Introduction to Mechanics for Engineers — Ruina & Pratap Ch11 Section1l1.1

release until the mass moves through
the equilibrium position for the second
time? Neglect gravity and friction. An-
swer in terms of some or all of m, k, and

11.1.1 A mass m is connected to a spring
k and released from rest with the spring
stretched a distance d from its static equi-

librium position. It then oscillates back d.
and forth repeatedly crossing the equi-
librium. How much time passes from Answer:

Time span = 37/ m/k/2
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Problem 11.1.2

3

11.1.2 Aspring k with restlength ¢ is at-
tached to a mass m which slides friction-
lessly on a horizontal ground as shown.
At time t = 0 the mass is released from
rest with the spring stretched a distance
d. Measure the mass position x relative
to the wall.

a) What is the acceleration of the
mass just after release?

b) Find a differential equation which
describes the horizontal motion x
of the mass.

¢) What is the position of the mass at

an arbitrary time ¢?

d) What is the speed of the mass
when it passes through x = ¢,
(the position where the spring is
relaxed)?
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4 natural frequency in 1/sec
omega = sqrt (k/m) ;

3 goough cive for 2 per)eds
t=lingpace(0,2°2+p!

+ compute displacement

x = dvcos (omega“t);

4 compute velocity
mega®sin (omega*t) ;

% compute kinetic energy
2 S
s compuce pote:
B =

% plot Ek and,
plot (&, Ek,
Potential Energy

label
Fittel'Kinatic & Potential Energies vs time’);
axis((min(t) max(t) min(EK) max(Ek)]);

HiElatmR versus B')1
grid;
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Problem 11.1.3

11.1.3 Reconsider the spring-mass sys- of time for several periods of os-
tem from problem 11.1.2. cillation. Are the potential and
. . . kinetic energy ever equal at the
a) Find the poten.tlal and kinetic en- same time? fgfys o, at Wl(l]at position
ergy of the spring mass system as x(t)?
functions of time. ’
¢) Make a plot of kinetic energy ver-
sus potential energy. What is the
phase relationship between the ki-
netic and potential energy?

b) Assigning numerical values to the
various variables, use a computer
to make a plot of the potential
and kinetic energy as a function
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(b)
11.1.4 For the three spring-mass sys- kb m ML F’(t)
tems shown in the figure, find the equa-
tion of motion of the mass in each case.
All springs are massless and are shown
in their relaxed states. Ignore gravity. (In F(1)
problem (c) assume vertical motion.) () T
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m

Problem 11.4

Answer:
(@Q)mi+kx = F(t),(b) mX+kx = F(t),
and (c) my + 2ky — 2k¢,, = = F(t)

=
[02
€0+y

{0-1-4
1
a)
M =~ K + F(E)
WX +mn = FLD)
@
b)
— N RO %)
o
KOG-%) - Fy) = »y)/ﬁ
A+ Ko Cuw)
e ™
9)

-2
. u"/f“é‘ L) Gin6 + F(L) - milo d* (1ine)

cler

“2Kh (L L) Kne 4 FIO = mt, [-cine 6% cot0.6]

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.



12 Chapter 11. 1. Free... Introduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap Problem...

‘b @—=>0 Hm Ang - 0O
toc O= |

F(e) = mlo (O -00%)

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.



Chapter 11. 1. Free...

Introduction to Mechanics for Engineers «

© 2026 Andy Ruina & Rudra Pratap

Problem 11.1.5

13

11.1.5 A mass-spring oscillator hangs
vertically under gravity. The mass rests
in static equilibrium by stretching the
spring by an amount y ;. = 0.025m.
Take your favorite value of g and find
the natural frequency of the oscillator.
How much time does the oscillator take
to complete one oscillation?
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Problem 11.1.6

11.1.6 A mass moves on a frictionless
surface. It is connected to a dashpot with
damping coefficient b to its right and a
spring with constant k and rest length
¢ to its left. At the instant of interest,
the mass is moving to the right and the
spring is stretched a distance x from its
position where the spring is unstretched.
There is gravity.

a) Draw a free-body diagram of the
mass at the instant of interest.

b) Derive the equation of motion of
the mass.

Problem 11.6

Answer:
LHS of Linear Momentum Balance:
2. F = —(kx + bx)i + (N — mg)j.
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11.1.7 A mass-spring-dashpot system
has m = 1kg, k = 10kN/m, and
¢ = 5kg/s. Find the natural fre-
quency, damping ratio, and the damped
frequency of the system. Specify whether

0 g7

Mr+bn +hx = 0

the system is underdamped, critically
damped or overdamped.

Answer:
w, = 100rad/s, & = 0.025, System is
underdamped.
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Problem 11.1.8
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11.1.8 The natural frequency, 4,, of a
SDOF systemis 150 rad/s. Find the min-
imum damping (§) that the system must
have for the resonant frequency to occur
below 100 rad/s?

Answer:
£>0.74
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11.1.9 The equation of motion of an b) Sketch a typical solution of the
unforced mass-spring-dashpot system is, system.

m¥ + cx + kx = 0, as discussed in the ¢) Make an accurate plot of the re-
text. For a system with m = 0.4kg,c = sponse of the system (displace-
10kg/s,and k = 5N/m, ment vs time) for the initial con-

ditions x(0) = 0.1 m and x(0) = 0.
a) Find whether the system is un-
derdamped, critically damped, or

overdamped. Answer:

Overdamped
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% pll_1 9.m

% DYNAMICS HW 3
% PROBLEM 12
% RUINA-PRATAP 11.1.9

% MARIGOT FACKENTHAL
% MKF47@CORNELL.EDU

00

ALL UNITS ARE SI
clear; clf; close all; clc;

set (0, 'DefaultAxesFontSize', 10)

% SETUP

EEEE RS RS E RS RS EEEEREREEEEEEEREEEEEEEEEEEREEEEEEEEEEEEEEEEREREEEEESEEE]

% parameters [CHANGE THESE]

p.-m = 0.4;
p.c = 10;
p.k = 5;
% timing

t0 = 0; tf = 15; n = 5000;
tarray = linspace(t0,tf,n)’';

% initial conditions [CHANGE THESE]

rx0 = 0.1;

vx0 = 0;

z0 = [rx0; vx0]; % use semicolons to make it a 4x1

% also, make sure the entries are in the standard order (ex. x1, x2,
vl, v2)

% ANALYTICAL SOLUTION

khkkhkkhkkhkkhkhkhkkhkhkhkhkhkhkkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhhhhhhhddddhdddddxdx*x

% analytical solution coefficients
% calculated in written work

Cl = 0.1022;

C2 = -0.0022;

rl = -0.51;

r2 = -24;

rxAna = Cl*exp(rl*tarray) + C2*exp(rl*tarray);

% NUMERICAL SOLUTION

EE R R R SRS S S S S S S EEEE RS EEEEEEEE R R R R EEEEEEEEEEESE]

[tarray, zarray] = myEulerSolver(@eqn, tarray, z0, p);

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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% outputs
rxNum = zarray(:,1);
vxNum = zarray(:,2);

% PLOTTING

khkkkhkkhkkhkkhkkhkkhkhkhkhkhkhkhkhhhhhhhkhkhkhkhkhhkhhkhkhkhkhkhkhkhkhkhhhkhkhkhkhkhkhkhkhkhkhkhkhkhkdk,kkkkhkhkkx%

% POSITION V. TIME
figure(1)

hold on

grid on

% plot numerical solution

plot(tarray, rxNum, '-r', 'LineWidth', 3)

% plot analytical solution
plot(tarray, rxAna, '--b', 'Linewidth', 3)

% figure settings

xlabel('t [s]')

ylabel('x [m]')

title('(1l) damped harmonic oscillator')
legend( 'numerical', 'analytical')

hold off

% NUMERICAL TO ANALYTICAL COMPARISON FOR POSITION V. TIME
figure(2)

hold on

grid on

% plot difference between analytical and numerical solutions
plot(tarray, 100*(rxNum-rxAna)./rxAna)

% figure settings

xlabel('t [s]")

ylabel('% difference between numerical & analytical [m]')
title('(2) numerical to analytical comparison (position)')
hold off

% FUNCTIONS

khkkkkhkkhkkhkkhkkhkhkhkhkhkhkhkhhhhhhhhhkhkhkhkhkhkhkhkhkhkhkhkhkhkhhhkhkhkhkhkhkhkhkhkhkhkhkhkhk k,k,kkkkkk*x%

% equations of motion
function dz = eqgn(t,z,p) % time, state, struct of matricies

% unpack parameters **kkkkkkkkkkkkkkkkk kKR AR R KKK KKK K AKX

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.



Chapter 11. 1. Free... Introduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap Problem... 27

m
.c
k

I
0 'O 'O

~e Ne <o

~ Q
I

o0

UNPacCk Z VECLOT ***## &k kXXX XXX KKK KK A Ak hkkhkkkk kKK

oe

positions
rx = z(1l);
% velocities
VX = 2(2);

S £fill dZ VECLOr ** %,k kkkhkhhk kA Ak kA XXX AR XA KAk hhhhhhh xRk **

% first entries become velocities
dz (1) = vx;

% next entries become accelerations

% CHANGE THESE LINES ACCORDING TO EOM

dz(2) = (1/m) * (-c*vx - k*rx);

% transpose dz from row to column vector ***kkkkkkkkkkk
dz = dz';

end

% Solver using Euler's method (Stolen from Teaya Yang)
function [tarray, zarray] = myEulerSolver(egn, tarray, z0, p)
% Generating zarray matrix

ntimes = length(tarray);

zarray = zeros(ntimes, length(z0));
zarray(l,:) = z0';

h = tarray(2) - tarray(l); % step size

% Applying Euler's method at each step

for i = l:ntimes-1
Znow = zarray(i,:)'; tnow = tarray(i); % set present
values
zdot = eqn(tnow,znow,p); % evaluate RSH (right hand side) at

present time

% Euler's method
znew = znow + zdot * h;

% Append to zarray
zarray(i+l,:) = znew'; % Add a row to the array of solutions.
% Recall, z is a column, zarray is in rows.
end % loop

end % function

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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(1) damped harmonic oscillator
0.1

W—numerical

0.09 = w analytical

0.08

0.07

15

t[s]

(2) numerical to analytical comparison (position)

15} S~

05

% difference between numerical & analytical [m]

t[s]
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other side). You are given a spring with

11.1.10 You are given to design a SDOF stiffness k = 500N/m, a hydraulic
damped oscillator that should show no damper with ¢ = 10kg/ s ’and you have
oscillations at all when disturbed from a choice of masses from’m = 1kg to

the equilibrium (i.e,, it should return to m = 10kg in increments of half kg. Find
equilibrium without overshooting on the the appropriate mass.
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11.1.11 Two SDOF oscillators with the
same k and m but different ¢’s are hung ¢ H k cy H k
from the ceiling as shown in the figure.

The one on the left is pulled down 2 cm
and let go. The other is pulled down by
0.2 cm and let go. Which oscillator un-
dergoes more oscillations before reach- m m
ing the steady state. Find the steady state o o
displacement of each mass.
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Problem 11.11
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measured to be 0.6 s and the mass of the
11.1.12 Experiments conducted on free system is known to be 1.2kg. Find the
oscillations of a damped oscillator reveal  damping coefficient and the spring stiff-
that the amplitude of oscillations drops ness of the system.
to 25% of its peak value in just 3 periods of

oscillations. The period of oscillation is Answer:

k =132N/m, c = 1.76 kg/ s.
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11.1.13 You are required to design a
mass-spring-dashpot system that, if dis-
turbed, returns to its equilibrium posi-
tion the quickest. You are given a mass,
m = 1kg, and a damper with ¢ =

[0, 1. 13 M = |

"3

10kg/s. What should be the stiffness of
the spring? Your solution needs to in-
clude your definition of “‘quickest”.

Answer:
k =25N/m
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