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10.3 Simple Harmonic
Oscillator

Preparatory Problems

10.3.1 The basic model.

a) Draw a spring (k) mass (m) sys-
tem in a con�guration where the
spring is stretched.

b) On the drawing indicate the vari-
able x.

c) Draw a free-body diagram of the
mass.

d) Write the equation of linear mo-
mentum balance for the mass.

e) Rearrange the momentum bal-
ance equation to get the har-
monic oscillator equation in stan-
dard form.

f) Write the general solution to the
harmonic oscillator equation in
two di�erent ways (one as a sum
of a sine and cosine function and
one as a phase shifted sine or co-
sine function).

g) What is the natural frequency of
this system?

h) What is the period?

i) What is the frequency (or circular
frequency)?

j) Find the solution for the special
case that themass is released from
rest at x.0/ = x0.

� give the analytic expression.

� plot the position vs time for
at least one whole cycle of
motion.

� with the same time scale,
plot velocity vs time (what is
the peak velocity).

� with the same time scale,
plot both the potential and
kinetic energies vs time.

k) Find the solution for the special
case that the mass is launched at
v0 from the rest position (just the
analytic form, noneed to repeat all
the parts just above).

10.3.2 Does the function x = C1e
�t +

C2e
*�t satisfy the harmonic oscillator

equation �x + �2x = 0 for any, possibly
special, values of C1 and C2? Show that it
does or does not.

10.3.3 Given that �x = *cx, with c =
1_ s2, x.0/ = 1m, and �x.0/ = 0 �nd:

a) x.� s/ =?

b) �x.� s/ =?

10.3.4 Given that �x + �2x = C0, x.0/ =
x0, and �x.0/ = 0, �nd the value of x at
t = �_� s.

More-Involved
Problems

10.3.5 A spring and mass system is
shown in the �gure.

a) First, as a review, let k1, k2, and
k3 equal zero and k4 be non-zero.
What is the natural frequency of
this system?

b) Now, let all the springs have non-
zero sti�ness. What is the sti�ness
of a single spring equivalent to
the combination of k1; k2; k3; k4?
What is the frequency of oscilla-
tion of massM?
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Problem 10.3.5

10.3.6 Mass m hangs from a spring
with constant k andwhich has the length
l0 when it is relaxed (i.e., when no mass
is attached). It only moves vertically.

a) Draw a Free-Body Diagram of the
mass.

b) Write the equation of linear mo-
mentum balance. <

c) Reduce this equation to a standard
di�erential equation in x, the po-
sition x of the mass. <

d) Verify that one solution is thatx.t/
is constant at x = l0 +mg_k.

e) What is the meaning of that solu-
tion? (That is, describe in words
what is going on.) <

f) De�ne a new variable �x = x*.l0+
mg_k/. Substitute x = �x + .l0 +
mg_k/ into your di�erential equa-
tion and note that the equation is
simpler in terms of the variable �x.
<

g) Assume that the mass is released
from an an initial position of x =
D. What is the motion of the
mass? <

h) What is the period of oscillation of
this oscillating mass? <

i) Whymight this solution not make
physical sense for a long, soft
spring if the initial stretch is large.
In other words, what is wrong
with this solution if D > l0 +
2mg_k? <

k
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Problem 10.3.6

10.3.7 One egg-drop contestant used a
structure which held the egg (massm) at
the center with rubber bands. Consider
the 2Dmodel shown. The springs are lin-
ear with spring constants k. After falling
a height h the frame hits the ground on a
�at edge. Assume small motions (de�ec-
tion ~ side-length) and that the springs
do not buckle.

a) what is the vibration frequency af-
ter impact?

b) What is the maximum vertical de-
�ection of the egg (relative to its
equilibrium position)?

ground

egg, m

k k

k

Problem 10.3.7

10.3.8 A person jumps on a trampo-
line. The trampoline is modeled as hav-
ing an e�ective vertical undamped lin-
ear spring with sti�ness k = 200 lbf_ f t.
The person is modeled as a rigid mass
m = 150 lbm. g = 32:2 f t_s2.
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a) What is the period of motion if the
person's motion is so small that
her feet never leave the trampo-
line? <

b) What is the maximum amplitude
of motion (amplitude of the sine
wave) for which her feet never
leave the trampoline? <

c) (harder) If she repeatedly jumps
so that her feet clear the trampo-
line by a height h = 5 f t, what
is the period of this motion (note,
the contact time is not exactly half
of a vibration period)? [Hint, a
neat graph of height vs time will
help.] <

Problem 10.3.8: A person jumps on a
trampoline.
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