Introduction to Mechanics for Engineers — Ruina & Pratap Ch11 Section1l1.3

11.3.1 A two degree of freedom mass- L Xy
spring system, made up of two unequal k| ky — k3
masses m,; and m, and three springs ny ny

with unequal stiffnesses k;, k, and k;, is
shown in the figure. All three springs are Problem 11.1
relaxed in the configuration shown. Ne-

glect friction. Answer:

(b) If we start off by assuming that each
mass undergoes simple harmonic mo-
tion at the same frequency but differ-
ent amplitudes, we will find that this
b) Does each mass undergo simple two-degree-of-freedom system has two

harmonic motion? natural frequencies. Associated with
each natural frequency is a fixed ratio
between the amplitudes of each mass.
Each mass will undergo simple har-
monic motion at one of the two natural
frequencies only if the initial displace-
ments of the masses are in the fixed ra-
tio associated with that frequency.

a) Derive the equations of motion for
the two masses.
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Problem 11.3.2

11.3.2 Normal Modes. Three equal
springs (k) hold two equal masses (m) in
place. There is no friction. x; and x,
are the displacements of the masses from
their equilibrium positions.

a) How many independent normal
modes of vibration are there for
this system?

b) Assume the system is in a nor-
mal mode of vibration and it is
observed that x; = Asin(ct) +
Bcos(ct) where A, B, and c are
constants. What is x,(¢)? (The an-
swer is not unique. You may ex-

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.

press your answer in terms of any
of A,B,¢c,mand k. )

¢) Find all of the frequencies
of normal-mode-vibration for this
system in terms of m and k.
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Problem 11.2

Answer:
(a) Two normal modes.
(b) x, = const % x, = const *

(Asin(ct) + Bcos(ct)), where const =
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X0}
|

11.3.3 x,(t) and x,(t) are measured po-
sitions on two points of a vibrating struc-
ture. x,(t) is shown. Some candidates
for x,(t) are shown. Which of the x,(¢) v %2
could possibly be associated with a nor-

0 X,
7

mal mode vibration of the structure? An- 9 {21
swer “could” or “could not” next to each X4
choice and briefly explain your answer i
(If a curve looks like it is meant to be a L%l

9

sine/cosine curve, it is.)
Problem 11.3
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HW4-P14-11.3.3

Tuesday, March 2, 2021 8:48 AM

11.3.3 x (/) and x,(¢) are measured po-
sitions on two points of a vibrating struc-
ture. xy(¢) is shown. Some candidates
for x5 () are shown. Which of the v, (1)
could possibly be associated with a normal

“could” or “could not™ next to each choice
and briefly explain your answer (If a curve
looks like it is meant to be a sine/cosine

mode vibration of the structure? Answer /L .} N JF FOIY\'} 1
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Problem 11.3.3

Lhamaf&-;shcs 01C norf"ﬂ‘/ modes

All elastic systems with mass have normal mode vibrations in which all
masses

e have simple harmonic motion 7 §H ’ ‘

o with the same frequency as all the other masses, and

e exactly in (or out) of phase with all of the other masses
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Problem...
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Problem...
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Problem 11.3.5

11.3.5 As in problem ??, a system
of three masses, four springs, and one
damper are connected as shown. As-
sume that all the springs are relaxed
when x, = x; = x, =0.

a) Inthespecialcasewhenk, =k, =
ky =k, =k, ¢, =0,and m, =
my = mp = m, find a normal
mode of vibration. Define it in
any clear way and explain or show
why it is a normal mode in any
clear way.

b) In the same special case as in (a)

above, find another normal mode
of vibration.

Problem 11.5

Answer:

(a) One normal mode: [1,0,0].

(b) The other two normal modes:
[0,1, 27
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11.3.7 Normal modes. All three masses b) For the initial condition

have m = 1kg and all 6 springs are k [x,]=[01m 0 0],
1N/ m. The system is at rest when x, [%,]=[02m/s 0]

X, =%, =0. whatis the initial immediately af-
ter the start) acceleration of mass
2?7

a) Find as many different initial con-
ditions as you can for which nor-
mal mode vibrations result. In —
each case, find the associated nat-
ural frequency. (we will call two
initial conditions [v] and [w] dif-
ferent if there is no constant ¢ so

~>

ST
i gy AW

my M2y S g
K

that [v, v, v;] = clw, w, w;].
Assume the initial velocities are Problem 11.7
Zero.) ’

11.3.7 Normal mod All three masse:

b) For the initial condition

have m = 1kg and all 6 springs are k = [xo] =[0.1m 0 0],
IN/m. The system is at rest when x; = [%o] = [0 2m/s 0]
Xy =x3=0. what is the initial (immediately af-
a) Find as many different initial con- ter the start) acceleration of mass 2?
ditions as you can for which nor- x X X
mal mode vibrations result. In _—
each case, find the associated nat- P e —

ural frequency. (we will call two
initial conditions [v] and [w] differ-
ent if there is no constant ¢ so that
[v1 v3 v3] = clwy wy w3]. As- pareeephgas pentis
sume the initial velocities are zero.) Problem 10.3.7

) (Additional) For the same initial conditions in part b, plot x1, x2, & x3 vs t (all on the same
plot) for 0<=t <= 20s.

a) Given:
k= 1%,m = 1kg.
The system is at rest when x; = x, = x3 = 0 > x; = x, = x5 = 0 is the equilibrium
position.
Find:
Initial conditions to result in normal mode

Sketch of forces:

k [\ k ¥4 kopal w6k
it daCgl e Uy, 1S
F5//\

All forces F; are tensions. This is a sign convention. It does not mean that all springs
are in tension. Rather it means that springs in compression have F; < 0. Similarly, x;
are displacements to the right. A leftwards displacement corresponds to x; < 0. For
example the rightmost spring Fs = k X (excess stretch of spring on right) = —kx; is
only greater than zero (in tension) if x; < 0.

FBD’s:

n b
he—{ml—=p
Fa

ip—E

Disclaimer: We have lost track of the many people who wrote these solutions.
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Spring tensions are the excess tension above the tensions that may be present in the
equilibrium position:

F; = kx;
Fy = k(x3 —x1)
F3 =k(x; — x1)
Fy = k(x3 — x3)
Fs = —ka
FG = _k.X3
LMB:
mf\fl = —Fl + Fz + F3 = —3kx1 + ka + kx3
mi, = —F3+F,+Fs = kxy —3kx, + kx3
miz = —F,—F,+Fg = kxy+ kx, —3kx;

LMB in matrix form:
L[ 3 -1 -1
=i )=-—-1 3 -1||%2]|O
X3 -1 -1 31 \Xx3
By definition, a normal mode vibration can be written as

<x2> = <u2> cos (wpt + ) @

where w,, is the natural frequency of oscillation. The magnitude and sign of u,, u, and us
determine respectively the amplitude and relative direction of each mass’s oscillation.

Plug @ into @:
% Uy L3 -1 -1/t
<5c’2> = —w? (uz> cos(wyt + @) = — [—1 3 —1] <u2) cos(w,t + @)
X3 Uz -1 -1 31 \u3
Simplify:
Uy . 3 -1 —-11/w
Uz -1 -1 31\u3

Further transform into the eigenvalue/eigenvector equation:

U X 3 -1 -1
M = A, where i = | Uz ,/1=a),2l,A=; -1 3 -1
Uz -1 -1 3

Plugging in values k = 1 %,m = 1 kg and solve for the eigenvalues and eigenvectors of A.
Solve |4 — AI| = 0and (4 — A% = 0 to get

1
).1 = 1, 171 = i(l)
1
1
lz = 4, 'l_iz = _<_1>
0

@

gl-

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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11

1
@:4,@:%(0)

Can also use Matlab
A = [3, -1, -1; -1, 3, -1; -1, -1, 31;
[V, D] = eig(A)

VvV =
-0.5774 0.1870 0.7948
-0.5774 -0.7818 -0.2354
-0.5774 0.5948 -0.5594

D =
1.0000 0 0
0 4.0000 0
0 0 4.0000

where each column of V, which is the eigenvector, corresponds to each diagonal element of
D, which is the eigenvalue.
141
Note: u, and 13 can be any unit vector <W2) such that wy +w, +ws = 0since A — 2,31 =
W3

-1 -1 -1
-1 -1 -1

-1 -1 —1]

Initial condition to result in normal mode ;:
{#o = 11,1) m, %, = 0,002}
or {fo =[0,0,0]' m, %, = [1,1,1]'?}

d

Natural frequency w, = /4, = 1%

Initial condition to result in normal mode ,:

{# = [1,-1,00'm, %, = [0,0,0' 2}
or {%, = [0,0,0]' m, %, = [1,-1,0)' 2}

d

Natural frequency w, = /2, = 2=

Initial condition to result in normal mode ;:
{# = 11,0,-1)" m, %, = [0,0,01'2}
or {%, = [0,0,0]' m, %, = [1,0,-1]'Z}

rad

Natural frequency w, = /15 = 2—

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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b) Given: %, = [0.1,0,0]' m, %, = [0, 2, o'
Find: X,

Use X, = %(x1 — 3x, + x3) from part (a)

Plug in Xy = [x4, x5, x3]" = [0.1,0,0]' m

. 1N/m m
Xy =1—kg(0.1m—3 X0+0)= 015—2

¢) Given: %, = [0.1,0,0]' m, %, = [0,2, o]
Find: [x,, x5, x5]’ for 0<=t <= 20s

See attached Matlab.
The motion X(t) = [x1, x5, x3]" is a superposition of the three normal modes. If you squint

just right, you can see in the complex motion in the plot some remnants of oscillation with 2
frequencies: 1 rad/s for the waves and 2 rad/s for the envelope of the waves.

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Position (m)
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Published with MATLAB® R2020b

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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% MAE 2030 SP21, HW P16(c)
% Duan Li

% par anet er s

tend = 20; %end tine, s
p.m=1; %nass, kg

p. k 1; %spring constant, Nm

%initial conditions

x0 =[0.1, 0, 0]'; %position, m
vO0 [0, 2, 0]'; %velocity, nis
z0 [x0; vO0]; % augnented state

% sol ve ODEs
rhs = @t, z) nyRHS(t, z, p); %set up anonynous function
[t, zarray] = oded45(rhs, [0 tend], z0); % sol ve ODEs

% pl ot

close all;

x1 = zarray(:, 1);
x2 = zarray(:, 2);
x3 = zarray(:, 3);

plot(t, x1, '-o', t, x2, "-x",t, x3, '-7")
| egend(' x1', "'x2', 'x3")

x|l abel (" Tine (s)')

yl abel (' Position (m")

grid on;

% RHS function
function zdot = nyRHS(t, z, p)
% unpack paraneters
nanes = fiel dnanes(p);
for i = 1:1ength(nanes)
eval ([names{i} "= p." nanes{i} ';']);
end

% 1st order ODEs

x = z(1:3);

v = z(4:6);

M=-k/m* [3, -1, -1; -1, 3, -1; -1, -1, 3];
xdot = v;

vdot = M* x;

zdot = [xdot; vdot];

end

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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11.3.8 For the three-mass system shown, mode.
assume x, = X, = X3 = 0 when all the c) Make a single plot with both x,
springs are fully relaxed. One of the nor- and x, vs t for one cycle of this
mal modes is described with the initial mode.
condition (x, , x,, x,) = (1,0, —1). ’
(X1 2, 5) = ( ) —L——L——L——L—
a) What is the angular frequency w x| X X3
for this mode? Answer in terms of k ’_“ k \” k '_‘ k
L,m, k, and g. (Hint: Note that in ‘ & A
this mode of vibration the middle
mass does not move.) Problem 11.8
b) Make a neat plot of x, versus x;, Answer:
for one cycle of vibration with this () w= [ 2k
m
— l
(D 2. M o—de (llol ,,7(,,7(5

Disclaimer: We have lost track of the'many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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®
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~Mass system , comnected by springs

with Stiffhess k. AU the mass 7s m .

Assime X =X2=X3  where all springs  are at rest.

A normal  mode of this system can be described as eigenvector
Cl/ 0. "’).

Q.. What’s the frequency corresponding. b this  hormal_ thode ?
2>. Plot A2 versus X, j(‘ar one Cgcﬁ. of Vibation in  this mods .

Solution. 1), First . we wart b desye the equations o)t motion for

this sgstem/ S‘(nrﬁtj "ﬁpm FED.
FBD.  —7¢
mass 1 (XD
e

- 2 ve M 1
_Jl(?‘* o Tmi7 = RO-207-R,37S
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Disclaimer: We have lost track of the many people who wrote these solutions.
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(7\32 - Cont'd )

Second, , Eg definition of hormal mode, for  this  rormal moda
with (1, 0.-1) . We can write
X) !
Xa| = o |Awscwt + ) . :
X5 o) “T = o(cwtbg, . Or out Of 1>)L£Ls,e,
Same frequenty | e want o sole it
wy\?hfy_ig L‘ S;"\»P& }LG'J“I)LWL ﬁlﬂuﬁfﬂq
= - ! 47 st +)
Xa = ] A - 2 }
9 . dt -7 :)! AW (o3 twt+d)
Third . substitute  [X7 . [X] for this  nomgl mode jale ei'mﬂcu ﬁf
Mmotions - |
m oo o1 ] 2k -~k o X 0
o M o 'X.z t “k 2R -g X2 -
oo mil¥; o -R 2k X3 0
:> m ¢ © ] ! 2k ‘k o |
5 Alo® cs(wt + 0
-lom o j o P> + -k 2k -k o|Awswttp) = | o
o p ™ | 0 -h 2k a
m 2k
:> - . w?. + o =
~m -2k
> ~mw'+ 2k =0 >

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem...
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Disclaimer: We have lost track of the many people who wrote these solutions.
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#15 Solution - michelle desouza

Friday, February 26, 2021

2.9

10:56 AM
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.



20 Chapter 11. 3. Normal. .. mtroduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap

Problem...

Sketches
\.0\) X3 VS. X, () 7(.‘ vt o'\V\c\ %1 VSt

iz Acos (b + ) = xg
Ky Acos(Brp 4 b ) Forallt

A3 XX o A
A T w Wk

Whals achally Wappeavia? P oy
Masses | and 3 o\g)eosa\\mg ) | -

i a Wi or 14 I
o exalt miifors of each ofher! el eal Tee] Jee)

|

}zqu

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.



