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10.4 Coupled motions in 1D

Thinking of a car, a plane, a person on a bicycle or a satellite as a single
particle is often edifying, and sufficient for many engineering purposes.
However, the one-particle model is also often inadequate. That the parts
of a machine or structure move relative to each other is obviously some-
times important; many important engineering systems have parts that
move independently.

Here we begin the study of independent, but coupled, motions of parts.
The independent motions are coupled in that the motion of each part may
affect the motion of the others.

Example: Car suspension.

A model of a car suspension treats the wheel as one particle and the car as an-
other. The wheel is coupled to the ground by a tire and to the car by the sus-
pension. In a first analysis the only motion to consider would be vertical for

both the wheel and the car. Think of the ground as moving up and down and
‘forcing’ the motion of the car and wheel system.

Still using one-dimensional mechanics, we consider systems that can be
modeled as two or more particles. Such one-dimensional coupled motion
analysis is common in engineering practice in situations where there are
connected parts that all move in about the same direction, but the parts do
not move the same amount or necessarily at the same time. Many of the
ideas generalize to systems where parts, each with one degree of freedom,
are coupled together. Many generalizations apply even if each degree of
freedom is quite different from the others. These generalizations to more
general coupled motions come later in the book.
The primary goal in this section is to develop two skills:

» Towrite correct equations of motion for a line of particles connected
to each other with springs and dashpots, and

« To simulate the motions of such systems on a computer.
+ (the third of the two things, really implicit in the first two) To use
the simulation results to find errors in the equations.

The concept of ‘normal modes’ is postponed to Section 11.3 The simplest
way of dealing with the coupled motion of two or more particles is

. towrite F = ma for each particle and then

« to use the forces on the free-body diagrams to evaluate the forces.
Because the most common models for the interaction forces are springs

and dashpots (see chapter 3), one needs to account for the relative posi-
tions and velocities of the particles.

Relative motion in one dimension
If the position of A is 7, and B’s position is 7y, then B’s position relative

to A is

=

Fpja=Tp—T4
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car and wheel might be considered as
coupled motions in 1D.
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Relative velocity and acceleration are similarly defined by subtraction, or
by differentiating the above expression, as

Ug/a =vB—vAandaB/A =ag—a,.

(a()) A B In one dimension,Athe relitive positioil diagram of fig. 1.5 on page 51
= = becomes fig. 10.35. ¥ = xi, 0 = vi, and @ = ai. So, we can write,
LN /A
Ty Xpja = XpTXps
(b) Vp/a = UpTUa= Xp/a and
0] A B d 42
XA XB/A Gpja = 05— 04 = V54 = J5Xp/4
*B An alternative notation, discussed in Chapter 2, is x , ; where the directed

Figure 10.35: The relative position of ~ line AB is equivalent to the position of B relative to A:
points A and B in one dimension.

XaB = XB/A

Example: Two masses connected by a spring.
Consider the two masses on a frictionless support (fig. 10.36). Assume the spring
is un-stretched when x; = x, = 0. After drawing free-body diagrams of the two

0 k masses we can write F = ma for each mass:
ml ] 0 0 0 0 m2

massl: F, =ma, = Ti=mXi
— x —x o o (10.41)
mass2: F,=ma, = —Ti=m,X,i
FBDs The stretch of the spring is
AC =x, — x;
T T
e A ok o) T = kAC = k(x, — x,). (10.42)
Combining (10.41) and (10.42) we get
T T "
- ISISI = o= (L)ke-x)
1

(10.43)
Figure 10.36 X,

(&) ke, = %))

2

Note: Take care with signs when setting up this type of problem. You should
check, for example, that if x, > x;, mass 1 accelerates to the right (X, > 0)

and mass 2 accelerates to the left(X, < 0). It is easy to make sign errors.
You’ve been warned!

The differential equations that result from writing F = ma for the sepa-
rate particles are coupled second-order equations. The equations are ‘cou-
pled’ in that the equation for m,, say, includes the position x, or velocity
v, of mass 2. Such systems of second order coupled equations are often
solved on a computer by writing them as a system of first-order equations.
You have two first-order equations for each of the second order equations
because of the addition of equations like, for example, X;, = v;.

2 Introduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap
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Example: Writing second-order ODEs as first-order ODEs.
Refer again to fig. 10.36 If we define v, = X; and v, = X, we can rewrite equa-
tion 10.43 as

X, = Uy

v, = (i)k(x2 —X)
my

X, = U,

c.
%)
I

(mi) (=) (x, — x,)

or, defining z, = x,2, = v,,2; = X,,2, = U,, we get

Z, = z,
R IR v

Z, = py )%

Z; = Za

: k k

z, = —z ——z,.

m m

2 2

Most numerical solutions depend on specifying numerical values for the
various constants and initial conditions.

Example: computer solution
If we take, in consistent units, m; = 1,k = 1,m, = 1,x,(0) = 0,x,(0) =
0,v,(0) = 1, and v,(0) = 0, we can set up a well defined computer problem
(please see the preface for a discussion of the computer notation). This problem
corresponds to finding the motion just after the left mass was hit on the left side
with a hammer:
ODEs = {zldot = 22
z2dot = -z1 + z3
z3dot = z4
z4dot = z1 - z3}
ICs = {z1(0) =0, z2(0)=1, z3(0)=0, z4(0)=0}
solve ODEs with ICs from t=0 to t=10
plot z1 vs t.
This yields the plot shown in fig. 10.37.

The same methods work for problems involving connections with dash-
pots.
Example: Multi-DOF system with a dashpot.

Consider my in fig. 10.38. Using the free-body diagram shown linear momen-
tum balance gives

Zf‘i = miy
{(—Tk4 =Ty, +T, + Tk3)i = maBi}
gt = -1, - T, + T, + T, = ma
k4xB kz(xB—xA) cl(J'cD—J'cB) k3(xD—xB) Xp

kyx, —(ky+ k, + ky)xz + kyxp —cXg +¢X, = miy

Similar equations could be written for masses A and C. Some things to note

« We assumed zeros for the displacements so that the system is in static
equilibriumif x, = x5 = x, = 0.
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Figure 10.37: Plot of the position of the
left mass vs. time.

Ty, < . — T,
mg
Tkz « > Tk3
© ©
Figure 10.38: A system with 3 masses,

4 springs and a dashpot. Also shown
is free-body diagram of mass B.
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+ We have taken the sign convention that tension is positive for all springs
and dashpots.

« All of the spring coefficients of x; have a minus sign in front. That is
because all springs, whether to the right or the left of mass B, provide a
restoring force if mass B is displaced.

+ All of the spring coefficients of x, and x; make a positive contribution
because motion to the right of mass A or mass D causes a force to the
right on mass B.

As for the example above, for any system of masses, linear springs and
linear dashpots the set of momentum balance equations can be written
in the form

[M]% +[Clx +[K]x =0 (10.44)

where x is a list of positions of the masses. The mass matrix [M] is diag-
onal because each equation corresponds to F = ma for one mass. The
damping and stiffness matrices [C] and [K] are symmetric because, as
Jim Marley said, ‘every action has a reaction’; if motion of mass 7 causes
a stretch on the spring between it and mass 19 then motion of mass 19
causes a stretch on the same spring, similarly affecting mass 7. So row 7
column 19 has the same entry as row 19 column 7. As noted in the ex-
ample below, the diagonal elements of [M], [C] and [K] are positive (or
Zero).
Example: Matrix form

When the three momentum balance equations for fig. 10.38 are written, one for
each mass, they can be assembled in matrix form as

my 0 0 X4 0 0 0 X, (ky + k) —k, 0 X4 0

0 mg O g |+ 0 ¢ —¢ Xg |+ —k, (ky+ky+ky) —ksy xg =] 0|
0 0 me Xp 0 —¢ ¢ Xp 0 —ks ks Xp 0
[M] % (] x K] x 0

The equation for m, worked out at the start of this example corresponds to the
second row of these matrices.

This form is convenient for numerical solution if it is written as

= v
v = —[M]7[[C]v+ [K]x]

For the three mass example this would represent 6 first-order differential
equations.

Center of mass

For both theoretical and practical reasons it is often useful to pay attention
to the motion of the average position of mass in the system. This average
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position is called the center-of-mass. For a collection of particles in one
dimension the center-of-mass is
2 xXm;

= R 10.45
Feu My ( )

where m,,, = ), m; is the total mass of the system. The velocity and ac-
celeration of the center-of-mass are found by differentiation to be
2 om X am;

and agy = . (10.46)
Mot My

Ucm =

If we imagine a system of interconnected masses and add the F = ma
equations from all the separate masses we can get on the left hand side
only the forces from the outside; the interaction forces cancel because
they come in equal and opposite (action and reaction) pairs. So we get:

Z Fexternal = Z a;m; = my,;dcyg- (10.47)

So the center-of-mass of a system (a system that may be deforming wildly)
obeys the same simple governing equation as a single particle. Although
our demonstration here was for particles in one dimension. The result
holds for any bodies of any type in 1,2, or 3 dimensions.
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SAMPLE 10.16 For the given quantities and initial conditions, find x;(t)
and x,(t). Assume the spring is unstretched at its rest length of L, when
xl = xZ.

m; =1kg, my=2kg, k=3N/m, c=5N/(m/s)
x(0)=1m, %(0)=0, x,(00=2m, x,(0)=0. — =,

Figure 10.39

Solution The free-body diagrams of all components of the given system are shown below.

FBDs

T, T, T,

- — -~ —E
T, T, T, T,
= —— =-> U =

Figure 10.40:
The spring and dashpot laws give
T, =cX; T, = k(xy — x1). (10.48)

The linear momentum balance for the two masses gives

YF=ma
mass1: -T,i+T,i =mXi (10.49)
mass 2: =T,i = m,X,i.

Applying the constitutive laws (10.48) to the momentum balance equations (10.49) gives

X = [k(xy,—x)—cx]/my
[—k(x, — x))]/m,.

X,

Defining z, = x,, 2, = X,,2; = X,, 2z, = X, gives

Z = 2z
z, = [k(zy—2z)—cz]/m /E\z
Z, = z = | Vo
3 4 2
z, = [~-k(z5—2z)]/m,. E x,(0)
SI/'\ -
The initial conditions are (?;J /\//F\\-}“—
S\ 7
z;(0)=1m, 2z,(0)=0, z,0)=2m, z,0)=0. 05 - s

3 10
time (s)

We are now set for numerical solution. Solving these equations numerically, we plot x, (¢) !
Figure 10.41: Plot of x;(t) and x,(t)

obtained from the numerical solution
down to the equilibrium position x, = x, = 1 m after the oscillations die down. In this po- of the equations of motion. Note that

and x,(t) as shown in fig. 10.41. From the solution, it is clear that both the masses settle

sition, the spring exerts no force as it is unstretched. Also note that the two masses move with x,(0) = 1m and x,(0) = 2m,
both masses settle down to x; = x, =

in the opposite direction immediately after being set into motion as they must because of o .
1 m after the oscillations die.

the opposite accelerations.
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9
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Figure 10.42

) You can think of it as a model
of a hopping robot or a hopping ani-
mal where the foot mass is modeled
with m, and the body mass with m,.
The spring models the elasticity of the
system. If you restrict this model to
one dimensional vertical motion un-
der gravity, it will hop, once released
from some initial height. The number
of hops depends on the initial condi-
tions. Theoretically, it can hop forever
with suitable initial conditions.

‘ m;g

9

k( Yl—X—W

?ng

Figure 10.43: Free-body diagram of
the two masses m, and m,

s
B I
Bl ~___
=15t \
108 \
02 04 06 08 | 12 14 16 18 2
t (sec)
25 o
20) I——
~_~ \
15k T~
E
=Sl \
sk
0 L R
02 04 06 0 716 18 2

2St (séc) i
Figure 10.44: Numerically obtained
solutions y,(¢) and y,(t)

SAMPLE 10.17 Flight of a toy hopper. A hopper model ® is made of
two masses m; = 0.4kg and m, = 1kg, and a spring with stiffness k =
100 N/m as shown in fig. 10.42. The unstretched length of the spring is
¢, = 1m. The model is released from rest from the configuration shown
in the figure with y, = 25.5mand y, = 24 m.

1. Find and plot y,(¢) and y,(t) fort =0to 2s.

2. Plot the motion of m, and m, with respect to the center-of-mass of
the hopper during the same time interval.

3. Plot the motion of the center-of-mass of the hopper from the solu-
tion obtained for y,(¢) and y,(t) and compare it with analytical val-
ues obtained by integrating the center-of-mass motion directly.

Solution The free-body diagrams of the two masses are shown in fig. 10.43. From the

linear momentum balance in the y direction, we can write the equations of motion at
once.

mj, = —k(y,—y,—t))—mg
. k k¢,
= Y = _E()ﬁ -y + m, 8 (10.50)
my, = k(, —y,—€,)—mg
.. k ke,
= V= - s (10.51)

1. The equations of motion obtained above are coupled linear differential equations
of second order. We can solve for y,(¢) and y,(t) by numerical integration of these
equations. As we have shown in previous examples, we first need to set up these
equations as a set of first order equations.

Letting y; = v; and y, = v,, we get

n o= u

, k ke

v, = _E(y1_yz)+710_g
Y = 0,

. k ke

v, = %@1 _yz) - m; -8

Now we solve this set of equations numerically using some ODE solver and the
following pseudocode.

ODEs = {yldot = v1,
vidot = -k/mi*(yl-y2-10) - g,

y2dot = v2,
vidot = k/mlx*(y1-y2-10) - g}
IC = {y1(0)=25.5, v1(0)=0, y2(0)=24, v2(0)=0}

Set k=100, m1=0.4, m2=1, 10=1
Solve ODEs with IC for t=0 to t=2
Plot y1(t) and y2(t)

The solution obtained thus is shown in fig. 10.44.
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2. We can find the motion of m,; and m, with respect to the center-of-mass by sub-

tracting the motion of the center-of-mass, y,, from y, and y,. Since, —~ 1
\E/ 0.8
my: +nm,y, § o6
Yem = (1052) f 0.4
m; +m, 02
"0 02040608 1 121416 1.8 2
we get, 1 (sec)
INE
- - 0.2
Vijem = V1= Yem = 1 =) E
m; +m, 503
N0.35
Vem = Y2 Yem = ———(, — 1) " ik
2/em 2 Jem m, +m, "t 7 002 0406 08 1T 12 14 16 18 3
t (sec)

The relative motions thus obtained are shown in fig. 10.45. We note that the mo-

tions of m, and m,, as seen by an observer sitting at the center-of-mass, are simple Luti (1) and o
harmonic oscillations. solutions ¥, e, (1) and yy /e, (£)-

Figure 10.45: Numerically obtained

3. We can find the center-of-mass motion y_ (t) from y, and y, by using eqn. (10.52).
The solution obtained thus is shown as a solid line in fig. 10.47. We can also solve
for the center-of-mass motion analytically by first writing the equation of motion
of the center-of-mass and then integrating it analytically. m; g
The free-body diagram of the hopper as a single system is shown in fig. 10.46. The
linear momentum balance for the system in the vertical direction gives

(my + m)j.,, = -mg-myg ¢m
= y em = ~&
We recognize this equation as the equation of motion of a freely falling body under m,g

gravity. We can integrate this equation twice to get ) .
Figure 10.46: Free-body diagram of

the hopper as a single system. The
spring force does not show up here
since it becomes an internal force to
the system

, 1
Yem(®) = Ve (0) + Jom (0 — S 1°.

Noting that y_ (0) = 24.43m (from eqn. (10.52)), and y_,(0) = O (the system is
released from rest), we get

1
Yem(®) =24.43m — 3 9.81m/s?- 2.

The values obtained for the center-of-mass position from the above expression are
shown in fig. 10.47 by small circles.

25

Numerical

v

Analytical

( 02 04 06 08 1 12 14 16 1.8 2
t (sec)

Figure 10.47: Numerically obtained solution for the position of the center-of-mass,
Yem(D)-
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interesting mp =200 Ibm
object
b—5ft ——5ft

¢

Figure 10.48: Mr. P spots an interest-
ing object.

me = 100 Ibm

Introduction to Mechanics for Engineers «

SAMPLE 10.18 Conservation of linear momentum. Mr. P with mass
m,, = 200 Ibm is standing on a cart with frictionless and massless wheels.
The cart weighs half as much as Mr. P. Standing at one end of the cart, Mr.
P spots an interesting object at the other end of the cart. Mr. P decides to
walk to the other end of the cart to pick up the object. How far does he
find himself from the object after he reaches the end of the cart?

Solution From your own experience in small boats perhaps, you know that when Mr. P
walks to the left the cart moves to the right. Here, we want to find how far the cart moves.

Consider the cart and Mr. P together to be the system of interest. The free-body dia-
gram of the system is shown in Fig. 10.49(a).

‘<—5ft—~—5ft—>\

object
L || S
e e
yl N vmcg N> yl

x (a) x (b)

Figure 10.49: (a) Free-body diagram of Mr. P-and-the-cart system. (b) The cart has moved
to the right by distance x when Mr. P reaches the other end.

From the diagram it is clear that there are no external forces in the x-direction. There-
fore,
L,=)F,=0 =
that is, the linear momentum of the system in the x-direction is ‘conserved’. But the initial
linear momentum of the system is zero. Therefore,

L, = constant

L. =m,(v,,), =0allthetime = (v,,), =0 all the time.

Because the horizontal velocity of the center-of-mass is always zero, the center-of-mass

does not change its horizontal position. Now let x,,, and x’,,,, be the x-coordinates of the
center-of-mass of the system at the beginning and at the end, respectively. Then,

!
cm

X oy = X

Now, from the given dimensions and the stipulated position at the end in Fig. 10.49(b),

mXg +m,x, , m(xs +x) +m,x
—— and X, =————

Cm=
m.+m, m. +m,

Equating the two distances we get,

m.xXg +m,x, m.(xg + x) + m,x

= mxg +x(m, +m,)
MpXp

m. +m,

2001bm - 10 ft

2
= 6= ft.
300 Ibm 3

6.67 ft

[Note: if Mr. P and the cart have the same mass, the cart moves to the right the same
distance Mr. P moves to the left.]
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10.4 Coupled motion in
1D

The primary emphasis of this section is
setting up correct differential equations
(without sign errors) and solving these
equations on the computer.

Preparatory Problems

10.4.1 Write the following set of coupled
second order ODE’s as a system of first
order ODE’s.

X, ky (e, = x1) = kyxy

X, kyx, = ky(x, — xp)

10.4.2 The solution of a set of second or-
der differential equations is:

£(t) = Asinwt + Beoswt + £*
§'(t) = Aw cos wt — Bw sin wt,

where A and B are constants to be deter-
mined from initial conditions and &* is
a known constant. Assume A and B are
the only unknowns.

a) Write the equations in matrix
form which you would need to
solve in order to find A and B in
terms of £(0) and £(0).

b) Solve the equations in symbols.

¢) Solve for the numerical constants
A and B using the matrix form,

if £0) = 0, £(0) = 05, @ =
0.5rad/sand £* =0.2.

10.4.3 A set of first order linear differen-
tial equations is given:
X, =X,
X, + kx; +cx, =0.

Write these equations in the form ¥ =
[A]x, where x = { zl }

2

10.4.4 Write the following pair of coupled
ODE’s as a set of first order ODE’s.

X, +x, = X,sint

X,+x, = X cost

Introduction to Mechanics for Engineers «

10.4.5 The following set of differential
equations can be written in first order
form, and in particular, in matrix form
X = [A]% + €. In general equations
of motion are not so simple, but linear
cases like this are prevalent in the ana-
lytic study of dynamical systems.

X, =X
X, =X,
X5 + 5Q%x; — 4Q%x, = 20%v;

X, —4Q%x, + 5Q%x, = —Q%v}

10.4.6 Write each of the following equa-
tions as a system of first order ODE’s.

a) 6+ 1%6 = cost,
b) ¥ +2px +kx =0,
c) X+ 2cx + ksinx =0.

10.4.7 A train moves at a constant abso-
lute velocity vi. A passenger, idealized as
a point mass, walks at an absolute veloc-
ity ui, where u > v. What is the velocity
of the passenger relative to the train?

10.4.8 Two equal masses, each denoted
by the letter m, are on an air track. One
mass is connected by a spring to the end
of the track. The other mass is con-
nected by a spring to the first mass. The
two spring constants are equal and repre-
sented by the letter k. In the rest config-
uration (springs are relaxed) the masses
are a distance ¢ apart. Motion of the two
masses x; and x, is measured relative to
this configuration.

a) Write the
potential energy of the system for
arbitrary displacements x, and x,
at some time ¢.

b) Write the kinetic energy of the sys-
tem at the same time ¢ in terms of
X, X,, m,and k.

c) Write the total energy of the sys-
tem.

d) Draw a free-body diagram for each
mass.

e) Write the equation of linear mo-
mentum balance for each mass.

Problem 10.4.8

© 2026 Andy Ruina & Rudra Pratap

10.4.9 For the three-mass system shown,
draw a free-body diagram of each mass.
Write the spring forces in terms of the
displacements x,, x,, and x;.

e

Problem 10.4.9

10.4.10 The springs shown are relaxed
when x, = x; = x, = 0. In terms of
some or all of m,, my, mp, x,, x5, Xp,
X,,Xp, Xc, and ki, k,, k;, k, and ¢, find
the acceleration of block B. *

Problem 10.4.10

10.4.11 A system of three masses, four
springs, and one damper are connected
asshown. Assume thatall the springs are
relaxed when x, = x; = x, = 0. Given
ki, ky, ks, ky, €0, my, Mg, My, X, X, Xp,
X,, Xp, and Xp, find the acceleration of
mass B, d = X51. *

Problem 10.4.11

More-Involved
Problems

10.4.12 A massless spring with constant
k is held compressed a distance § from
its relaxed length by a thread connecting
blocks A and B which are still on a fric-
tionless table. The blocks have mass m,
and my, respectively. The thread is sud-
denly but gently cut, the blocks fly apart
and the spring falls to the ground. Find
the speed of block A as it slides away. *

spring, k

thread
Problem 10.4.12
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10.4.13 In the system below the masses
are in equilibrium with the springs when
x, =x,=0.

a) First do problem 10.4.8.

b) Pick parameter values and ini-
tial conditions of your choice and
simulate a motion of this system.
Make a plot of the motion of, say,
one of the masses vs time,

c) Explain how your plot does or
does not make sense in terms of
your understanding of this sys-
tem. Is the initial motion in the
right direction? Are the solutions
periodic? Bounded? etc.

Problem 10.4.13

10.4.14 Two masses are connected to
fixed supports and each other with the
three springs and dashpot shown. The
force F acts on mass 2. The displace-
ments x; and x, are defined so that x; =
x, = 0 when the springs are unstretched.
The ground is frictionless. The govern-
ing equations for the system shown can
be written in first order form if we define
v, =X, and v, = X,.

a) Write the governing equations in
aneat first order form. Your equa-
tions should be in terms of any
or all of the constants m,, m,, k;,
k,,k, C, the constant force F, and
t. Getting the signs right is impor-
tant.

b) Write computer commands to find
and plot v, (¢) for 10 units of time.
Make up appropriate initial condi-
tions.

¢) For constants and initial condi-
tions of your choosing, plot x; vs
t for enough time so that decay-
ing erratic oscillations can be ob-
served.

Problem 10.4.14
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10.4.15 The three beads of masses m,
2m, and m connected by massless lin-
ear springs of constant k slide freely on
a straight rod. Let x; denote the displace-
ment of the i bead from its equilibrium
position at rest.

a) Write expressions for the total ki-
netic and potential energies.

b) Write an expression for the total
linear momentum.

c) Draw free-body diagrams for the
beads and use Newton’s second
law to derive the equations for mo-
tion for the system.

d) Verify that total energy and linear
momentum are both conserved.

e) Show that the center of mass must
either remain at rest or move at
constant velocity.

f) What can you say about vibratory
(sinusoidal) motions of the sys-
tem?

Static
equilibrium

Problem 10.4.15

10.4.16 Two blocks with masses M and
m are connected by a spring with con-
stant k and free length ¢, that can sustain
compression. MassM is resting on the
ground at the start. There is gravity. The
upwards vertical displacement of mass m
is x, which is zero when the spring is at
its rest length and M is on the ground.

a) For what value of x is the system
in static equilibrium?

b) Find a differential equation gov-
erning the motion of m assuming
M remains on the ground.

c) Draw a free-body diagram of M.

d) For what value of x is M on the
verge of lifting off the ground.

e) Defining y as the height of the
lower mass, write two coupled dif-
ferential equations for the motion
of m and M if both masses are in
the air.

f) Find the value of x < 0 so that
if the system is started from rest
with that x and y = 0 that the
ground reaction force on M just
goes to zero.
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g) Starting here, this problem is
more of a project than a typi-
cal homework problem. Assume
x(t = 0) is less than the value
computed above. Write a com-
puter program that integrates the
equations of motion until M lifts
off and then switches to inte-
grating the equations for the two
masses in the air.

h) modify your program so that if M
hits the ground again, it sticks un-
til the ground reaction force goes
to zero again.

i) By playing around, this way or
that, see if you can find a special
value for x(t = 0) so that the
bouncing continues indefinitely.
(This is a perhaps surprising re-
sult, that a system with plastic col-
lisions can continue to bounce in-
definitely.)

Problem 10.4.16
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Ch 10 Section 10.4

The primary emphasis of this section
is setting up correct differential equa-
tions (without sign errors) and solving
these equations on the computer.

10.4.5 The following set of differential
equations can be written in first order
form, and in particular, in matrix form
X = [A]X 4+ ¢ In general equations
of motion are not so simple, but linear
cases like this are prevalent in the ana-

lytic study of dynamical systems.
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness. 1
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Problem 10.4.6

2

10.4.6 Write each of the following equa-
tions as a system of first order ODE’s.

a) 6 + 126 = cost,
b) X +2px+kx =0,
c) X +2cx+ksinx =0.
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 10.4.10
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10.4.10 The springs shown are relaxed
when x, = x; = x;, = 0. In terms of
some or all of m,, my, my, x,, X5, Xp,
X4, X, Xc, and ki, k,, k5, k, and c,, find
the acceleration of block B.
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Problem 10.10
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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10.4.11 A system of three masses, four
springs, and one damper are connected
asshown. Assume that all the springs are
relaxed when x, = x; = x;, = 0. Given
ki, ky, ks, ky, ¢p, my, mg, mp, X, Xg, Xp,
X,, Xz, and X, find the acceleration of ~ Problem 10.11
mass B, @ = ¥pl. Answer:

= o e 1 o 5

ap = Xgl = m_[_k4xB — (kg — X,) +

(K, + k)(xp — x5)]-
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 10.4.12

10.4.12 A massless spring with constant
k is held compressed a distance § from
its relaxed length by a thread connecting
blocks A and B which are still on a fric-
tionless table. The blocks have mass m,
and my, respectively. The thread is sud-
denly but gently cut, the blocks fly apart ~ Problem 10.12
and the spring falls to the ground. Find Answer:
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7ote these solutions.
They are not oﬁictal and have not been reviewed by the authors for correctness.
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Problem 10.4.14

10.4.14 Two masses are connected to
fixed supports and each other with the
three springs and dashpot shown. The
force F acts on mass 2. The displace-
ments x; and x, are defined so that x; =
x, = 0 when the springs are unstretched.
The ground is frictionless. The govern-
ing equations for the system shown can
be written in first order form if we define
v, =X, and v, = X,.

a) Write the governing equations in
aneat first order form. Your equa-
tions should be in terms of any
or all of the constants m,, m,, k,,
k,.k,, C, the constant force F, and
t. Getting the signs right is impor-

tant.
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b) Write computer commands to find
and plot v, (¢) for 10 units of time.
Make up appropriate initial condi-
tions.

¢) For constants and initial condi-
tions of your choosing, plot x; vs
t for enough time so that decay-
ing erratic oscillations can be ob-
served.
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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% problem 9.76

function question976

Y%time span

tspan = [0,10]; Y%integrate for 10 sec

z0 =0, 0, 0, 0] %initial position and velocity
%[x0, vx0, y0, vy0]

%solves the ODEs

[t z] = ode45(@rhs,tspan,z0);

%Unpack the variables

x1 =z(;,1);
vl =z(:,2);
x2 =2(:,3);
v2 =17(:,4);

Yoplot the results

plot(t,vl)

title('Ka Ming Lam"s plot of v1 vs t)
xlabel('t(s)")

ylabel('v1(m/s)")

Yoset grid, xmin, xmax, ymin, ymax

end
% \

function zdot = rhs(t,z)
x1=z(1); vl=2z2); x2=2z3); v2=1z(4);

Yoput in vlaues for mass, C and g below
ml =2;

m2 =20; % masses in kg

C=04; %inkg/s

F =120,
kl1=1;
k2=1;

k3=1; %k inN/m

% the linear momentum balance eqns:

xldot =vl;
vldot = (-k2-k1)/m1*x1+k2/m1*x2;
x2dot = v2;

v2dot = F/m2-C/m2*v2-(k3+k2)/m2*x2+k2/m2*x1;

zdot = [x1dot;v1dot ; x2dot;v2dot];  %this is what the function returns (column vector)

end

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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b). Here is the plot

” Ka Ming Lam"s plot of 1 vs t

12F b

v1{m/s)

0 1 1 1 1 1 1 1 1 1

0 1 2 3 4 5 6 7 8 9 10
t(s)

¢). In order to have a decaying erratic oscillation we need to increase tspan to [0 100] for
this case

Ka Ming Lam"s plot of x1 vs t
90 T T T T T T T T T

80 1

0 10 20 30 40 50 60 70 80 90 100

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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HW Solutions Page 3

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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b)

Parameters:

Initial conditions:

X10 = 2; x20 = 0; vio = 0; vz = 05

We expect the resulting motion of mass 1 to be oscillatory, with a velocity that initially
becomes negative since it has been displaced in the positive direction.

A b) Velocity of mass 1

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.



Chapter 10. 4. Coupled. .. Introduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap Problem... 15

<)

Parameters:

Initial conditions:
x10 = 2; x20 = 0; v10 = 0; v20 = -10;

Initial conditions are selected such both masses move towards each other initially quite
aggressively. After a complicated oscillatory motion, the oscillations decay, converging
on a steady state value.

6 c¢) Position of mass 1

0 10 20 30 40 50

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Contents
= Partb) - Plot velocity 1 for 10 time steps

= Partc) - Plot position 1 to observe decaying oscillations

= FUNCTIONS

MAE 2030
HW 3, Q13 Solution
10.4.14

00 o0 oo

o

> Clear workspace, clear terminal and close plots
clear all; clc; close all;

% Define parameters - m's, k's, c, constant F
ml =1; m2 = 2; k1 =1; k2 =2; k3 =1; c =1;
F = 4;

% Pack parameters into a struct

.ml =ml; p.m2 = m2; p.kl = k1; p.k2 = k2; p.k3 = k3; p.c = c;
.F = F;

‘s 'O

Part b) - Plot velocity 1 for 10 time steps

o

3 Initial and final times of simulation
t0 = 0; tend = 10;

tspan = [t0 tend];

% Initial conditions

x10 = 2; %20 = 0; % initial positions
vl0 = 0; v20 = 0; % initial velocities
z0 = [x10 x20 v10 v20]"';

egn = Q(t,z) myrhs(t,z,p); % anonymous function handle for myrhs function

opts.RelTol = le-3; % a "tolerance" on the ode solver
opts.maxtime = 10; % maximum time of solution (will quit if not converged
% by this time)

Call to midpoint solver - returns a 1xN vector for the time divisions
that satisfy the tolerance, and a 4xN matrix containing the state at each
time
tarray, zarray] = myMidpointSolver (eqn, tspan, z0, opts);

x1
vl = zarray(3,:); v2 = zarray(4,:);

zarray(l,:); x2 zarray(2,:);

% Plotting vl (t)

fig = figure; hold on; box on; grid on;

set (gcf, 'DefaultTextInterpreter', 'latex'); % use a latex interpreter
set (gca, 'FontSize',16) ;

plot (tarray,vl, '-k', 'LineWidth',2);

xlabel ('t (s)"); ylabel('Sv_1(t)$"');

title('b) Velocity of mass 1');

% Save image files for convenience. Will overwrite each run

saveas (fig, 'ql3 b.fig');

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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saveas (fig, 'gql3 b.png');

b) Velocity of mass 1
4 : : : .

‘;1(t}

Part c) - Plot position 1 to observe decaying oscillations

°

% Initial and final times of simulation
t0 = 0; tend = 50;
tspan = [t0 tend];

$ Initial conditions

x10 = 2; x20 = 0; % initial positions
v1l0 = 0; v20 = -10; % initial velocities
z0 = [x10 x20 v10 v20]"';

egqn = Q(t,z) myrhs(t,z,p); % anonymous function handle for myrhs function

opts.RelTol = le-3; % a "tolerance" on the ode solver

opts.maxtime = 10; % maximum time of solution (will quit if not converged

by this time)
Call to midpoint solver - returns a 1xN vector for the time divisions

time
tarray, zarray] = myMidpointSolver (eqgn, tspan, z0, opts);
x1 = zarray(l,:); x2 = zarray(2,:);

vl = zarray(3,:); v2 = zarray(4,:);

% Plotting vl (t)

S

fig = figure; hold on; box on; grid on;

that satisfy the tolerance, and a 4xN matrix containing the state at each

set (gcf, 'DefaultTextInterpreter', 'latex'); % use latex interpreter for text

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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set (gca, 'FontSize',16);

plot (tarray,x1l, '-k', 'LineWidth',2);

xlabel ('t (s)'); ylabel('Sx 1(t)$');

title('c) Position of mass 1');

% Save image files for convenience. Will overwrite each run
saveas (fig, 'ql3 c.fig"');

saveas (fig, 'ql3 c.png');

FUNCTIONS

function [tarray zarray] = myMidpointSolver (eqn, tspan, z0, options)
Implementation of a midpoint sovler with a tolerance.
INPUTS:
egqn - a function handle, with inputs (t,z), which returns the state
derivative zdot
tspan - a vector containins the initial time (t(1l)) and final time
(t (end) of the simulation
z0 - a 2*d x 1 vector containing the initial positions of each item
in the system, stacked on top the initial velocities of each
item. d is the number of components in the system
options - a struct containing the tolerance, RelTol, and maximum
simulation time
OUTPUTS:
tarray - a 1xN vector containing the time array at which RelTol is
satisfied
zarray - a 2*d x N vector containing the state at each computed time
step

g0 0 o0 P O A O P O ° o P O o° o° o

RelTol = options.RelTol; % desired tolerance in solution
maxtime = options.maxtime; % maximum time before simulation ends

d = length(z0); % number of elements in state
N_array = 5*2.7[1:30]; % a range of potential time divisions to run

zend = z0; % a vector which will carry the end state from last
% iteration for now, initialized to the initial state

tic; % start tracking time

% loop over
for N = N array % number of divisions in time span

tarray = linspace (tspan(l),tspan(end),N); % make time array with N
zarray = zeros (d,N);

zarray(:,1) = z0; % initialize solution matrix with IC

for i = 1:N-1

t i = tarray(i); % current time

t i 1 = tarray(i+l); % next time (i+l)

h=til-=-t i; % time increment

t mid = t_i + h/2; % time at middle of next increment
35%%5%%%5%%%%%5%%%5%5%%5%%%%%%% MIDPOINT IMPLEMENTATION $%%%%%%%%%%%%%
z i = zarray(:,1i); % state at current time

zdot_i = eqn(t_i,z 1i); % zdot at current time

z mid = z_i + h/2*zdot_i; % state at midpoint of time increment

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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end

zdot mid = eqgn(t_mid,z _mid); % zdot at midpt of time increment

z i1 =1z i+ h*zdot mid; % state at next time increment -
% "extrapolate" current state using
$ derivative at midpoint
zarray(:,i+1l) = z_i 1; % add next state to matrix
end
zdiff = zend - zarray(:,end); % get "residual" between last state
zerr = sum(abs (zdiff)); % get magnitude of residual

oe

continue if residual has not yet converged, and time still less
than max allowable

o0

if zerr > RelTol && toc < maxtime

zend = zarray(:,end); % if so, update end state
else

return; % if residual has converged, return

end

end

function zdot = myrhs(t, z, p)

end

[}

% Second order form as a system of equations in matrix form
INPUTS:

t - the current time, a scalar

z - the current state, a 2*d x 1 vector

p - a struct containing system parameters

OUTPUTS:

zdot - a 2*d x 1 vector containing the state derivative

00 o0 e d° o° oe

o

Construct mass, damping and stiffness matrices
M = [p.ml O;
0 p.m2];
c = [0 0;
0 p.cl;
K = [p.kl+tp.k2 -p.k2;
-p.k2 p.k2+p.k3];
F = [0;p.F];

X z(1:2); V = z2(3:4); % Pull X and V from state

Xdot = V;
vVdot = M\ (F - C*V - K*X); % First order form

zdot = [Xdot; Vdot]; % pack into zdot

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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10.4.15 The three beads of masses m,
2m, and m connected by massless lin-
ear springs of constant k slide freely on
a straight rod. Let x,; denote the displace-
ment of the i" bead from its equilibrium
position at rest.

d) Verify that total energy and linear
momentum are both conserved.

e) Show that the center of mass must
either remain at rest or move at
constant velocity.

f) What can you say about vibratory

a) Write expressions for the total ki-

netic and potential energies. tem?
Static
b) Write an expression for the total equilibrium

linear momentum.

c) Draw free-body diagrams for the
beads and use Newton’s second

(sinusoidal) motions of the sys-

law to derive the equations for mo- T[‘ % X!
tion for the system. Problem 10.15 ‘ .
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Disclaimer: We have lost track of the many people who wrote these solutions.

They are not official and have not been

reviewed by the authors for correctness.
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Problem 10.4.16

10.4.16 Two blocks with masses M and
m are connected by a spring with con-
stant k and free length ¢, that can sustain
compression. MassM is resting on the
ground at the start. There is gravity. The
upwards vertical displacement of mass m
is x, which is zero when the spring is at
its rest length and M is on the ground.

a)

b)

©)
d)

e)

f)

g

For what value of x is the system
in static equilibrium?

Find a differential equation gov-
erning the motion of m assuming
M remains on the ground.

Draw a free-body diagram of M.

For what value of x is M on the
verge of lifting off the ground.

Defining y as the height of the
lower mass, write two coupled dif-
ferential equations for the motion
of m and M if both masses are in
the air.

Find the value of x < 0 so that
if the system is started from rest
with that x and y = 0 that the
ground reaction force on M just
goes to zero.

Starting here, this problem is

more of a project than a typi-
cal homework problem. Assume

J-l-le

rr
e I

h)

x(t = 0) is less than the value
computed above. Write a com-
puter program that integrates the
equations of motion until M lifts
off and then switches to inte-
grating the equations for the two
masses in the air.

modify your program so that if M
hits the ground again, it sticks un-
til the ground reaction force goes
to zero again.

By playing around, this way or
that, see if you can find a special
value for x(t = 0) so that the
bouncing continues indefinitely.
(This is a perhaps surprising re-
sult, that a system with plastic col-
lisions can continue to bounce in-
definitely.)

Problem 10.16
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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