
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Disclaimer: We have lost track of the many people who wrote these solutions.
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12.1.27 Find the trajectory of a not- in vector form.
vertically-fired cannon ball assuming the

) ) . « Solve the equations on the com-
air drag is proportional to the speed. As- d

puter and plot the trajectory.

sume the mass is 10kg, g = 10m/s, )
the drag proportionality constant is C = + Solve the equations by hand and
5N/(m/s). The cannon ball is launched then use the computer to plot your
at 100m/s at a 45 degree angle. solution.
« Draw a free-body diagram of the + Compare the two plots and com-
mass. ment on the differences, if any.

« Write linear momentum balance

f1+1.2¢

%)

bj [.)n.@{vf W-rr\m’\hfm balayrge ecw_cu'-{on

Mo, - —¢v .
™ ; <
e MY = —en

may .
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A
= Vi by, N
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They are not official and have not been reviewed by the authors for correctness.



Chapter 12.1. Dynamics. .. Introduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap Problem...

49

Ve m
=) !
V
LB “ B ~FE +€
T
- i:‘:ol Vx, - W A e
la] > vl— LLLHQ e‘f;;
-—-A.@
L.S\JMLM%
a
Vg J.ma = C‘ii
=
ZD (\/ 4 e
= =€ P
3 H ?3) - &,
_.c‘_j-
Vﬁ = He r'n._ e
€.
= Y
=104 = L Zne

’ = Ebf
g ey

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.



Chapter 12. 1. Dyna.mics.lm.roduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap

Problem...

Funther Tn Qﬁ robon

Gy
dx weeloe
ol
o o\ S
“@o(-7)e 48
| 2o _
tc =3 B - U Logg (r:n)
C

X2 e (7)) - ]

Eimiloy Lia

- ( . _3
T = luwging e T g
y (U. ’gIﬂQ {-mg/(_)(-T)e_g{-/m
[ = — [._
ri + B

Y —_— ik c
Bp (uﬁfr\&;,,
2)(2)

% = fg_‘ (u.u"ng +’:‘:f;‘)(!— c_t"/m) ] r:}cg:_

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.

&)



Chapter 12.1. Dynamics. .. Introduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap Problem 12.1.28

51

12.1.28 A baseball pitching machine re-
leases a baseball of mass m from its bar-
rel with speed v, and angle 6, from the
horizontal. The only external forces act-
ing on the ball after its release are grav-
ity and air resistance. The speed of the

ball is given by v> = X2 + y°. Taking into

account air resistance on the ball propor-
tional to its speed squared, F’d = —bv’e,,
find the equation of motion for the ball,
after its release, in cartesian coordinates.

Answer:
Equation of motion: —mgj — b(x*> +

) (i) = m(xi + ).
\ 24y

Equ_!-tx-[";L:ﬂ ot mmohon

MY = —b (3% i)

"0 -mg- bRy

— = —bi\/'){"u_,)?

Gy on
ki

Yeorrali B At R
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Problem 12.1.29

12.1.29 The equations of motion from
problem 12.1.28 are nonlinear and can-
not be solved in closed form for the po-
sition of the baseball. Instead, solve the
equations numerically. Make a com-
puter simulation of the flight of the base-
ball, as follows.

a) Convert the equation of motion
into a system of first order differ-
ential equations.

b) Pick values for the gravitational
constant g, the coefficient of resis-
tance b, and initial speed v,, solve
for the x and y coordinates of the
ball and make a plot of its trajec-
tory for various initial angles 6,,.

c) UseEuler’s, Runge-Kutta, or other
suitable method to numerically
integrate the system of equations.

Yy
b} Ut e
(II

€)

d) am

¥l a60

it
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d) Use your simulation to find the
initial angle that maximizes the
distance of travel for the ball, with
and without air resistance.

e) If the air resistance is very high,
what is a qualitative description
for the curve described by the
path of the ball? Show this with
an accurate plot of the trajec-
tory. (Make sure to integrate long
enough for the ball to get back to
the ground.)

Answer:
(a) System of equations:

=] Ux
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= 2 2
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12.1.30 A particle of mass m moves in a
viscous fluid which resists motion with a
force of magnitude F = c|v|, where v is
the velocity. Do not neglect gravity.

a) (easy) In terms of some or all of g,
m, and ¢, what is the particle’s ter-
minal (steady-state) falling speed?

b) Starting with a free-body diagram
and linear momentum balance,
find two second order scalar dif-
ferential equations that describe
the two-dimensional motion of

the particle.

d)

¢) (Challenge, long calculation) As-
sume the particle is thrown from
¥ =0withs = v,i+v, jataver-

tical wall a distance d away. Find

HW6-P24-12.1.31

Tuesday, March 16, 2021
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viscous fluid which resists motion with a
1], whene o 15

force of magningde # =
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a) feasy) Tn derms of some o all of g,
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the height & along the wall where
the particle hits. (Answer in terms
of some or all of Usgs Uyg> M, 8, C,
and d.) [Hint: i) find x(¢) and y(¢),
ii) eliminate ¢, iii) substitute x =
d. The answer is not tidy. In the
limit d — 0 the answer reduces to
a sensible dependence on d (The
limit ¢ — 0 is also sensible.).]

(Challenge,

computer simulation). Do a com-
puter simulation of the problem
and find the solution in your sim-
ulation. Choose non-trivial num-
bers for all constants. To get an ac-
curate solution you need an accu-
rate interpolation to find at what
time the particle hits the wall.
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v, and . what is the particle’s ter-
mingl (steady-state) falling speed”?
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and lingar momentum balance, find
twir second order scalar differen-
tial equations that describe the two
dimensicnal motion of e particle.
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(Challenge. computer ion).
Do a computer simulation of the
problem and find the solution in
vour simulaticn. Choose non-trivial
numbers for all constants. To get an
accurate solution you need an ac-
curate interpolation to find at what
time the particle hits the wall.
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a) Find ¥erminal \/&ldc;'l'/ in freefall
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$ % MAE 2030
% HW 6, Q24 Solution
% Solution by Michael Zakoworotny

clear all; clc; close all;

set (0, 'DefaultLinelLineWidth',2); % set all plots lines to size of 2
set (0, 'DefaultAxesFontSize',16); % set plot font size to 16

% Define parameters - mass, linear drag, gravity and position of wall
m=5;, ¢c=1; g =10; d = 5;

p.m =m; p.c =c¢; p.g =g; p.d = d;

$ Time span
t0 = 0; tend = 10;
tspan = [t0 tend];

)

2 Initial conditions

r0 = [0 0],

¢ v0 = [10 10]; % parameterize by x and y velocity components
v0 = 10*[cosd(45) sind(45)]; % paramaterize by speed and angle
z0 = [r0 vO0]';

o

% Solution step
fun = @(t,z) myRHS(z,t,p);

tol = le-8;

wall event = @(t,z) wallEvent(t,z,p);

opts = odeset('RelTol',tol, 'AbsTol',tol, 'Events',wall event) ;
[t_array, z_array] = oded45(fun, tspan, z0, opts);

$ Unpack solution

x_array = z_array(:,1); y_array = z_array(:,2);

y_wall = y_array(end);

fprintf ('The y position when the particle collides with the wall is %.4f\n',y wall);
% Plot solution - x vs y

fig = figure; axis equal; box on; hold on;

plot (x_array, y array, '-k');

plot([d d], [min(xlim) ,max (x1lim)],'-xr");

xlabel ('x"); ylabel('y'):;

title('Trajectory of particle');

function zdot = myRHS(z,t,p)

o

% Unpack parameters

m=p.m; C = p.C; g = pP.g;

% Get position and velocity (column vectors) from current state
r =2z(1:2);

v = 2z(3:4);

% Solve for rdot and vdot

rdot = v;

vdot = 1/m* (-c*v - m*g*[0;1]);

% Store zdot vector from rdot and vdot
zdot = [rdot; wvdot];

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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end

function [value,isterminal,direction] = wallEvent (t,z,p)
% Returns parameters to be used in computing an event in ode45.
x = z(1);
d = p.d;
value = x - d; % event occurs when this is 0
isterminal = 1; % stop integration at event
direction = 1; % only meaningful solution is when z increases to d

end

The y position when the particle collides with the wall is 2.2361

Trajectory of particle

Published with MATLAB® R2019b
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% MAE 2030
HW 6, Q24 Solution
Solution by Michael Zakoworotny

o0 o° o° oe oo

Solve for height of wall collision symbolically
clear all; close all; clc;

% Define symbolic variables for position (as function of time), and
% parameters

syms x(t) y(t) mc g d

% Symbolic variables for initial conditions

syms x0 y0 vx0 vyO real

$ Unit vectors
i_ = [1;01; J_ = [0;1];

oe

Position, and its derivatives
[x; yl:
diff (r);
diff (v);

oog R
I

¢ Define governing ODE and initial conditions for position and velocity

odes = m*a == -c*v - m*g*j ;
ic_pos = r(0) == [0; 0];
ic_vel = v(0) == [vx0; vy0];

o

% Solve system for x and y as functions of time
sol = dsolve(odes,ic_pos,ic_vel); % solve a symbolic ODE. sol is a struct
% which contains the x and y scalar

% solutions

extract the x solution

simplify (sol.x);

y simplify(sol.y); % extract the y solution

% Solve for the time, and y position, at which x = d

t_wall = solve(x == d, t); % solve for the t for which x = d

y wall = simplify(subs(y,t,t_wall)); % substitute t wall into the equation for y
% Printout of solutions

fprintf ('=x(t) = \n');

pretty (x);

fprintf ('\ny(t) = \n');

pretty(y)

% Printout of time and y position of wall collision

fprintf ('\nt at wall collision = \n');

pretty(t_wall);

fprintf ('\ny at wall collision = \n');

pretty(y wall);

$ Limit as d->0. MATLAB shows computes this as zero because it does not
¢ take into account small angle approximation

fprintf ('\nThe limit of y as d approaches zero is \n');

pretty (simplify (limit(y wall,d,0)));

$ Limit as c->0. Consistent with our expected kinematic solution
fprintf ('\nThe limit of y as c approaches zero is \n');
pretty(simplify(limit(y wall,c,0)));

Disclaimer: We have lost track of the many people who wrote these solutions.
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x(t) =
/ c t\
m vx0 - m vx0 exp| - -—- |
\ m /
c
y(t) =
/ / ct\ \
| exp| - ——— | (gm+ c vy0) |
I \ m / I
m| gt+ - |
m (g m+ c vy0) \ c /
2 c
c
t at wall collision =
/  cd-mvx0 \
m log| - —-—-—-————-—--
\ m vx0 /
c
y at wall collision =
2 2 / cd-mvx0 \
c dvy0 + gm vx0 log| - ——=————-——- | +cdgm
\ m vx0 /
2
c vx0

The limit of y as d approaches zero is
0

The limit of y as ¢ approaches zero is
d (d g - 2 vx0 vy0)
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% MAE 2030
HW 6, Q24 part e Solution
Solution by Michael Zakoworotny

o0 oC oe

clear all; close all; clc;
set (0, 'DefaultLineLineWidth',2) ;
set (0, 'DefaultAxesFontSize',16) ;

% set all plots lines to size of 2

set plot font size to 16
% Given parameters

m=1; g=10; c = 1;

v0 = 1000;

Anonymous function handle for y(t, th), since y is dependent on launch

oe  o°

angle as well

y = @(t, th) m/c*(v0*sin(th) + m*g/c) .* (l-exp(-c/m*t)) - m*g/c*t;

% Anonymous function handle for x(t, th)

x = @(t, th) vO*cos(th)*m/c .* (l-exp(-c/m*t));

% Anonymous function which returns the time for the particle to reach y=0,
% given a launch angle, th. fzero finds the roots of a single-variable

¢ function, which in this case is the function y(t,th), for a given value

% of th. Start search near t = 10 s

t_drag = m/c*log(v0*c/m/g); % appr. time such that drag force = gravity
t_fall = @(th)sgrt(2*v0*t_drag*sin(th)/g); % approximate freefall time from

% top of trajectory, as function of launch angle
Begin search around t = 1.5*(t_drag+t fall), where 1.5 is a safety factor

oe o

on the apprxomate time of trajectory
t = @(th) fzero(@(t) y(t,th), 1.5*(t drag+t fall(th)), ...
optimset ('Display', 'off','TolX"',1le-6)); % tolerance on solution
% Anonymous function which returns the range, given a launch angle th. Uses
% the previous function t_ to obtain the launch time
range = @(th) x(t_(th), th);
% Solve for the angle for which the range is maximized. Since fminbnd
% searches for local minima, we are finding the minimum of -range. Search
% between 0 and 10 degrees, since we showed the optimal angle is close to 0
angle opt = fminbnd (@ (th) -range(th), 0, 10*pi/180);
% Get the range using this angle
range_opt = range (angle_opt);
% Flight time
t_opt = t_(angle opt);

$ Printout
fprintf ('The optimal angle is %.4f degrees\n',6angle opt*180/pi);
fprintf ('The range at this angle is %.4f \n',range opt);

% Plot flight path

t plot = linspace (0, t opt, 1000);

figure; hold on; box on;

plot (x(t plot,angle opt),y(t plot,angle opt),'-k');
plot (xlim, [0,0],'--g'); % ground

axis equal;

title('Optimal range trjactory');

xlabel ('x"); ylabel('y'");

o

$ Plot range as a function of launch angle. Ideally, we could use the fplot

Disclaimer: We have lost track of the many people who wrote these solutions.
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function to plot an anonymous function handle. However, since x is
> defined as a function of t and th in our code, the fplot function is not
equipped to deal with this. Instead, we precompute the ranges over a set

o o oo oo

of launch angles
= linspace (0,pi/3,1000); % list of angles to plot - from 0 to 60 deg.
ranges = zeros(l,length(th)); % empty list of ranges corresponding to th's

o
B’

for i = 1l:length(th) % compute each range and add to list
ranges (i) = range (th(i));

end

% Plot

figure; hold on; box on;

plot (th*180/pi, ranges, '-k');

plot (angle_opt*180/pi,range opt, 'bd') % show optimal point

xlabel ('$\theta ({}"{\circ})$', 'interpreter','latex');

ylabel ('Range') ;

title ('Range over launch angles');

The optimal angle is 3.6490 degrees
The range at this angle is 997.3376

Optimal range trjactory
400 ! ' ' : ;

200

-200 1 i

0 200 400 600 800 1000
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Problem 12.1.31

12.1.31 Someone in a violent part of the
world shot a projectile at someone else.
The basic facts:

Launched from the origin.

Projectile mass = 1kg.

Launch angle 30° above horizontal.
Launch speed 172m/s.

Drag force « cv* with ¢ = .01kg / m.
Gravity g = 10m/s.

a) Write and execute computer code
to find the height at t = 1s.
[Hints: sketch of problem, FBD,
write drag force in vector form,
LMB, 1st order equations, numer-
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ical setup, find height at 1 s].

Estimate the height at ¢t = 1s us-
ing pencil and paper. An answer
in meters is desired. [Hints: As-
sume g is negligible. Good cal-
culus skills are needed but no in-
volved arithmetic is needed. 1 +
1.72 = 2.72 =~ e. After you have
found a solution check that the
force of gravity is a small fraction
of the drag force throughout the
duration of one second of your so-
lution.]
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12.1.32 In the arcade game shown, the
object of the game is to propel the small
ball from the ejector device at O in such a
way that it passes through the small aper-
ture at A and strikes the contact point
at B. The player controls the angle 6 at
which the ball is ejected and the initial
velocity v,. The trajectory is confined
to the frictionless xy-plane, which may
or may not be vertical. Find the value
of O that gives success. The coordinates
of A and B are (2¢, 2¢) and (3¢, ¢), re-

spectively, where ¢ is your favorite length

unit.
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