
Introduction to Mechanics for Engineers � Ruina & Pratap Ch 10 Section 10.3

k
m

m

x(t)�0

Fs = kx

FBD
ı̂

Figure 10.20: A spring mass system.

For simplicity in 1D we only show

forces along the motion. Although it

would bemore complete to show grav-

ity and support forces, it would add

clutter.
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Figure 10.21: Oscillations.

10.3 A mass and spring: the harmonic
oscillator

Amass and springmoving in one dimensionhave the following governing

di�erential equation and solution

m �x + kx = 0 Ù x = C cos 0t.k_m/t * �1 :
The rest of this section is a discussion of, and elaboration of, this fact.

Any system with mass and elasticity can oscillate. Because lots of ma-

terials are elastic in normal conditions and all real things havemass, most

things will oscillate if provoked.

The simplest, and also themost important, example is the spring-mass

system of �g. 10.20. When the mass is on the right (x > 0) it accelerates

to the left; when it is on the left (x < 0) it accelerates to the right. So it

goes back and forth. As a general rule,

Oscillations (vibrations) happenwhen a `restoring' force pulls some-

thing back towards a rest position from both sides.

Vibrations occur in the strings of cellos and sitars; the air columns in

clarinets, trumpets and organ pipes and the wood blocks in a marimba.

A system vibrating like this, whether literally a spring and mass or some-

thing more subtle, is called a `harmonic oscillator'. More speci�cally,

a harmonic oscillator has persistent (non-decaying) oscillations

which are sinusoidal in time (e.g., x = sin t).

With varying degrees of approximation, car suspensions, buildings re-

sponding to earthquakes, earthquake faults themselves, quartz timing

crystals and vibrating machines of all kinds are also modeled as mass-

spring harmonic oscillators. The subject `vibration theory' is based on

the harmonic oscillator.

The unforced oscillation of a spring and mass is the basic model for

all vibrating systems.

Even structures which you think of as rigid (for example, when doing

statics) will vibrate if encouraged to do so by the shaking of an unbalanced

motor, the rumbling of a truck, a party upstairs, or the ground motion of

an earthquake. And the vibrations of one thing can excite oscillations of
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1 Caution: If you make a sign er-

ror you might get �x * .k_m/x = 0

or �x = .k_m/x. That not-so-innocent

error changes the equation solutions

from oscillations to exponential blow

up. See appendix 3.1 on page 203.

Figure 10.22: Blowing grass. If you

squeeze a blade of grass between your

parallel thumbs and then blow in the

slot between the left and right thumb

joints, at the grass, you can make a

squeal sound that is similar (kind of)

to that of a clarinet. This can be done

with a strip of paper between the lips

too. These are self-excited oscillations.

The elastic restoring force is related to

the tension in the grass which you can

control by straightening and bending

your thumbs. With practice you can

adjust the pitch. Music, kind of. Photo

by Katja Ojala.

another. This mutual excitement of �uids and solids can cause music, as

in the vibrations in a clarinet reed (�g. 10.22), or trouble. The Tacoma

Narrows bridge infamously collapsed because of the mutual excitement

of the air and bridge.

All music, even if electrically powered, is mechanical vibrations (at

least of the air in your ear), and so are all annoying sounds. Vibrations

are the main function of a vibrating massager, and the main defect of a

squeaking hinge. Mechanical vibrations in pendula or quartz crystals are

used to measure time, but vibrations can cause a machine to go out of

control (e.g., bicycle shimmy), or a bridge to collapse. So the generation

of good vibrations and the inhibition of bad vibrations is an important

application of dynamics.

The harmonic oscillator

The mother of all vibrating machines is the simple harmonic oscillator of

�g. 10.20. The mass slides on a frictionless surface. The spring is relaxed

at x = 0. The spring is thus stretched from l0 to l0 + �l, a stretch of

�l = x. A free-body diagram of the mass, cut `free' from the spring in its

extended state, is shown in the lower part of �g. 10.20. Linearmomentum

balance in the x direction (the balance of forces) gives:É
Fx = �Lx

*kx = m �x:

Rearranging, we get one of the most famous and useful di�erential equa-

tions of all time 1 :

�x +
k

m
x = 0: (10.24)

The harmonic oscillator ODE. This ubiquitous is a 2nd order linear

constant-coe�cient homogeneous ordinary di�erential equation. Basically

you can read this as that it is a `simple simple simple simple simple' dif-

ferential equation. It's 2nd order rather than, say 9th order. It's linear

as opposed to non-linear. It's constant coe�cient as opposed to having

crazy functions of time where the constant k_m now sits. It's homoge-

neous (zero on the right hand side) instead of having crazy functions of

time on the right hand side. And it involves ordinary rather than partial

derivatives.
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2 Notation: p, ! or �. Many books

use p2 or !2 in the place we have put

�2. But using ! (`omega') can lead to

confusion because we will later use !

for angular velocity. If one is studying

vibrations of a rotating shaft then

there would be two very di�erent !'s

in the problem. One, the coe�cient of

a di�erential equation and, the other,

the angular velocity.

To add to the confusion, simple har-

monic oscillations and circularmotion

have a deep connection, so the coin-

cidence of notation is not accidental.

Deep connection or not, the ! in the

harmonic oscillator equation is not the

same thing as the! describing angular

motion of a physical object. We avoid

this confusion by using � instead of !

here. (Also note that this � is unre-

lated to the magnitude of the unit vec-

tor ��).

Ordinary `d', rather

than partial ) deriva-

tives

BBN
d2

dt2
x

Linear: x always ap-

pears alone, never as,

say x2 or sinx

��

+

���

Constant coe�cient,

not, say, sin t or t2 here

�2x = 0

BBM

Homogeneous means

zero on the right hand

side

: (10.25)

We have used �2 instead of k_m because Eqn. (10.25) shows up all

over the place, both in and out of dynamics. Thus x doesn't necessarily

represent displacement. In electronics, for example, x might represent a

voltage and the term corresponding to k_m might be 1_LC, where C is

a capacitance and L an inductance. But even in dynamics eqn. (10.25)

applies to other things besides a single spring and mass. For example, x

might represent rotation of a pendulum.

Why �2 instead of just �? Two reasons:

1. It shows that �2 is positive,

2. In the solution we need the square root of this coe�cient, so it is

convenient to start with
ù
�2 = �.

For the spring-block system, �2 is k_m and in other problems �2 is a com-

bination of other physical quantities.

Why � instead of another letter? In a large book we can't avoid all

notational con�icts, there are more quantities of interest than there are

letters. The other common choices, p and !, are more problematic, how-

ever 2 ,

Solution of the harmonic oscillator di�erential
equation

We need to �nd a solution to the di�erential equation 10.25. A solution

is a function x.t/ whose second derivative is the negative of the original

functionmultiplied by the constant �2. Althoughmath classesmay spend

some time on �nding the solution to such equations (see 10.3 on page 12,

for starters it is ok to remember the solution like this: when the mass is

on the left it accelerates right when it's on the right it accelerates left. So

it goes back and forth, so it seems like a sine wave. And it is. Until you

know this (which should be soon) you can look it up in appendix 3.1 on

page 203.

The general solution is
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3 A graph of the cosine function is

also a sine wave.

x

t

2π/λ
︸ ︷︷ ︸

T

√
A2 + B2

Figure 10.23: Position versus time

for an undamped, unforced har-

monic oscillator. x is the position of

the mass, t is time.

4 A plausibility argument for unique-

ness goes like this. If you release a

mass from a given position x0 at a

given speed v0 it will move in a de�-

nite way and no other way. This is a

special case of what is called �deter-

minism�. But all solutions have some

position and speed at t = 0 and we

can �nd a C1 and C2 in eqn. (10.26) to

match each such. Thus we have found

themotion for every possible situation,

and there can be no others.

x.t/ = A cos.� t/ + B sin.� t/;

or x.t/ = C1 cos.� t/ + C2 sin.� t/: (10.26)

This sum of two sine waves 3 is a solution of di�erential equation 10.25

for any values of the constants A (or C1) and B (or C2).

Checking the solution in detail

What does it mean to say �u = C1 sin.� t/ + C2 cos.� t/ satis�es the

equation: �u = *�2u?� You satisfy a di�erential equation by feeding it

a function that fully eliminates it. If you plug a candidate solution into a

di�erential equation and get 0 = 0 you have satis�ed (solved) the equa-

tion.

Whether or not you learn to derive this solution, you should remember

it and be able to check it.

To check if a function is a solution, plug it into the di�erential equation

and see if the right side is equal to the left, like this.

Example: Detailed check of solution

d2

dt2
u

Is this true for the given u.t/?

B
BN
= *�2u

d2

dt2

u.t/
©­­­­­­­®­­­­­­­ª

[C1 sin.� t/ + C2 cos.� t/]
?
= *�2

u.t/
©­­­­­­­®­­­­­­­ª

[C1 sin.� t/ + C2 cos.� t/]

d

dt
0 d
dt

[C1 sin.� t/ + C2 cos.� t/]1 ?
= *�2[C1 sin.� t/ + C2 cos.� t/]

d

dt
[C1� cos.� t/ * C2� sin.� t/]

?
= *�2[C1 sin.� t/ + C2 cos.� t/]

�u
©­­­­­­­­­®­­­­­­­­­ª

*C1�
2 sin.�t/ * C2�

2 cos.� t/
?
=

BBM

The equation �u = *�2u does hold with the given u.t/.

Right and left sides match. This shows at a glance in the

next line.

*�2

u.t/
©­­­­­­­®­­­­­­­ª

[C1 sin.� t/ + C2 cos.� t/]

0
:)
= 0 (Satis�ed.)

Whatever the constants C1 and C2, the proposed solution eqn. (10.26) sat-

is�es the di�erential equation eqn. (10.25).

Uniqueness. Maybe there are other solutions to this di�erential equa-

tion than eqn. (10.26)? There are not, as the mathematics-for-its-own-

sake inclined student can learn to prove elsewhere. 4 The only possible

motion of a spring and mass is a sinusoidal oscillation.
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5 Why does the earth oscillate? First

because it can. It has both mass and

an `elastic restoring force'. The elastic

restoring force comes from a combina-

tion of two things: 1) the elasticity of

rock and 2) the self-gravitation of the

earth trying to bundle itself into a ball.

What gets the earth started oscillating?

Mostly big earthquakes.

Angular frequency, period, and frequency

There are three common ways to measure the `speed' of oscillation: an-

gular frequency, period, and frequency. The simplest of these is angular

frequency � =
ù
.k_m/, sometimes called circular frequency.

The period T is the amount of time that it takes to complete one oscil-

lation. One oscillation of both the sine function and the cosine function

occurs when the argument of the function advances by 2�, that is when

�T = 2�; so T =
2�

�
=

2�ù
.k_m/

;

Some people memorize these formulas in high school.

The frequencyf, without themodi�ers `angular' or `circular', is usually

taken to mean the reciprocal of the period

f =
1

T
=

�

2�
=

ù
.k_m/

2�
:

Typically, frequency f is measured in cycles per second or Hertz and the

angular frequency � in radians per second. A computer or watch quartz

timing crystal has mechanical vibrations at a frequency of millions of cy-

cles per second, somemolecules about amillion times faster than that. On

the other extreme, the free vibrations of the whole earth have frequencies

of thousandths of a cycle per second (i.e. thousands of seconds per cycle).

The slowest vibration mode of the earth has a period of about 54 min-

utes 5 . An oscillation is called `fast' if its frequency or angular frequency

is high and it is called `slow' if the period is long.

Amplitude. The amplitude of the sine wave that results from the addi-

tion of the sine function and the cosine function is given by the square root

of the sum of the squares of the two amplitudes. That is, the amplitude of

the resulting sine wave is
ù
A2 + B2. Another way of describing this sum

is through the trigonometric identity:

A cos.� t/ + B sin.� t/ = R cos.� t * �/; (10.27)

where R =
ù
A2 + B2 and tan� = B_A (see box 10.2 on page 6).

Note that an oscillating particle could have a high velocity even if the

vibrations are `slow', so long as the amplitude is high enough. And it could

have a small velocity even if the oscillations are `fast', if the amplitude

is low enough. In common usage `speed' of oscillations has to do with

frequency, not particle velocity.

Initial conditions determine the constants A and B

The constantsA and B in equation 10.26 could have any value. Or, equiv-

alently, the amplitude R and phase � in equation 10.27 could be anything.

These are determined by the way motion is started, the initial conditions.

The following two special initial conditions are worth getting a feel for.
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t

x(t)

0

1cm

-1cm

(2π/10) sec

Figure 10.24: The position of a mass

as a function of time if k = 50N_m,

m = 0:5 kg, x.0/ = 1 cm and v.0/ = 0.

Release from rest. The simplest motion is release from rest, meaning

the initial velocity of themass is zero. We�nd themotion from the general

solution

x.t/ = A cos.

t
.k_m/ t/ + B sin.

t
.k_m/ t/:

At t = 0, this general solution has to agree with the initial condition that

x.0/ = x0 and the initial velocity is v.0/ = v0 = 0. In this case

x.0/ = x0 and v.0/ = 0 Ù A = x0 and B = 0:

Example: Release from rest

Themass in �g. 10.20 is 0:5 kg, the spring constant is k = 50N_m, and the initial

displacement is 1 cm, then

x.0/ = A cos.0/
«¯¬

1

+B sin.0/
«¯¬

0

= A Ù A = 1 cm:

The initial velocity must also match, so

v.t/ = �x.t/ = *A

t
.k_m/ sin.

t
.k_m/ t/ + B

t
.k_m/ cos.

t
.k_m/ t/:

10.2 A cos.�t/ + B sin.�t/ = R cos.�t * �/
derivation and visualization

Here we show that a cosine function and a sine function add to
a new sine wave. By sine wave we mean a function whose shape
is the same as the sine function, though it may be displaced along
the time axis. For example cos t and cos.t * const/ are both sine
waves.

The trig identity approach. The quickest approach is to
start with the function f.t/ = R cos.�t * �/ and use the trig iden-
tity for cosines angle addition:

cos.� * �/ = cos � cos� + sin � sin�:

Thus:

R cos.�t * �/ = R cos �t cos� + R sin �t sin�

= A cos �t + B sin �t:

We can run the reasoning from right to left and set A = R cos�
and B = R sin� and then solve for R and � in terms of A and
B. Thus demonstrating the title of this box. If you have trouble
remembering the trig identity, you can derive it using the picture
to the right. Trigonometry is the one subject in which circular
reasoning is good.

The geometric approach. Consider the line segment A
spinning in circles about the origin at rate �; that is, the angle
the segment makes with the positive x axis is �t. The projection
of that segment onto the x axis is A cos.�t/, a sine wave. Now
consider the segment labeled B in the �gure, glued at a right an-
gle to A. The length of its projection on the x-axis is B sin.�t/.
So, the sum of these two projections is A cos.�t/ + B sin.�t/. The
two segments A and B make up a right triangle with diagonal

R =
ù
A2 + B2.

The projection or `shadow' of R on the x axis is the same as
the sum of the shadows of A and B. The angle it makes with the
x axis is �t * � where one can see from the triangle drawn that
� = arctan .B_A/. So, by adding the shadow lengths, we see

A cos.�t/ + B sin.�t/ =
ù
A2 + B2 cos.�t * �/ :

The function f.t/ = R cos.�t * �/ is a sine wave. In particular it
is the cosine function with a maximum at �t * �.

√ A
R=

2 + B
2

λt

λ λt - φt

φ

A

A

cos B

B

sin

√
A2 + B2 cos(          )

φ = tan   (B/A)-1

λt - φ

λt λt
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6 It is tempting, but wrong, to evalu-

ate x.t/ at t = 0 and then di�erenti-

ate to get v.0/. Why wrong? Because

x.0/ is just a number, di�erentiating it

would always give zero, evenwhen the

initial velocity is not zero.

t

x(t)

0

1cm

10 cm/sec
1

-1cm

(2π/10) sec

Figure 10.25: The position of amass as

a function of time if k = 50N_m,m =

0:5 kg, x.0/ = 0 and v.0/ = 10 cm_ s.

Evaluating at t = 0 and matching with the initial condition v0 = 0 6

v.0/ = *A

t
.k_m/ sin.0/

«¯¬
0

+B

t
.k_m/ cos.0/

«¯¬
1

= B

t
.k_m/ Ù B = 0:

Substituting in k = 50N_m andm = 0:5 kg, we get

x.t/ = 1 � cos

r̀rrrp

yxxxxxxwH50N_m
0:5 kg

I
«­­¯­­¬

100 s*2

t

assssq
cm = 1 cos.10t_ s/ cm

which is plotted in �g. 10.24.

Initially atmotion. The casewhere the initial position is zero but there

is some initial velocity is similar. How could this happen? Say we start

paying attention just after a still mass has been hit by a hammer.

Example:

Again use m = 0:5 kg and k = 50N_m. But now use x.0/ = 0 and v.0/ =

10 cm_s. Following the same procedure we get

x.t/ = B sin.

t
.k_m/ t/

with B
ù
.k_m/ = 10 cm_s Ù B = 1 cm.

The motion, x.t/ = .1 cm/ � sin 00:1t
s
1, is shown in �g. 10.25.

Energy

The harmonic oscillator conserves energy, as one can check with either

analytical or numerical solutions. Conversely, we could start with the

idea of energy conservation to �nd the governing di�erential equations.

Conservation of energy

The harmonic oscillator is friction free. So the total mechanical energy,

the sum of the kinetic energy EK =
1

2
mv2 and the potential energy (from

eqn. (10.19)) EP =
1

2
k.�L/2, is constant in time.

ET = EK + EP = constant:

Energy oscillations.

As the mass moves, energy is exchanged back and forth between kinetic

and potential energies. At the extremes in the displacement, where the

spring is most stretched, the potential energy is at a maximum and the

kinetic energy is zero. When the mass passes through the center position

the spring is relaxed, the potential energy is at a minimum (zero) and the

mass is at its peak speed, and the kinetic energy is at its peak.

Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap 7
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Figure 10.26: Harmonic oscillator.

At t = 0 the mass is released from

rest at a. The spring is relaxed at x =

0 (points b and d). Some things to

note: The acceleration curve is propor-

tional to the negative of the displace-

ment curve; The displacement is at a

maximum or minimum when the ve-

locity is zero; The velocity is at a maxi-

mum or minimumwhen the displace-

ment is zero; The kinetic and poten-

tial energy �uctuate at twice the fre-

quency as the position; The motion is

an ellipse in the cross plot of velocity

vs. position.

Motiondetails. Let's assume the block in �g. 10.26 is released from rest

at x = xA > 0. The mass begins to move to the left and the spring does

positive work on the mass since the motion and the force are in the same

direction. After the block passes through the rest point x = O, it does

work on the spring until it comes to rest at its left extreme. The spring

then commences to do work on the block again as the block gains kinetic

energy in its rightward motion. The block then passes through the rest

position and does work on the spring until its kinetic energy is all used

up and it is back in its rest position.

Note that the potential and kinetic energy each have two localmaxima

and minima for each oscillation of the mass, thus their plots are sine-

waves with twice the frequency of the basic oscillation.

Example: Check.

Using the special case where the motion starts from rest (i.e., x.t/ =

A cos.
ù
k_m t/), we can check that the total energy really is constant.

ET = EP + EK

=
1

2
kx2 +

1

2
mv2

=
1

2
k.A cos.

t
k_mt/

«­­­¯­­­¬
x

/2 +
1

2
m.A

t
k_m sin.

t
k_mt/

«­­­­­­¯­­­­­­¬
v

/2

=
1

2
kA2 ^cos2.

t
k_mt/ + sin

2
.

t
k_mt/`

«­­­­­­­­­­¯­­­­­­­­­­¬
1

=
1

2
kA2 = initial energy in spring

which does not change with time.

Using energy to derive the oscillator equation

Conversely we can start with energy balance and derive the equations of

motion. Starting from ET = constant, we get

0 =
d

dt
ET =

d

dt
.EP + EK/

=
d

dt
.
1

2
kx2 +

1

2
mv2/

= kx �x
«̄ ¬

v

+mv �v
«̄ ¬

a

= kx¡ v +m¡ v a
«̄ ¬

�x

0 = kx +m �x

which is the harmonic oscillator equation. A technical defect of this

derivation is that it does not apply at the instants when v = 0 (that is,

0 � x = 0 � y does not imply that x = y). Thus, technically, from this

derivation we only know the di�erential equation holds for those times

when v � 0. Nonetheless, it gives the right equation for all times.
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m
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y

v

g

-
=

x =

mg/k

mg/k

mg

T = k

z

Figure 10.27: Spring and mass with

gravity. The position can be measured

by x, y or z.

Similarly, power balance also leads to the harmonic oscillator equa-

tion. Referring to the FBD in �g. 10.20, the equation of power balance for

the block during its motion after release is:

P
«̄ ¬

���

Power in

= �EK
«̄ ¬

BBM

Rate of change of kinetic

energy

Ç

Fspring �
Ç

vA =
d

dt
.
1

2
mv2

A
/

*kxA �{ � �xA �{ =
d

dt
.
1

2
m �x2

A
/

*kxA �xA = m �xA �xA :

Dividing both sides by �xA (assuming it is not zero), we again get our

friend,

*kxA = m �xA or m �xA + kxA = 0:

Dealing with o�sets

Consider a mass hanging from a spring, as in �g. 10.27. If we assume

statics, we can �nd the equilibrium stretch of the spring as mg_k. For

dynamics we can keep track of the position of a hanging mass at least 3

ways.

y = distance down from the ceiling;

z = y * l0 = distance the spring is stretched, or

x = z *mg_k = y * l0 *mg_k = distance below static equilib

At the equilibrium position y = l0 +mg_k; z = mg_k and x = 0. For x,

y and z we can de�ne velocity v and acceleration a as (down is positive)

v = �y = �z = �x and a = �y = �z = �x:

Using the free-body diagram shown we can write
³
Fi = ma for each of

these cases as

m �y = *k�l +mg Ù m �y = *k.y * l0
«¯¬

�l

/ +mg

m �z = *k�l +mg Ù m�z = *k z
«̄ ¬
�l

+mg

m �y = *k�l +mg Ù m �x = *k.x +mg_k
«­¯­¬

�l

/ +mg; (10.28)
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where in each of the three cases we had to solve for �l in terms of x,y

and z respectively.

m �y + ky = kl0 +mg

m �z + kz = mg

m �x + kx = 0: (10.29)

All three equations 10.29 must describe the same motion. But they are

three di�erent di�erential equations with three di�erent solutions. From

a course in di�erential equations you know you can write the solutions

as

General solution = general homogeneous solution + any particular solution

y.t/ = A cos

t
.k_m/t + B sin

t
.k_m/t

«­­­­­­­­­­¯­­­­­­­­­­¬
yh

+l0 +mg_k
«­­¯­­¬

yp

z.t/ = A cos

t
.k_m/t + B sin

t
.k_m/t

«­­­­­­­­­­¯­­­­­­­­­­¬
zh

+mg_k
«¯¬

zp

x.t/ = A cos

t
.k_m/t + B sin

t
.k_m/t

«­­­­­­­­­­¯­­­­­­­­­­¬
xh

(10.30)

That is, x has simple sinusoidal motions but y and z have sine waves plus

a constant. This gives us two basic choices for �nding the motion:

1. Try to simplify the ODE by picking the coordinate that makes the

math the easiest (in this casex), or

2. Pick any convenient coordinate and use the math of homogeneous

and particular solutions to �nd the motions.

See more discussion of constant forcing in section 11.2 on page 577.

Numerical solution

Most numerical di�erential equation solvers depend on writing the equa-

tions in �rst order form. We do this by de�ning v = �x. Thus

m �x + kx = 0 Ù m �v + kx = 0:

Combining the de�nition of v with the di�erential equation we get the

set of two coupled �rst order equations

�x = v

�v = *
k

m
x (10.31)

We can think of this as

�z = f.z/
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where z is the list of two numbers z.1/ = x and z.2/ = v so

d

dt
L z1
z2
M = L z2

*
k

m
z1
M :

which is a form easy to use with any numerical ODE solver.

Energy check. Note that there is no mention of energy in setting up

the numerical solution. Yet we claim that the solution conserves energy.

What does this mean?

After we �nd the numerical solution we have numerical values for x

at a sequence of times and for v at a sequence of times. We can use these

lists to calculate

ET = kx2_2 +mv2_2:

at all of these times. The claim is that this list of numbers is a list of the

same number, again and again. That is, a property of the solution is that it

`conserves' energy,meaning that it �nds that the total energy is a constant.

This observation is hugely useful in numerical calculations. Why? Be-

cause we know a priori that energy should be conserved. If the numerical

solution does not give this constancy of energy it tells us we have made a

mistake. How constant? Of course there are numerical errors, so we ex-

pect the energy to only be constant to the same accuracy as the numerical

solution (typical errors are one part per thousand or less).

If it's wrong then it's wrong. Isn't the energy check merely saying: `If

the solution gives the wrong answer we know that the solution is wrong.'?

Actually, it's a bit more than that because the idea of energy conservation

transcends the details of the actual motion. In this case, for example, we

can check energy conservation without ever knowing that the position

and velocity oscillate exactly as sine waves. In more complicated prob-

lems wemight never know formulas for the motions. Yet wemight know

we have energy conservation. So, even not knowing anything about the

solution in detail, we can use energy conservation to check, for example,

a numerical solution. If a numerical solution doesn't conserve energy,

when the system conserves energy, then we can't trust anything about

the numerical solution.
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10.3 Finding solutions to the harmonic oscillator
equation

In the same way that you know, say, that a2 + b2 = c2 for a right
triangle, you should know that

�x + �2x = 0 Ù a sine wave:

Knowing these does not depend on knowing how to derive them.
But should you be both insecure andmath-inclined here are some
derivations of the latter.

Note that the methods below still involve guesses of sorts.
That is how it is for di�erential equations, most of them no-one
can solve. And the ones that people can solve they solve by guess-
ing.

Method I: separation of variables
Start with

�x + �2x = 0 (10.32)

andmultiply both sides by �x (that is, guess that this is a good thing
to try) to get

�x �x + �2x �x = 0:

Notice that

d

dt

�x2

2
= �x �x and

d

dt

x2

2
= x �x

so
d

dt

�
m �x2 + kx2



= 0:

The expression in braces is thus a constant, call it C2 to show that
it is positive,

�x2_�2 + x2 = C2:

Wecould also have jumped to this result by conservation of energy

EK + EP = ET

Ù m
�x2

2
+ k

x2

2
= ET

Ù �x2_�2 + x2 = 2ET_k = C2:

Now we separate variables to write

dx_
ù
C2 * x2 = �dt:

Then integrate. How? Either substitute x = C sin �, or guess the
solution, or look up the integral on your symbolic calculator, a
symbolic math program or the internet. The result is

cos*1.x_C/ = �t * c2

so x = C cos.�t * c2/

whereC and c2 are arbitrary constants. That's one formof the gen-
eral solution of the harmonic oscillator equation. You can plug
it back into eqn. (10.25) and see that you get satisfaction, that is
0 = 0, for all values of C; c2 and t. The other standard form

x = A cos �t + B sin �t

follows from the reasoning in box 10.2 on page 6. This is a solution
for any value of the constants A and B.

Method II: complex variables
For all linear constant-coe�cient homogeneous ordinary di�er-
ential equations, including eqn. (10.32), a great guess, just one
term, is that

x.t/ = e�t :

Plugging this guess in and cancelling the commonnon-zero factor
e�t from each term gives

�2 + �2 = 0:

So the guess implies that

� = ,
ù
*�2:

That's the square root of a negative number. So

� = ,�i where i =
ù
*1:

Our guess has given us two complex solutions:

x1.t/ = ei�t and x2.t/ = e*i�t :

You can check that both of these satisfy eqn. (10.32). We can
multiply both solutions by arbitrary constants and add them and
check that we still have a solution, namely the two term complex
solution

x.t/ = Cei�t + De*i�t :

We then use the Euler formula (The`most remarkable ... astound-
ing ... jewel' - Richard Feynman) that relates exponentials to sine
waves

ei�t = cos �t + i sin �t:

We get a solution with 4 terms: Further, C and D can be complex
so C = C1 + C2i and D = D1 + D2i so

x.t/ = .C1 + iC2/[cos. �t/ + i sin. �t/] (10.33)

+ .D1 + iD2/[cos.*�t/ + i sin.*�t/]: (10.34)

valid for any values of the constants C1; C2; D1 and D2. Multiply-
ing this out we get, from our simple one-term guess that x = e�t ,
8 additive terms. By using the simplifying rules that sin*�t =
*sin �t and cos*�t = cos �t these collapse to four terms. Down
here in the simple real world we only care about the real part of
this solution (or we simply pick C1 = D1 and C2 = D2 to cancel
the imaginary terms). We are then left with the two terms

x.t/ = .C1 + D1
«­¯­¬

A

/ cos �t + .*C2 * D2
«­¯­¬

B

/ sin �t:

which, after de�ning the new constants A = C1 + D1 and B =
*C2*D2, is our general (real) solution to the harmonic oscillator
equation. Using box 10.2 on page 6 we can write this as one sine
wave,

x.t/ = C cos.�t * �/:

We are stuck with � butC and � = c2 are arbitrary constants. One
simple guess has given us 1� 2� 4� 8� 4� 2� 1 solution.
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SAMPLE 10.13 A block of mass m = 20 kg is attached to two identical

springs each with spring constant k = 1 kN/m. The block slides on a

horizontal surface without any friction.

1. Find the equation of motion of the block.

2. What is the oscillation frequency of the block?

3. How much time does the block take to go back and forth 10 times?

Solution

1. The free-body diagram of the block is shown in Figure 10.29. The linear momen-

tum balance,
³ Ç

F = mÇ

a, for the block gives

*2kx�{ + .N *mg/ �| = mÇ

a

Dotting both sides with �{ we have,

*2kx = max = m �x (10.35)

or m �x + 2kx = 0 (10.36)

or �x +
2k

m
x = 0: (10.37)

�x +
2k

m
x = 0

2. Comparing Eqn. (10.37) with the standard harmonic oscillator equation, �x+�2x =

0, where � is the oscillation frequency, we get

�2 =
2k

m

Ù � =

u
2k

m

=

v
2�.1 kN/m/

20 kg

= 10 rad_s:

� = 10 rad_s

3. Time period of oscillation T =
2�

�
=

2�

10 rad_s
=

�

5
s. Since the time period represents

the time the mass takes to go back and forth just once, the time it takes to go back

and forth 10 times (i.e., to complete 10 cycles of motion) is

t = 10T = 10�
�

5
s = 2� s:

t = 2� s
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L0
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mass = Md

specific wt. = γ 

Figure 10.30
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Figure 10.31:

SAMPLE 10.14 Simple harmonic motion of a buoy. A cylinder of

cross sectional area A and mass M is in static equilibrium inside a �uid

of speci�c weight 
 when L
o
length of the cylinder is submerged in the

�uid. From this position, the cylinder is pushed downvertically by a small

amount x and let go. Assume that the only forces acting on the cylinder

are gravity and the buoyant force and assume that the buoy's motion is

purely vertical. Derive the equation ofmotion of the cylinder using Linear

Momentum Balance. What is the period of oscillation of the cylinder?

Solution The free-body diagramof the cylinder is shown inFig. 10.31whereFB represents

the buoyant force (see the hydrostatics chapter starting on 460). Before the cylinder is

pushed down by x, the linear momentum balance of the cylinder gives

FB *Mg = M a
«̄ ¬

0

= 0 Ù FB = Mg

Now FB = (volume of the displaced �uid)� (its speci�c weight) = ALo
. Thus,

ALo
 = Mg: (10.38)

Now, when the cylinder is pushed down by an amount x,

F¨
B
= new buoyant force = .Lo + x/A
:

Therefore, from LMB we get

F¨
B
*Mg = *M �x

or .Lo + x/A
 *Mg = *M �x

or M �x + A
x =

=0 from (10.38).
©­­­®­­­ª
*ALo
 +Mg

or M �x + A
x = 0

or �x +
A


M
x = 0:

�x +
A


M
x = 0

Comparing this equation with the standard simple harmonic equation (e.g., eqn.(g), in

the box on ODE's on page 203).

The circular frequency � =

u
A


M
;

Therefore, the period of oscillation T =
2�

�
= 2�

v
M

A

.

T = 2�

u
M

A


Comments: This calculation inaccurately uses �uid statics to calculate the dynamics of

a buoy; the pressure used in this calculation assumes �uid statics when actually the �uid

is moving. One common partial correction is to use `added mass' to account for �uid

that moves more-or-less with the cylinder. The added mass is usually something like

one-half the mass of the displaced �uid, that is one half the mass of the bouy. Another

missing e�ect is the �uid damping. This would be added as a drag force proportional to

the velocity or the velocity squared.
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m
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x
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Figure 10.32

SAMPLE 10.15 Aspring-mass systemexecutes simple harmonicmotion:

x.t/ = A cos.�t * �/. The system starts with initial conditions x.0/ =

25mm and �x.0/ = 160mm_ s and oscillates at the rate of 2 cycles/sec.

1. Find the time period of oscillation and the oscillation frequency �.

2. Find the amplitude of oscillation A and the phase angle �.

3. Find the displacement, velocity, and acceleration of the mass at t =

1:5 s.

4. Find the maximum speed and acceleration of the system.

5. Draw an accurate plot of displacement vs: time of the system and

label all relevant quantities. What does � signify in this plot?

Solution

1. We are given f = 2 Hz. Therefore, the time period of oscillation is

T =
1

f
=

1

2 Hz
= 0:5 s;

and the oscillation frequency � = 2�f = 4� rad_s:

T = 0:5 s; � = 4� rad_s:

2. The displacement x.t/ of the mass is given by

x.t/ = A cos.�t * �/:

Therefore the velocity (actually the speed) is

�x.t/ = *A� sin.�t * �/

At t = 0, we have

x.0/ = A cos.*�/ = A cos� (10.39)

�x.0/ = *A� sin.*�/ = A� sin� (10.40)

By squaring Eqn (10.39) and adding it to the square of [Eqn (10.40) divided by �],

we get

A2 cos2 � +
A2�2 sin

2
�

�2
= A2 = x2.0/ +

�x2.0/

�2

Ù A =

v
.25mm/2 +

.160mm_ s/2

.4� rad_s/2

= 28:06mm:

Substituting the value of A in Eqn (10.39), we get

� = cos*1
x.0/

A

= cos*1
25mm

28:06mm

= 0:471 rad ù 27
ý

:

A = 28:06mm: � = 0:471 rad:
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1 We can �nd the displacement and

velocity at t = 1:5 swithout any di�er-

entiation. Note that the system com-

pletes 2 cycles in 1 second, implying

that it will complete 3 cycles in 1.5 sec-

onds. Therefore, at t = 1:5 s, it has

the same displacement and velocity as

it had at t = 0 s.

3. The displacement, velocity, and acceleration of the mass at any time t can now be

calculated as follows

x.t/ = A cos.�t * �/

Ù x.1:5 s/ = 28:06mm� cos.6� * 0:471/

= 25mm:

�x.t/ = *A� sin.�t * �/

Ù �x.1:5 s/ = 28:06mm�.4� rad_s/� sin.6� * 0:471/

= 160mm_ s:

�x.t/ = *A�2 cos.�t * �/

Ù �x.1:5 s/ = 28:06mm�.4� rad_s/2� cos.6� * 0:471/

= *3:95 � 103 mm_ s2

= *3:95m_ s2:

1

x.1:5 s/ = 25mm: �x.1:5 s/ = 160mm_ s: �x.1:5 s/ = *3:93m_ s2:

4. Maximum speed:

ð �xmaxð = A� = .28:06mm/�.4� rad_s/ = 0:35m_s:

Maximum acceleration:

ð �xmaxð = A�2 = .28:06mm/�.4� rad_s/2 = 4:43m_s2:

ð �xmaxð = 0:35m_s; ð �xmaxð = 4:43m_s2:

5. The plot of x.t/ versus t is shown in Fig. 10.33. The phase angle � represents the

shift in cos.�t/ to the right by an amount
�

�
.

0.2 0.4 0.6 0.8 1

-30

-20

-10
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φ

Figure 10.33:
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10.3 Simple Harmonic
Oscillator

Preparatory Problems

10.3.1 The basic model.

a) Draw a spring (k) mass (m) sys-
tem in a con�guration where the
spring is stretched.

b) On the drawing indicate the vari-
able x.

c) Draw a free-body diagram of the
mass.

d) Write the equation of linear mo-
mentum balance for the mass.

e) Rearrange the momentum bal-
ance equation to get the har-
monic oscillator equation in stan-
dard form.

f) Write the general solution to the
harmonic oscillator equation in
two di�erent ways (one as a sum
of a sine and cosine function and
one as a phase shifted sine or co-
sine function).

g) What is the natural frequency of
this system?

h) What is the period?

i) What is the frequency (or circular
frequency)?

j) Find the solution for the special
case that themass is released from
rest at x.0/ = x0.

� give the analytic expression.

� plot the position vs time for
at least one whole cycle of
motion.

� with the same time scale,
plot velocity vs time (what is
the peak velocity).

� with the same time scale,
plot both the potential and
kinetic energies vs time.

k) Find the solution for the special
case that the mass is launched at
v0 from the rest position (just the
analytic form, noneed to repeat all
the parts just above).

10.3.2 Does the function x = C1e
�t +

C2e
*�t satisfy the harmonic oscillator

equation �x + �2x = 0 for any, possibly
special, values of C1 and C2? Show that it
does or does not.

10.3.3 Given that �x = *cx, with c =
1_ s2, x.0/ = 1m, and �x.0/ = 0 �nd:

a) x.� s/ =?

b) �x.� s/ =?

10.3.4 Given that �x + �2x = C0, x.0/ =
x0, and �x.0/ = 0, �nd the value of x at
t = �_� s.

More-Involved
Problems

10.3.5 A spring and mass system is
shown in the �gure.

a) First, as a review, let k1, k2, and
k3 equal zero and k4 be non-zero.
What is the natural frequency of
this system?

b) Now, let all the springs have non-
zero sti�ness. What is the sti�ness
of a single spring equivalent to
the combination of k1; k2; k3; k4?
What is the frequency of oscilla-
tion of massM?

xk1

k2

k4

k3

M

Problem 10.3.5

10.3.6 Mass m hangs from a spring
with constant k andwhich has the length
l0 when it is relaxed (i.e., when no mass
is attached). It only moves vertically.

a) Draw a Free-Body Diagram of the
mass.

b) Write the equation of linear mo-
mentum balance. <

c) Reduce this equation to a standard
di�erential equation in x, the po-
sition x of the mass. <

d) Verify that one solution is thatx.t/
is constant at x = l0 +mg_k.

e) What is the meaning of that solu-
tion? (That is, describe in words
what is going on.) <

f) De�ne a new variable �x = x*.l0+
mg_k/. Substitute x = �x + .l0 +
mg_k/ into your di�erential equa-
tion and note that the equation is
simpler in terms of the variable �x.
<

g) Assume that the mass is released
from an an initial position of x =
D. What is the motion of the
mass? <

h) What is the period of oscillation of
this oscillating mass? <

i) Whymight this solution not make
physical sense for a long, soft
spring if the initial stretch is large.
In other words, what is wrong
with this solution if D > l0 +
2mg_k? <

k

x

l0

m

Problem 10.3.6

10.3.7 One egg-drop contestant used a
structure which held the egg (massm) at
the center with rubber bands. Consider
the 2Dmodel shown. The springs are lin-
ear with spring constants k. After falling
a height h the frame hits the ground on a
�at edge. Assume small motions (de�ec-
tion ~ side-length) and that the springs
do not buckle.

a) what is the vibration frequency af-
ter impact?

b) What is the maximum vertical de-
�ection of the egg (relative to its
equilibrium position)?

ground

egg, m

k k

k

Problem 10.3.7

10.3.8 A person jumps on a trampo-
line. The trampoline is modeled as hav-
ing an e�ective vertical undamped lin-
ear spring with sti�ness k = 200 lbf_ f t.
The person is modeled as a rigid mass
m = 150 lbm. g = 32:2 f t_s2.
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a) What is the period of motion if the
person's motion is so small that
her feet never leave the trampo-
line? <

b) What is the maximum amplitude
of motion (amplitude of the sine
wave) for which her feet never
leave the trampoline? <

c) (harder) If she repeatedly jumps
so that her feet clear the trampo-
line by a height h = 5 f t, what
is the period of this motion (note,
the contact time is not exactly half
of a vibration period)? [Hint, a
neat graph of height vs time will
help.] <

Problem 10.3.8: A person jumps on a
trampoline.
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10.3.1 The basic model.

a) Draw a spring (k) mass (m) sys-
tem in a con�guration where the
spring is stretched.

b) On the drawing indicate the vari-
able x.

c) Draw a free-body diagram of the
mass.

d) Write the equation of linear mo-
mentum balance for the mass.

e) Rearrange the momentum bal-
ance equation to get the har-
monic oscillator equation in stan-
dard form.

f) Write the general solution to the
harmonic oscillator equation in
two di�erent ways (one as a sum
of a sine and cosine function and
one as a phase shifted sine or co-
sine function).

g) What is the natural frequency of
this system?

h) What is the period?

i) What is the frequency (or circular
frequency)?

j) Find the solution for the special
case that themass is released from
rest at x.0/ = x0.

� give the analytic expression.

� plot the position vs time for
at least one whole cycle of
motion.

� with the same time scale,
plot velocity vs time (what is
the peak velocity).

� with the same time scale,
plot both the potential and
kinetic energies vs time.

k) Find the solution for the special
case that the mass is launched at
v0 from the rest position (just the
analytic form, noneed to repeat all
the parts just above).

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap

1



2 Chapter 10. 3. Simple. . . Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap Problem. . .

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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10.3.2 Does the function x = C
1
e�t +

C
2
e*�t satisfy the harmonic oscillator

equation �x + �2x = 0 for any, possibly
special, values of C

1
and C

2
? Show that it

does or does not.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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10.3.3 Given that �x = *cx, with c =
1_ s2, x.0/ = 1m, and �x.0/ = 0 �nd:

a) x.� s/ =?

b) �x.� s/ =?

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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10.3.5 A spring and mass system is
shown in the �gure.

a) First, as a review, let k
1
, k

2
, and

k
3
equal zero and k

4
be non-zero.

What is the natural frequency of
this system?

b) Now, let all the springs have non-
zero sti�ness. What is the sti�ness
of a single spring equivalent to
the combination of k

1
; k

2
; k

3
; k

4
?

What is the frequency of oscilla-
tion of massM?

xk1

k2

k4

k3

M

Problem 10.5

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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10.3.6 Mass m hangs from a spring
with constant k andwhich has the length
l
0
when it is relaxed (i.e., when no mass

is attached). It only moves vertically.

a) Draw a Free-Body Diagram of the
mass.

b) Write the equation of linear mo-
mentum balance.

c) Reduce this equation to a standard
di�erential equation in x, the po-
sition x of the mass.

d) Verify that one solution is thatx.t/
is constant at x = l

0
+mg_k.

e) What is the meaning of that solu-
tion? (That is, describe in words
what is going on.)

f) De�ne a new variable �x = x*.l
0
+

mg_k/. Substitute x = �x + .l
0
+

mg_k/ into your di�erential equa-
tion and note that the equation is
simpler in terms of the variable �x.

g) Assume that the mass is released
from an an initial position of x =
D. What is the motion of the
mass?

h) What is the period of oscillation of
this oscillating mass?

i) Whymight this solution not make
physical sense for a long, soft
spring if the initial stretch is large.
In other words, what is wrong
with this solution if D > l

0
+

2mg_k?

k

x

l0

m

Problem 10.6

Answer:

(b)mg * k.x * l
0
/ = m �x

(c) �x +
k

m
x = g +

kl
0

m

(e) This solution is the static equilib-

rium position; i.e., when the mass is

hanging at rest, its weight is exactly

balanced by the upwards force of the

spring at this constant position x.

(f) ��x +
k

m
�x = 0

(g) x.t/ =
�
D *

�
l
0
+

mg

k

��
cos

t
k

m
t +

.l
0
+

mg

k
/

(h) period=2�
t

m

k
.

(i) If the initial position D is more than

l
0
+ 2mg_k, then the spring is in com-

pression for part of the motion. A

�oppy spring would buckle when in

compression.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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10.3.7 One egg-drop contestant used a
structure which held the egg (massm) at
the center with rubber bands. Consider
the 2Dmodel shown. The springs are lin-
ear with spring constants k. After falling
a height h the frame hits the ground on a
�at edge. Assume small motions (de�ec-
tion ~ side-length) and that the springs
do not buckle.

a) what is the vibration frequency af-
ter impact?

b) What is the maximum vertical de-

�ection of the egg (relative to its
equilibrium position)?

ground

egg, m

k k

k

Problem 10.7

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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10.3.8 A person jumps on a trampo-
line. The trampoline is modeled as hav-
ing an e�ective vertical undamped lin-
ear spring with sti�ness k = 200 lbf_ f t.
The person is modeled as a rigid mass
m = 150 lbm. g = 32:2 f t_s2.

a) What is the period of motion if the
person's motion is so small that
her feet never leave the trampo-
line?

b) What is the maximum amplitude
of motion (amplitude of the sine
wave) for which her feet never
leave the trampoline?

c) (harder) If she repeatedly jumps
so that her feet clear the trampo-
line by a height h = 5 f t, what
is the period of this motion (note,
the contact time is not exactly half
of a vibration period)? [Hint, a

neat graph of height vs time will
help.]

Problem 10.8: A person jumps on a
trampoline.

Answer:

(a) period=
2�u
k

m

= 0:96 s

(b) maximum amplitude=0:75 f t

(c) period= 2

u
2h

g
+t

m

k
4� + 2 tan*1

t
mg

2kh
5 ù 1:64 s.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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%Trampoline.  -  A. Ruina   3/17/2019
fprintf('\n ****** \n TRAMPOLINE SOLUTION 9.3.8\n')
%Consistent units used in calculations:  lbm, ft, s.
m = 150;        % lbm
g = 32.2;      %  ft/s^2
%k = 200 lbf/ft  => need to put in to consistent units
k = 200 *32.2; % lbm/s^2. Note:  1 lbf = 32.2 lbm ft/s^2
h = 5;         % ft

d = m*g/k;     % equilibrium deflection of trampoline, xp = -d.

omega = sqrt(k/m);   % frequency of simple harmonic motion
tp    = 2*pi/omega;  % period of oscillation during sustained contact
fprintf('a) Period of oscillations is           tp = %f seconds.
\n',tp)

%Max Amplitude
A = m*g/k;  %ampitude of sine wave that just kisses the surface
fprintf('b) Amplitude of max sine wave is        A = %f ft.\n',A)

%Flight time
t12 = sqrt(2*h/g);   % d = (1/2) a t^2.
t67 = t12;           % up and down take the same time
tflight = t12 + t67; % total flight time in one cycle

%Half sine wave
t35 = tp/2;          % Duration of half of a sine wave

%Amplitude of sine wave in jumping motion = B
B   = (m*g/k) * sqrt(1 + 2*h*k/(m*g));  % energy conservation
t23 = asin(m*g/(B*k))/omega;  % fragment of sine above equilibrium
t56 = t23;

%TOTAL TIME = flight + half period + 2 fragments
tTOT = tflight + t35 + t56 + t23;
fprintf('c) tTOT = (tflight + t35 + 2*t56) is      = %f s.\n',tTOT)

% Alternative calculation of t56 and B based on velocity matching
% See pencil and paper work
t56alt = atan(sqrt(m*g/(2*k*h)))/omega;
Balt   = m*g/(k*sin(t56alt*omega));

%COMPARE t56alt with t56 and Balt with B
fprintf('Check alt. calc. Wand 1 & 1: %f %f\n', t56/t56alt, B/Balt)

 ****** 
 TRAMPOLINE SOLUTION 9.3.8
a) Period of oscillations is           tp = 0.958920 seconds.
b) Amplitude of max sine wave is        A = 0.750000 ft.
c) tTOT = (tflight + t35 + 2*t56) is      = 1.675608 s.
Check alt. calc. Wand 1 & 1: 1.000000 1.000000

1

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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MAE 2030 HW3 p11 Solution Duan Li

I lbf
Given

: k = 200 lbffft ,
m = 150 Ibm

,

g
= 32.2 ftls

-
=

, Ibm

Coordinates :

if Tx> o

O O "
"

Hp Jixpio -- Xi d xco

FBD 's

① Contact with trampoline ② In flight

µF=
-kx ( when xco , Eso)

pop. Img
Img

a) Given
: Person always on trampoline .

Find period .

Use contact FBD ①

LMB
:

mix - II

mix = - hx -

mg
③

Solve ODE ③

X = Xht Xp

>
0

Guess
xp
-

- constant ⇒ m = - kxp
-

my

Xp
=
-
m2

k

Xh is general
solution

of min
= - kxn

Guess x= ert ⇒

mr
-

= - k → r
,,z=
I iw

,
w = JE

t

Xh = A
'

e

"

+ B'er
't
= Asin ( wt ) + Boost wt )

X = An + Xp
= Asin ( wt ) + Boost wt ) - MIK

No need to solve
for

A
,
B
for now

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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w = Them =

200

#ft
'

ibis =-t = 6.552 radIs150 Ibm 150

-

= I ( unit conversion)

Period of
motion

T =Z =

21T

6.552 rays

= 0 . 959 s

b) Given
:

Person always on trampoline . Find max amplitude .
.

TF
-

-
-kx

Use contact FBD ①
p .

Img

@ Equilibrium position Xeq ,
I lxeq

= 0
,
x.

1×4=0

Solve equation ③
to
get xeq

= - Mkt =

Xp

The harmonic oscillation is
symmetric

about the equilibrium position ,
so the trampoline

has equal
travel distance on each side

.

*

We assume the trampoline
does not

go beyond
the X - o line

, so the maximum amplitude
h max

= O -

Xeq
=

mL-
=

0.750 ft

A sketch of the trampoline's motion at max amplitude
hmax

f- X = Xo

# X - xeq =
- mglk

~ hmat
X = 2 Xeq

* Watch videos of trampolines . C model trampoline as massless
spring

.

Shoes don't
apply tension .

When tension = O
,

KX -- O
,
X = 0

. )

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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c) A sketch of the person
's position vs .

time
a

ii. i .

¥
:

.

X= O

t
,
ta t

, ti

t sinusoidal ( Note this isn't exactly half of
a sine wave .

So -14--13=1 IT from part
la)

. )

Need to
find

the period T
'

T's ty - t, = (tz - t. ) t ( ty - tz ) = 2 Cts - ta) t (ty - tz)

For the blue curve , the
person 's in flight .

Use flight FBD ② Po

Img
Note that we are solving for the relative time ( t,

- ta)
,

so the absolute

time ta
,
tz doesn't matter

.

Shift
the t - axis so that tz= 0 to

simplify the
calculation

Initial condition Xl -12=0) = h

(MB
:

mix = -

mg
,
x Cte O ) = h = 5 ft ,

x. Cta -_ 07 = 0

Solve the ODE

ni = -
g

x. = f -g dt = -gt
t C

.
.

Xo ( o ) = C ,
= O

ni = -gt

x = f -gt dt =
-

Igt
't
Ca

,
X lo) = Cz = h

X = -

Igt
-

th

solve X Cts ) = o → t, = = }:!fIy , a = 0.5573 s

So tz - tz = 0.5573
s

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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Also calculate the end condition
of
the blue curve . This will be the initial

condition of the red curve .

Method I . Conservation of energy
2

mgh
= I invite

IV Hz> I = 2gF , vets) =
-2ghT =

-

17.945 ftls

Method 2 . Use the ODE solution above

Nets) = -gt3 = -

32.2ft Is
'

o o
-

5573 s
= - 17 . 945 f-45

For the red curve , the person 's
in contact with the trampoline
a F -- -kx

Use contact FBD ①
p !

mg

From Ca) we have

mix = - hx -

mg
,
X Hz ) = 0 . Netz ) = - 17.945 f-4s = oxo

x = A sin ( wt ) t B cos I wt ) - IL , w
= Tha

Now need to solve
for

A
,
B

Once
again , shift the t

- axis so that t, = 0 to
simplify

the calculation

Initial condition
:

ni c -4=0 ) = w Aces (wt) t w B sin (wt ) = w A = No → A =

X Hz = o ) = A sin ( wt ) t B cos I wt ) - mL- = B - m£- = O → B = moth

X = sin (wt ) t mf- cos cwt ) - mud ④

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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Method I
. Matlab

Use Matlab to solve XC -14 ) = O → -14=0.5610 s Matlab code attached
.

[tz ,
try ] = solve ( x Cts = o , t )

So ty - t, = 0.5610 s
-

from eqn
④

Method 2
. pencil , paper & calculator ( Use -4=0 for this part)

^

I
t

xeq
-

1- /

Again , the harmonic oscillation is
symmetric

about the equilibrium position Xeq .

So to - ts = Iz =

0.4795
s

and ts - tz = -14 - to

@ to , X = sincuts ) + mud cos cuts ) - TI = xeq
=
-TL

Solve the
equation a

sincuts ' + Fees cuts ' - O ¥
t

sincuts ) = - mkt cos cuts )
xeq

I
sin (wt ) mg .wtan (wts) =
cos (wtf )

= -

kxo

150 Tbm

§
. 6.552radIs I lbf

,
yts = To tan't M¥7 )

=

6.552

'

rays
tan
"

f -
zoo
#ft C- 17.945 fits) libmogn

= I ( unit conversion)
= O . 0408 s

So tf - tz = O . 0408 s

try- tz = Hs
-

tz ) t Ho - ts) t ft 4
- to) = 245 - tz ) + Ho - ts ) = 0.5610s

The period of motion T
'

= 2 Cts - ta) t (tr- ts) =

1.676 s

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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g = 32.2; % ft/s^2
m = 150; % lbm
k = 200; % lbf/ft
k = 200*g; % lbm/s^2 % unit conversion: lbf = lbm * g
xdot0 = -17.945; % initial velocity, ft/s
w = sqrt(k/m); % frequency of oscillation
syms t
eqn = xdot0*1/w*sin(w*t) + m*g/k*cos(w*t) - m*g/k; % x(t)
s = solve(eqn==0, t); % solve the equation
s = double(s) % turn s into numbers
% note that s contains 2 solutions
% s(2) is the time t3 corresponding to the intial condition
% s(1) is the t4 we want to find but it's negative
t4 = 2*pi/w + s(1) % add one period so that t4 is positive

s =

   -0.3979
         0

t4 =

    0.5610
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