Introduction to Mechanics for Engineers — Ruina & Pratap

Ch 11 Sectionl1l.2

11.2 Forced Vibration
and resonance

Preparatory Problems

11.2.1 Given that § + k26 = Bsinwt,
6(0) = 0, and 6(0) = 6,, find 6(¢) . *

11.2.2 Three SDOF systems, each with
the same mass but different stiffnesses,
ki, = k, ky = 2k, and k; = 4k, and dif-
ferent damping, ¢;, = ¢, ¢, = 2¢c, and
c; = ¢/2, are subjected to the same pe-
riodic forcing, F = F, sin pt where p is
less than the resonant frequency of each
of the systems. Sketch approximately
the response of each of the three oscil-
lators assuming all of them to be under-
damped. Clearly mark the transient and
steady state part of the response, and in-
dicate the relative values of the response
amplitudes.

11.2.3 A 3kg mass is suspended by a
spring (k = 10N/m) and forced by a 5N
sinusoidally oscillating force with a pe-
riod of 1s. What is the amplitude of the
steady-state oscillations (ignore the “ho-
mogeneous” solution) *

More-Involved
Problems

11.2.4 A machine that can be modeled
as a SDOF system is put under vibration
test for estimating the system parame-
ters m, k, and c¢. First, a transient test
is conducted by disturbing the machine
from its equilibrium and letting it settle
down to equilibrium again. The tran-
sient response is recorded as a displace-
ment versus time plot and is shown in
fig. 11.2.4(a). Next, a sinusoidal forcing
of amplitude F,, and angular frequency p
is applied on the machine and its steady
state response is recorded along with the
forcing function. This response is shown
in fig. 11.2.4(b).

a) Mark the relevant points on the
transient response plot and ex-
plain, with equations, which sys-
tem parameters can be deter-
mined using what information
from this plot.

b) On the steady state plot, mark the
phase difference between the re-
sponse and the forcing function.
From the given phase, can you
find out whether p > 1, or p <
An?
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¢) From the phase difference of the
steady state response and the in-
formation obtained from the tran-
sient response, can you determine
the frequency ratio r? Explain
with appropriate equations.

d) From the amplitude of the steady
state response, and the rest of the
information obtained above, find
the rest of the system parameters.

displacement

displacement and force

(b)
Problem 11.2.4

11.2.5 A machine produces a steady-state
vibration due to a forcing function de-
scribed by Q(t) = Q, sin wt, where Q, =
5000N. The machine rests on a circu-
lar concrete foundation. The founda-
tion rests on an isotropic, elastic half-
space. The equivalent spring constant of
the half-space is k = 2,000,000 N/m and
has a damping ratiod = c¢/c, = 0.125.
The machine operates at a frequency of
w =4 Hz.

1. What is the natural frequency of
the system?

2. If the system were undamped,
what would the steady-state dis-
placement be?

3. What is the steady-state displace-
ment given that d = 0.125?

4. How much additional thickness
of concrete should be added to
the footing to reduce the damped
steady-state amplitude by 50%?
(The diameter must be held con-
stant.)
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11.2.6 The transient response of an os-
cillatory system shows exponential decay
of the peak displacements at each cycle.
The second peak is found to be twice as
big as the fifth peak. Find the damping
ratio xi for the system. How many cycles
does it take for the peak displacement to
drop below 5% of the first peak displace-
ment?

11.2.7 A 50kg engine is mounted on
springs with an equivalent single spring
stiffness of 1200 N/m. Using various
means, enough damping needs to be pro-
vided so that any unwanted vibration
dies quickly. Assume that this objective
is met by dissipating 80% of the available
energy in a single cycle of vibration. Find
the damping coefficient of the system.

11.2.8 Consider the system shown in the
figure. You are given that m = 10kg,
k = 50N/m, and ¢ = 5kg/s. A pe-
riodic force F = F,cos pt acts on the
system as shown where F, = 25N and
p = 2.5rad/s.

a) Find the resonant frequency of the
system.

b) Find the steady state response of
the system, specifying the ampli-
tude and phase of the motion.

¢) What is the displacement amplifi-
cation (G = A/(F,/k))?

d) Find the work done by the force
on the system in one cycle.

e) Find the energy lost to the damper
in one cycle.

f) Find the quality factor, Q, of the
system using the energy calcula-
tions.
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Problem 11.2.8

11.2.9 A MEMS cantilever beam res-
onator is used for mass measurement of
biological molecules by comparing the
shift in the resonant frequency of the
beam after the test molecule is attached
to the free end of the beam. In a SDOF
model of the resonator, it is equivalent
to finding the difference in the resonant
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frequency of the system with mass m
and m + Am. If the ’effective mass’ of
the beam (mass to be used in the SDOF
model) is 2.05 x 107'° kg, the stiffness is
0.625N/m, and the Q of the resonator is
900, find the shift in the resonant peak in
Hz when a biological molecule of mass
1.36 x 1072 kg is attached to the end of
the beam (equivalently to the mass m).

11.2.10 A damped mass-spring system is
subjected to a constant load F; = 50N by
ramping the load to the constant level in
(a)t; = 2sand (b) t, = 10s. If the mass
of the system m = 1kg, the natural fre-
quency 4, = 62rad/s, and the damping
ratio £ = 0.2, find the difference in the
settling time of the system to the steady
state between the two given cases.
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Problem 11.2.10

11.2.11 An accelerometer is a sensor
that is used to measure acceleration of
a body. It can be modeled as a single
degree of freedom spring-mass-dashpot
system that is attached to a body frame
as shown in the figure. Assume that the
body undergoes vertical motion denoted
by y(t) and, as a result, the mass of the
accelerometer undergoes vertical motion
z(t) relative to the frame. From a mea-
surement of z(t) we want to know if we
can determine the acceleration j of the
frame. Neglect gravity.

a) What is the absolute or inertial ac-
celeration of the mass in terms of
z(t) and y(t) and their derivatives?

b) Write the equation of motion of
the mass in terms of z and y.

c) Assume that y(t) = y,sinpt.
What is the magnitude of ac-
celeration of the frame (that is,
the peak acceleration of this sine
wave)?

d) Find the steady state response z(t)
of the accelerometer when y(t) =
Yo sin pt (a big mess). Plot the am-
plitude of the response vs the am-
plitude of the frame acceleration
as the frequency p is varied.

e) One would like a signal (z) that
is proportional to acceleration j
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independent of the frequency of
shaking. Show that this requires
that the frequency of frame mo-
tion p must be much smaller than
the natural frequency 4,,.

f) What is the amplitude of the re-
sponse (the magnitude of z) of the
accelerometer when p > 1,?

Problem 11.2.11: A single degree of free-
dom spring-mass model of an accelerom-
eter.

11.2.12 Consider the accelerometer de-
scribed in Problem 11.2.11. Assume that
the frame undergoes a sinusoidal motion
given by y(¢) = y, sin pt.
a) Find the response z(t) of the ac-
celerometer.

b) Given that m = 0.5kg, k = 5
kN/m, and ¢ = 10kg/s, find the
maximum acceleration that the
accelerometer can sense, assum-
ing the accelerometer to work in
the frequency range much below
its natural frequency (i.e., p/4, <
1). Express your answer in terms
of the gravitational acceleration
g (it is customary to talk about
acceleration of various things in
terms of ‘so many g's’).
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