Introduction to Mechanics for Engineers — Ruina & Pratap

10.3.1 The basic model.

a) Draw a spring (k) mass (m) sys-
tem in a configuration where the
spring is stretched.

b) On the drawing indicate the vari-
able x.

c) Draw a free-body diagram of the
mass.

d) Write the equation of linear mo-
mentum balance for the mass.

e) Rearrange the momentum bal-
ance equation to get the har-
monic oscillator equation in stan-
dard form.

f) Write the general solution to the
harmonic oscillator equation in
two different ways (one as a sum
of a sine and cosine function and
one as a phase shifted sine or co-
sine function).

g) What is the natural frequency of

h) What is the period?

i) What is the frequency (or circular
frequency)?

j) Find the solution for the special
case that the mass is released from
rest at x(0) = x,.

« give the analytic expression.

« plot the position vs time for
at least one whole cycle of
motion.

« with the same time scale,
plot velocity vs time (what is
the peak velocity).

« with the same time scale,
plot both the potential and
kinetic energies vs time.

k) Find the solution for the special
case that the mass is launched at
v, from the rest position (just the
analytic form, no need to repeat all
the parts just above).
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10.3.2 Does the function x = Cje* +
C,e™* satisfy the harmonic oscillator
equation ¥ + A’x = 0 for any, possibly
special, values of C; and C,? Show that it
does or does not.
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Problem 10.3.3

10.3.3 Given that X = —cx, with ¢ =
1/s% x(0) = 1 m, and x(0) = 0 find:
a) x(ms)=?
b) x(7ws)=?
9-44
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10.3.5 A spring and mass system is What is the frequency of oscilla-
shown in the figure. tion of mass M?
a) First, as a review, let k;, k,, and ki X

k, equal zero and k, be non-zero.
What is the natural frequency of
this system?

b) Now, let all the springs have non-
zero stiffness. What is the stiffness
of a single spring equivalent to
the combination of k,,k,, k;,k,?

Problem 10.5
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Problem 10.3.6

10.3.6 Mass m hangs from a spring
with constant k and which has the length
I, when it is relaxed (i.e., when no mass
is attached). It only moves vertically.

a) Draw a Free-Body Diagram of the

b)

©)

d)

e)

f)

g)

h)

mass.

Write the equation of linear mo-
mentum balance.

Reduce this equation to a standard
differential equation in x, the po-
sition x of the mass.

Verify that one solution is that x(t)
is constant at x = [, + mg/k.

What is the meaning of that solu-
tion? (That is, describe in words
what is going on.)

Define a new variable £ = x—([,+
mg/k). Substitute x = % + (I, +
mg/k) into your differential equa-
tion and note that the equation is
simpler in terms of the variable X.

Assume that the mass is released
from an an initial position of x =
D. What is the motion of the
mass?

What is the period of oscillation of
this oscillating mass?

i) Why might this solution not make
physical sense for a long, soft
spring if the initial stretch is large.
In other words, what is wrong
with this solution if D > ¢, +
2mg/k?

Problem 10.6

Answer:
(b) mg — k(x — ¢,) = mx
o k kt
©i+-x=g+—
m m
(e) This solution is the static equilib-
rium position; i.e., when the mass is
hanging at rest, its weight is exactly
balanced by the upwards force of the
spring at this constant position x.
= k
®x+-x=0
m

=[p— mg [k
(8 X(ty)ng_ [D (15’0 + = )]cos ~t+
€y + -
(h) period=27, / %
(i) If the initial position D is more than
¢, + 2mg/k, then the spring is in com-
pression for part of the motion. A

floppy spring would buckle when in
compression.

>>>>>

Disclaime
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10.3.7 One egg-drop contestant used a flection of the egg (relative to its
structure which held the egg (mass m) at equilibrium position)?

the center with rubber bands. Consider

the 2D model shown. The springs are lin-

ear with spring constants k. After falling

a height h the frame hits the ground on a egg, m

flat edge. Assume small motions (deflec-

tion < side-length) and that the springs

do not buckle. N
a) what is the vibration frequency af- 3
ter impact? groun
b) What is the maximum vertical de- Problem 10.7
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10.3.8 A person jumps on a trampo- neat graph of height vs time will
line. The trampoline is modeled as hav- help.]

ing an effective vertical undamped lin-
ear spring with stiffness k = 2001bf/ ft.
The person is modeled as a rigid mass
m = 1501bm. g = 32.2ft/s>.

a) What is the period of motion if the
person’s motion is so small that
her feet never leave the trampo-
line?

b) What is the maximum amplitude
of motion (amplitude of the sine
wave) for which her feet never  propiem 108: A person jumps on a
leave the trampoline? trampoline.

¢) (harder) If she repeatedly jumps
so that her feet clear the trampo- Answt.ar: -
line by a height h = 5ft, what (a) period= —= = 0.96s

is the period of this motion (note, ) mo
the contact time is not exactly half (b) maximum amplitude=0.75ft
o ol ]
of a vibration period)? [Hint, a © period= o -
g
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%ranmpoline. - A Ruina 3/17/2019

fprintf('\n ****** \'n TRAMPCOLI NE SOLUTION 9.3.8\n")
%Consi stent units used in calculations: Ibm ft, s.
m = 150; % | bm

g = 32.2; % ft/sn2

% = 200 Ibf/ft => need to put in to consistent units

k =200 *32.2; %I bms”2. Note: 1 Ibf =32.2 bmft/s"2

h = 5; %ft

d = ntg/k; % equi |l i briumdeflection of tranpoline, xp = -d.
omega = sqrt(k/m; % frequency of sinple harnonic notion

tp = 2*pi/omega; % period of oscillation during sustained contact
fprintf('a) Period of oscillations is tp = % seconds.
\n',tp)

%vax Anplitude
A = n¥rg/k; %anpitude of sine wave that just kisses the surface
fprintf('b) Amplitude of max sine wave is =% ft.\n',A

o%light tine

t12 = sqrt(2*h/g); %d = (1/2) a t"2.

t67 = t12; % up and down take the sane tine
tflight = t12 + t67; %total flight tine in one cycle

%dal f sine wave
t35 = tp/2; % Duration of half of a sine wave

%Anpl i tude of sine wave in junping notion = B

B = (nfg/k) * sqgrt(1l + 2*h*k/(nfg)); % energy conservation
t23 = asin(ntg/ (B*k))/onega; % fragnent of sine above equilibrium
t56 = t23;

%TOTAL TIME = flight + half period + 2 fragnents
tTOT = tflight + t35 + t56 + t23;
fprintf('c) tTOr = (tflight + t35 + 2*t56) is = 9% s.\n',tTOT)

% Al 'ternative cal cul ati on of t56 and B based on vel ocity matching
% See pencil and paper work

t56al t atan(sqrt(nrg/ (2*k*h)))/onega;

Bal t nt¥g/ (k*sin(t56al t*onega)) ;

YCOVPARE t56alt with t56 and Balt with B
fprintf(' Check alt. calc. Wand 1 & 1: % 9% \n', t56/t56alt, B/Balt)

* ok ok ok ok Kk

TRAMPOLI NE SOLUTION 9. 3.8

a) Period of oscillations is tp = 0.958920 seconds.
b) Anplitude of max sine wave is A = 0.750000 ft.
c) tTOT = (tflight + t35 + 2*t56) is = 1.675608 s.

Check alt. calc. Wwand 1 & 1: 1. 000000 1.000000

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem...

10.3.8 A person jumps on a trampoline.
The trampoline is modeled as having an
effective vertical undamped linear spring
with stiffness k' = 200 1bf/ ft. The person

is modeled as a rigid mass m = 150 Ibm.

g =32.2ft/s?]

a)

b)

What 1s the period of motion if the
person’s motion is so small that her
feet never leave the trampoline? *

What 1s the maximum amplitude of
motion (amplitude of the sine wave)
for which her feet never leave the
trampoline? *

(harder) If she repeatedly jumps so
that her feet clear the trampoline by
a height 1 = 5ft, what is the pe-
riod of this motion (note, the con-
tact time 1s not exactly half of a vi-
bration period)? [Hint, a neat graph
of height vs time will help.] *

Disclaimer: We have lost track of the many people who wrote these solutions.

They are not official and have not been reviewed by the authors for correctness.
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MAE 2030 HW3 p11 Solution

(iven . k =200 Ief/f£ , m = (50 lbwm . j =322 f-f/s” = %Mf_
&GFJA:M'b/S: ~
o 1i X>o0
A\%F/A I ;’:P"’ = x5 %o« 0
FRD ¢
@ Corv(:u;‘ wib‘\ ‘Eﬁwfo‘A‘nL @ Iy\ -F,UH;

Fz-kx Cwhea xco, [>0) P
of Vg
)

Q) Griven - Pu‘sun a/«t«ab on 'tfﬂwfobr\l. . Find period .
Mg(_ Lontact _FBD ©

LMB. mx=3F
mx = —kx - " ®

Solve ODE (3)
X = X+ “r
0
Gu\us O(rzmw = W\//.{;:—k“r‘r:\)
m
R

Xh Bju«fd Salwtion of M;);h :-k’x,\
r
Guess X= ¢ >
mc = -k - r :iiw,w:'%
) .t ) Gt
K= ANe™ + B e™ = Asin Cut)+ B uwb)

X = 9<h+7<r = Asn Qi)+ Bm(uw-l“}

No need £o solue fzr A B for now

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.

Duan Li
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150 tbm

_ \‘ 2.ooL_B£/ft j _ \Izc:or:ft Bz.tﬁs‘ - f.s52 mpl/s
=1 (uw‘t Ganversion)
PuioJ wf motion

T= 2 2T - 0>7575

w b-552 radfs

b) Criven - Pwvn Mmgs on ‘tmvfobu - Fird max m/,utm,a.

Ase wmtact FBO @ pIF:—M
™)
@ E%MI/\“‘"[IAW\ frniﬁm “% , .&lo(% =0, 72‘/)% =0

%Mﬁm@’&j&f 4(;_1’:——’;?':7(‘)

The hocmonae  osullation s Symmetric oot o 1.;whfmw\ rom&«m , S0 the "fra«/oo(u‘n,c
has CZ'M‘ vk distone on edch side

We assume Xt t olmn, does not ge @”“ the X=0 line , So the rmaximum mnrbﬁ«oh.

}\m = 0- /XUL = 07{0 -ft
A ket at the {;mmfo(ams mobion ok o om‘rH:w(L
ot

5 — Xz %
\%/ _o‘:x“t :—U/k
P <
o _7(:1?(‘1

X Watdh videos of trompolines . ( Modd ﬁm/aob'u ay  massess $|9rir:j~ Shoes o‘u’{‘ /,\,f/ﬂb Tension .
When tension =0, kx=0, X=0. )

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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C) A Skeeh af e fu‘fov\’s {)os?t-‘m vs. fima

X
X
bolic T s
& ST OZ«:N\/&{* %
- |
X=o \/4,, ta 4;\,\/)2f 1

I\ Sin\&SO;A"\A (No‘{'z ‘%4‘5 [sv\’*, XL Mf Of o Sine wave .

So “Zq."t) F T',T fram fa{‘f (). )
/\)OU( 760 fi/\x the Pu‘fooq T/

Tz bt o= (d5-t) ~(by-13) = 2(y—ta) + (ky—t3)

For 76‘\0. ,g(w, cwrve |, /tl\n fcf.sor\l.c lﬂ\ ‘ft‘jk‘: , LASL {le\.{ FB D @ Pl
™)

Notr tht we are Sl ‘fo\‘ Yhe relative time (43 -1.) , So e absolute
Lime 4., t3 ooocsn"k matter .

Shift e t-oaxe so bhat 120 4o sinplify e calcnloion
(nitiad condition X (42200 = QA
LMB. rv\5€=—..\j , X(=00=h=5 ft , A(taz0)= 0
Solve the 0ODE

X=-9

%= [ dt = gt +C., % (0)=C =0

/Sc:_jh

x= [-gtdt = ~dgtTe o, KO = (o= h

X = -'L‘j{;m-‘-k

Sebe X (s = 0 -a{,:(zjh = |22l < oss s

go ‘t;“'tz = 0-5573 Ky

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Ao calonlode the end  condition of the blue coon . This vl be the intind
W,L‘-l—,;gn 7[ ‘blw. ru( wlve .

Meshod |- Confervodion 7[ engy

W\jk = L mvip

(vl = 29k . vip=—J29h = -1 945 fo/s
Merhd 2. Wse the ODE  Sobwbion above

X () = -jl;z, = -32.1]%/Sx . o.:x7s s = =10 9ys 7(1;/5

For #he red curve, the pecsan's i contuud with e rampoline.

Ase tomtack FBDO @ pIFz-M

™)

Trom (&) We hawe
Maéz—kovmj L X (Eg) =0 Xk = =4S fi/s = K
x= Asin Cut)+ Bm(ui)-%, WESNLS

Now need 4o solue fm A, B

Ona vjau‘r\ ) S‘"‘f‘t Y 1+ - axic So M 1‘/3 =0 4o th\fla‘fj the  clunbbion

'/v\ubd M’Uof\,
’*(t;:o) = WA s (wt) + wBsn(wb) = WA = /)Eo > A:%
’XU&:;:o):A;;.\(wt)»([;w(u{),i“;i:B,V_"LQ:O _73:%1

X = Tesin(wd) + T s (k) - L @

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Method (. IV\NU{AJy

Nse Motlab to sole X (ty) =0 = t¢= 0.5pl0 s Motlab cods Oittached |
f@, te ) = solve (xctr=0. ¢)
So gty = 0.sblo s from &40 @

Method 2. PU\VII ;P % colewlator  ( Wse t3=0 —f;r his part)

]
K=o }3*:: fb/

o \ \/ﬂ t

Ajair\, the /\umom‘c osuldotion Sjmmd:rfc a\low{ /ﬂ\t L;whfr‘:m\ roirbum 7&1.

So ti-ts = = 0.4795 s

ﬂﬁ\v( ‘{’f _‘ti = ‘(7‘-&’1&(,

@‘ty"X=‘i%$\‘f\(wi5)+—%7—(,o5(w£:),f%: “‘1:_%
Solve  the fration .
& ik ) 4 T cos (wby) = 0 «:0_\L>
2 Sinlwbs ) = = T2 o (b ) . _f;\ t
tan () = S0 = -

- _ 150 tom A b. 552 cadfs ) aof
‘k: = L ‘b’\l(— mg-w ) = Z‘ -ta’" '(_ 00 v. — . )
w k Ao boss2cad/s 200 Ibf/ ft '+ (- 1] 945 fv/5) %

= | (unit canversion)

= 0-0ko§ s
So tg - 13 = 0. 0kog s
ty-ty = (Fe-te)+ (G-t + (Tu-1,) = ?—(Jor—‘ta) +({Ee-ts) = 0.5blos

77\1« Poﬁooq \jcmaﬁgf\ T): 2(“;3'1;2,) + (""‘f'_{;}) = '-é?b S

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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32.2; %ft/sr2

150; % | bm

200; % | bf/ft

= 200*g; % | bm s”"2 %unit conversion: Ibf =1lbm* g
xdot0 = -17.945; %initial velocity, ft/s

w = sqrt(k/m; %frequency of oscillation

XX 3@
Lo

syns t
eqn = xdot 0*1/wrsin(wt) + nrfg/k*cos(wt) - n¥g/k; %x(t)
s = solve(eqn==0, t); %solve the equation

s = double(s) %turn s into nunmbers

% note that s contains 2 solutions

%s(2) is the time t3 corresponding to the intial condition
%s(l) is the t4 we want to find but it's negative

t4 = 2*pi/w + s(1l) % add one period so that t4 is positive

S:
-0.3979
0

t4 =
0.5610

Published with MATLAB® R2020b

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.



