Introduction to Mechanics for Engineers — Ruina & Pratap Ch 10 Section 10.2

10.2.3 A force F = F,sin(ct) acts on a c) P,
particle with mass m = 3kg which has ;

- : d) Ex,
position x = 3m, velocity v = 5m/s at . o
t=2s. F,=4Nandc=2/s. Att=2s e) the rate at which the force is doing
evaluate (give numbers and units): work.

a) a, Answer:

(a) —1.008 m/s, (b) 37.5 Joules, (c), (d)
b) Ex,

and (e) —15.12 Watts
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Disclaimer: We have-lost track-of the many people who wrote these solutions.

They are not official and have not been reviewed by the authors for correctness. 1
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10.2.4 A force only depends on position
according to F = C, + C; x where C; and
C, are constants. What is the work done
by this force when the point to which it is
applied moves from x, to x,? Answer in
terms of some or all of C, C,, x; and x,.
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10.2.5 Find the potential E, associated c) F =kx.
with each of these force fields. d) F = Asin(x/x,).
a) F=0. e) F=c/x>.

b) F = F, (=constant).

4, F:@n@ﬂgf’%>
:’DJ;EP:: — Ao 653@%)’“3‘

Disclaimer: We have lost track of the many people who wrote these solutions.
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10.2.7 A mass m is held in place by a
spring whose restoring force is T(x) =
kx. Derive the equation of motion of the
system (that is, find the acceleration a in
terms of x).
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Disclaimer: We have lost track of the many people who wrote these solutions.
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10.2.8 The peak propulsion force on a 4- quired to reach v; = 60 mph?
wheel-drive car is about umg where u =~ b) What is the extra distance re-
1 for rubber on road (a bit more for fancy quired to get from v, = 60 mph up
racing tires). Assume a car starts from to v, = 70 mph? !

rest at position zero. Answer the fol- 2

lowing questions with symbols and with c) What is' the' peak power used by
numbers (using u = 1, m = 1000kg, and the engine in getting up to v, =
g =10m/s?). 60 mph (assuming no dissipation

. L . and no air friction)?
a) What is the minimum distance re-
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Problem 10.2.9

10.2.9 A car (mass m = 1000kg) trav- d)
eling at speed v, = 30m/s crashes into a

brick wall and comes to a stop as the front

end of the car compresses a distance d =

1 m. Answer with symbols and numbers. e)
Assume constant deceleration during the

crash. Neglect the mass of the crushing

region of the car.

a) What is the total energy dissipated f)
in the crash?

b) What is the force of the car on the
wall?

c) What is the force of the wall on the

What is the deceleration of the
car passengers (assuming they are
strapped in and move with the
bulk of the car). Answer in g’s?

Assuming an m, = 50kg person,
what is the force of the seat belts
on the person (answer in body
weight).

If a parent was holding a 15kg
child on his lap, what force would
he need to hold on to the child
through the crash (answer in N
and in number of child body
weights).
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10.2.10 A kid (m = 901bm) stands on b) What is the potential energy lost?
ah = 101ft wall and _]umzps down, gcqel— ¢) How much work must be ab-
erating with g = 32 ft/s . Upon hitting sorbed by her legs?
the ground with straight legs, she bends .
them so her body slows to a stop over a d) Whatis the force of her legs on her
distance d = 1ft. Neglect the mass of body? Answer in symbols, num-
her legs. Assume constant deceleration bers and numbers of body weight
as she brakes the fall. (ie, find F/mg).
a) Whatis the total distance her body Answer:
falls? 11 ft
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Problem...
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10.2.11 In traditional archery, when
pulling an arrow back the force starts
from 0 and increases approximately lin-
early up to the peak ‘draw force’ Fg, .
The draw force varies from about F;,,,,
251bf for a bow made for a small person
to about F,, ., = 751bf for a bow made
for a big strong person. The distance
the arrow is pulled back, the draw length
€ 4raw> vVaries from about ¢, = 2ft for
a small adult to about 30inch for a big

A)
Vowew=°

adult. An arrow has mass of about 300
grain (1 grain ~ 64.8milligm, so an ar-
row has mass of about 19.44 ~ 20gm ~
3/4 ounce). Give all answers in symbols
and numbers.

a) What is the range of speeds you
can expect an arrow to fly?

b) What is the range of heights an ar-
row might go if shot straight up
(it’s a bad approximation, but for
this problem neglect air friction)?
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Problem 10.2.12

10.2.12 A big person (m = 100 kg) jumps
on a trampoline which we model as a lin-
ear spring with stiffness k. You know
that the trampoline deflects d, = 20cm
under the stationary weight mg of the
person (use g = 10m/s?). Assume there
is no dissipation and the person is jump-
ing repeatedly a height » = 1m above
the unloaded surface of the trampoline.
Give all answers with symbols and num-
bers.

a) What is the stiffness k of the
spring (answer in terms of some or
all of m, g and d,)).

b) What is the maximum deflection
of the trampoline during these
jumps?

¢) Whatis the peak force of the tram-
poline on the jumper? (answer in
symbols, Newtons, and numbers
of body weights).
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ways to calculate this power:

)
I

/ P(x")dx"/x and
0

f P(t")dt'Jt .

10.2.13 For the car of problem 10.2.8 P,
what is the average power required to

reach speed v,? There are two plausible Use both. Do the two methods give the
same answer? If so, why, and will the an-
swers be the same for all problems? If
not, why not, in what cases will the an-
swers agree, and, when they differ, which
one is right?
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Problem...
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23

10.2.14 For problem 10.2.9 which an-
swers would change, and in which way,
if the deceleration was not exactly con-
stant during the crash? That is, for
which quantities would the answer be
bigger, which smaller, which the same,
for which would the answer depend on
the nature of the non-constant accelera-
tion?
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Ag ot lryalion
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Problem 10.2.15

10.2.15 The earth’s gravitational pull on
amassmisF = —m— , where mg is the

pull at the surface of the earth and R is
the radius of the earth. Assume a ballistic
rocket is shot straight up with a launch
velocity of v, (measured in a ‘“fixed’ not-
rotating-with-the-earth frame). Assume
the rocket goes in a straight radial line as
the earth turns underneath it (relative to
the surface of the earth this rocket would
be launched somewhat to the West to
cancel the earth’s rotation). Assume the
period of active thrust is negligibly short
(hence the word ballistic: “relating to
or characteristic of the motion of objects
moving under their own momentum and

a)
b)

<)

d)

Solve for v as a function of r (and
some or all of m, g, R and v,).

Find the maximum height the
rocket reaches.

Find the
‘escape velocity” Uy, the mini-
mum launch speed needed for the
rocket to never return.

On one graph plot height (r or r —
R) vs t for a v, just below v,
and for v, just greater than v, qp,-
If you use numerical methods to
make this plot use g = 10m/s?,
R = 6400km, and m = 1lkg.
Make sure your axes are such that
you can see a clear qualitative dif-

escape

the force of gravity”). ference between the two cases.
2 S TR
r_'l} F- —m ﬁ 2. iy
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/
as d vy 1
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mvev _m
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84 |-<5H'\)
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b) Mex ) rram l’f\_d"‘a‘M‘
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10.2.16 The power available to a very b) Using analytic or numerical meth-
strong accelerating cyclist over short pe- ods make an accurate plot of speed
riods of time (up to, say, about 1 minute) vs. time.

is about 1 horsepower. Assume a rider ) What is the acceleration as t — oo
starts from rest and uses this constant in this solution?

power. Assume a mass (bike + rider)

of 150lbm, a realistic drag force of d) What is the acceleration as ¢ — 0

006 Ibf /(ft/s)*v?. Neglect other drag in your solution?
forces. e) How would
. you improve the model to fix the
a) What is the peak (steady state) problem with the answer above?
speed of the cyclist?
HW3 Pl Teaya )637
— v
3
Qe P= | HP = 530 [bf B4 j: Libt/lbm = 32.2 452
Vo= 0mss
m= [So [bm
C = 0.006 bfs4h?
FBD s X P= pwer supled fron e person s
7] Zd body chemistry fo the mechaial energy
of the systen

@) Fnd V af sfeady state. .

M Seady ste : ZEin = ZEou

Powe- Balsnce : = Power= ég LMB: Ffz." - FRi = mad
P-Pu = £(amv2) fo-Ft =ma®
P-Fav = mva
Y-f =m0

0ok @ Fu-=-+

P(ugsin\tj this  back info © 3ives ODE : —\; —cV* = m¥

At gready state, V= ook S0 a=o0

O = % - CV?-

+ <]
ve () 4%) = [as 86] = [30.8mph

b) Plot v(©)

ovE - mx =5 -

Integrated numecically in  Mathb with ODE2 (Mid point method )
X Vo had o be set 4o a small number f moke swe v on be eualusted at t=o.

Plot is on next page.

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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L1 ~ &Woximai-o
Steady ctute
value

Termina | velocity resches 4s.({t4  as Preo’fd—d b)/ malytical  results.

Occeleration 01>Prooche$
o at €-o

o acaelerntion approaches
0 as t—>c

Since e diffetence in alt) & too sgnificant between  smaller o0l {orsor £, e oxes oz
sek o onb/ shon  a gceclion of the F/Of' for v?sibfhf}/.

€) a(t—o)=2
Acceleration reaches © as €—>00. Ths (& okay since we reach a derminal velocity ot
Some POInJ' with the same power input.

A ot -»0)=7
Acelerotion  aprosches o as t-o. The leesi— acceleation  due to  friction Given  Hrax = | i

0=Mmﬂ~=ﬂj= 3224 , so an owelerabion Yreater than Hhis elue does hot meke sense.

This disaﬁreemel\’r betwee our sdution and  Peal (e system indiates Pt our model failk ot small €,
See  Part @) for possible  improveent  on mode|.

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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* See Motlab code generating the above plots below , pact €)  follws after.

Contents

= Solving
= Plotting
= RHS Equation

% MAE 2030 HW3 P10 Sprig 2021
% Numerically integrates for the velocity of cyclist over time
% ODE2 function taken from Michelle DeSouza

Solving

Parameters

150; % [lbm]
550; % [1bf*ft/s]
0.006; % [1lbf*snr2/ft 2]

T T T
Nn U 3
n

X0 = 0;
vl = .0001; % Small number so that zdot can be evaluated at t=0
z0 = [x0 ve]';

% Time
tend = 1500; % Final time
tspan = [0 tend];

% Equation
eq = @(t,z) rhs(t,z,p); % Make rhs an anonymous function

% Set up options
options.RelTol = le-5; % Given accuracy
options.maxtime = 600; % Give up if accuracy not achieved in this many seconds.

% Solve
[tarray,zarray] = ODE2(eq,tspan,z0,options);

Plotting

% Plot v(t)

xsol = zarray(:,1); vsol = zarray(:,2);
figure(1)

hold on

box on

plot(tarray,vsol, 'b-")

xlabel('t(s)")

ylabel('v(ft/s)")

title('Velocity of Cyclist')

% Plot a(t)

asol = (p.P./vsol - p.c*vsol.”2)/p.m;

figure(2)

hold on

box on

plot(tarray,asol, 'b-"') % Eliminating first points

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.



Chapter 10. 2. Energy. . Introduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap

Problem...

29

axis([@ 2 @ 35])

xlabel('t(s)")

ylabel('a(ft/s)")
title('Acceleration of Cyclist')

RHS Equation

function zdot = rhs(t,z,p)
% Unpack variables

z(1);

z(2);

X =
Vv =

% Unpack parameters

= p.m;

p.P;
p.c;

% Equation

xdot
vdot

zdot

end

v;
(P/v - c*v~2)/m;

[xdot vdot]';

Published with MATLAB® R2020b

Disclaimer: We have lost track of the many people who wrote these solutions.
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function [tarray zarray] = ODE2(eqn, tspan, z@, options)
%Solve any ODE with midpoint method
%From Michelle's solution to P8

tstart = tspan(1);
tend = tspan(2);

%unpack options
RelTol = options.RelTol; % max allowable relative error
maxtime = options.maxtime; % max computer time used

tic; % start keeping track of time

% The number of points in progressively more accurate solutions

nsols = 30; %number of solutions

npoints_array = 5*2.7~[1:nsols]; % 10, 20, 30, 80, 160 ... 5%2730.
%Initialize array of solutions at the final time

zendarray = zeros(nsols,length(z@)); % array of the solutions at tend

% Outer loop, progressively more accurate solutions,

% Each time through the loop is a new solution.
for j = 1:nsols % iteration loop
npoints = npoints_array(j); %number of points in this solution
%disp([ "Number of points this iteration is: 'num2str(npoints)])

% Initialize various arrays
tarray = linspace(tstart, tend, npoints); %Soln at these times
zarray = zeros(npoints, length(z0)); % Claim memory for zarray
z = z0; % z is present value of z, used in loop below
zarray(1,:) = z'; % The first row is the initial condition z@.
%962676%67676%6676 %6676 %6676 6%

for i = 1:npoints-1 % Euler's method is in this 6-1line loop

ti = tarray(i);

h = tarray(i+l) - tarray(i);

zdoti = eqn(ti,z); %evaluate midpoint zdot!

%evaluate midpoint zdot

tmid = ti + h/2; %calculate time at half step

zmid = z + zdoti*(h/2); %calculate z at half step
zdotmid = eqn(tmid,zmid); %calculate zdot at half step

%the next lines are the same as Euler's method

znew = z + zdotmid*h; % use midpoint zdot to take a step
zarray(i+1,:) = z'; % add a new row to the solution array
z = znew; % the new value of z becomes the present value

if toc>maxtime % Timeout if it is taking too long
disp(["' *** Max time has passed:

num2str(maxtime) ' seconds. ***'])

disp(["' (Solution up to timeout has been saved.'

' Increase maxtime or RelTol or both.)'])

tarray = tarray(l:i); % the time so far

zarray = zarray(1l:i,:); % save the solution so far
break % breaks out of Euler method loop

end % of max time check if

end % of Euler's method

%6%67676%67676%676.769676 76966 763676

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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if toc>maxtime % Timeout if it is taking too long
break % breaks out of iterative solution loop
end % check max time if

zendarray(j,:) = zarray(end,:); % add to list of solutions the last line of most recent solution

if j>1 % compare solutions once you have more than one solution

% More or less arbitrary measure of error

error = (zendarray(j,:) - zendarray(j-1,:)); % differences between this solution and the previous
error = sum(abs(error)); % sum all the differences as a measure of error

error = error/sum(zendarray(j,:)); %Compare error to value of z

%disp([' Error this iteration is: ' num2str(error)])

%disp([' Time spent solving so far is: ' num2str(toc)' seconds.'])

if error < RelTol
disp(['Success! RelTol of ' num2str(RelTol) ' achieved using Midpoint method.'])
break; % exits the outer loop
end % of error if
end % of error check if

end % of iteration loop

end % of function

Published with MATLAB® R2020b
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e) What o we do o Chm\zje, the madel?

(Fom  Pof. Ruim)
Using the maximum friction fore  between the bike ond  the ground s the initial bounded

force that can be exerted on the bike, ou- model can be moditied o5 follows :

7 —ﬁcm = ,an <

Maximom friction coefiicient between  bicycle tire asd asphaht road - = |
We e vse this foree  watil the power becomes  P= [hp.
Poic = Mmgv
ope for low velocity - m¥ = pmg - cv* (D)
ODE for hi@h velcity = m%x = —5— —cv® @) (some os before)
So wse (I) uotil Paye = P ond then wse () il teu.

This is done in Matlab.
Plot Showitg  fhe  povier tat we Use:

S, hiﬂhlfd)ried P”+ wodd  be  what  mate up our hew model. The power would be  constant except

the initial  pock.

Disclaimer: We have lost track of the many people who wrote these solutions.
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@) Results -

¥ Te Qe VI Vst graph s shon with 2 diffleert time oaxes belon fo Sow  He Gomparison
between  differsnt  Fimes.

more raFid

increage (0

old medel Some. Sfeajy
shate (/elocHy

The  model with cmstnt  power  Cuuses

Vdocij(y to
increase rhore mFio(/y

The.  velocifies Converge ond

lfl('h-a“/ Slote levz,’ for £ — o .

reach e stme  steady

X The @me a(t) plt s shown in two diferet  Hime oxes  below.

infin e
Occeleration

ocelerations
decressing Convecge

acceleration
et (
/ occelestion \\

IniHa[ly, the aaelontion of the Constunt power madel

Acceleration of The new medel  starts
Starks ot f/l{!ini{y and Aecresces rlzPM“/, whereas the

ot o dinjle
value dee fo e onstet frtion force, then
ongtent  force model ensues o constat occelemtion .

it decreases and approcaches  © at t—=o0.

X More FHS on hext Pagz‘

Disclaimer: We have lost track of the many people who wrote these solutions.
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Gonstant -

\

same  oonstuat

\increaSinj

This plot shows the compaison between the power variations over time of the fwo models . Whle power & constant in
the old model ., the new model we are using hes on indially ropidly increasing  poer ood it beowmes constart

once P=lhp 15 veached.
—Inf‘.n)"d;i uﬁ;{‘c&

S~ Finite maximum
force in'rl'faﬂy

OU‘f’fu} -Port&
~— arfmaches oonstunt

This is only te fre due to  outpufed power (not including oﬂaj) so wilike  deceleration  this  fore
Opproaches @  constant . In te onzjinal modk!, da infiite foree s m?u;rco( at t=o to podwe te tuget
output power, while in the nes model, the cyclist Strts  at a maximum  foree od  the omount of force
requrea( to oufput e Same power decreases  after a4 fow econds dpe 4o the increasing velocu‘iy.

See  next poge for Mathb  script for  pew model.

Disclaimer: We have lost track of the many people who wrote these solutions.
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Chapter 10. 2. Energy. . Introduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap Problem...

Contents
= Solve the problem first using constant friction
= Extract points with power below 1hp from first solution
= Integrating with constant power
= Solve Original Model like in HW3P10 to Compare
= Make various plots to show final solution

= RHS Equations

%
%

MAE 2030 HW3 P10 Sprig 2021

Cyclist with maximum friction force, drag force, and constant
% power(eventually)

% Numerically integrates for the velocity of cyclist over time
% Solved using midpoint method wrtitten by Michelle DeSouza

B

S

3

3

Solve the problem first using constant friction

% Parameters

p.m = 150; % [1lbm]

p.P = 550; % [lbf*ft/s}

p.c = 0.006; % [lbf*sr2/ft"2]
p.g = 1; % [1bf/1lbm]

p.mu = 1;

% IC

X0 = 0;

vl = 0; % It's okay to have @ initial velocity now!
z0 = [x0 vO]';

% Time
tend = 10; % time in which we search for when power becomes > 1lhp
tspan = [0 tend];

% Equation
eql = @(t,z) rhsi(t,z,p); % Make rhsl an anonymous function

% Set up options
options.RelTol = 1le-5; % Given accuracy
options.maxtime = 600; % Give up if accuracy not achieved in this many seconds.

% Solve

[tarrayl,zarrayl] = ODE2(eql,tspan,z@,options);

Extract points with power below 1hp from first solution

% Calculate all Pfric using solved velocities
x1 = zarrayl(:,1); vl = zarrayl(:,2);

Pfric = vl*p.mu*p.m*p.g;

Pgiven = p.P*ones(length(tarrayl),1);

% Find element of Pfric closest to 1lhp
[~,idx] = min(abs(Pfric-p.P));

% Plot What we did just to be clear

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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figure(1)

hold on

box on

plot(tarrayl,Pfric, 'b-"') % plot Pfric
plot(tarrayl,Pgiven, 'r--"); % Plot constant P
legend('Power from friction','Constant power given')
xlabel('t(s)")

ylabel('Power(lbf*ft/s)")

title('Acceleration of Cyclist')

% Then trim everything to this length

x1 = x1(1:idx); v1 = v1(1:idx);

tarrayl = tarrayl(1:idx);

Pfric = Pfric(1l:idx);

al = (p.mu*p.m*p.g - p.c*vl.”2)/p.m; % Calculate acceleration

Integrating with constant power

% Now the last points from before become ICs
x0 = x1(end); v@ = vi(end);
z0 = [x0 ve]';

% Time
tend = 1500;
tspan = [0 tend];

% Equation
eq2 = @(t,z) rhs2(t,z,p); % Make rhs2 an anonymous function

% Set up options
options.RelTol = le-5; % Given accuracy
options.maxtime = 600; % Give up if accuracy not achieved in this many seconds.

% Solve
[tarray2,zarray2] = ODE2(eq2,tspan,z0,options);

Put two parts together

tarray2 = tarray2 + tarrayl(end); % make tarray2 start at end of tarrayl
t = [tarrayl,tarray2]; % put tarrays together

X2 = zarray2(:,1); v2 = zarray2(:,2);

x = [x1;x2]; v = [v1;v2]; % put x and v together

narrays = length(x); % length of all the arrays in final solution

P = [Pfric;p.P*ones(narrays-idx,1)]; % put power together

F = P./v; % Driving force

a2 = (p.P./v2 - p.c*v2.72)/p.m; % acceleration from second part

a = [al;a2]; % put acceleration together

Solve Original Model like in HW3P10 to Compare
IC

X0 = 0;
vl = .0001; % Small number so that zdot can be evaluated at t=0
z0 = [x0 vO]';

Disclaimer: We have lost track of the many people who wrote these solutions.
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% Time
tend = 1500; % Final time
tspan = [0 tend];

% Equation
eq = @(t,z) rhs2(t,z,p); % Make rhs an anonymous function

% Set up options
options.RelTol = le-5; % Given accuracy
options.maxtime = 600; % Give up if accuracy not achieved in this many seconds.

% Solve
[t2,z2] = ODE2(eq,tspan,z0,options);
v2 = z2(:,2);

Make various plots to show final solution
Plot v(t)

figure(2)

hold on

box on

plot(t,v,'b-")

plot(t2,v2,'r--")

% axis([@ 1500 © 50])

axis([© 100 @ 30]) %zoomed in view
xlabel('t(s)")

ylabel('v(ft/s)")

title('Velocity of Cyclist')
legend('New Model', 'Original Model")

Plot a(t)

a2 = (p.P./v2 - p.c*v2.72)/p.m;
figure(3)

hold on

box on

plot(t,a, 'b-")

plot(t2,a2,'r--")

legend('New Model', 'Original Model")
axis([@ 20 0 5])

xlabel('t(s)")
ylabel('a(ft/s”2)")
title('Acceleration of Cyclist')

Plot power

P2 = p.P*ones(length(t2),1);
figure(4)

hold on

box on

plot(t,P,'b-")

plot(t2,P2,'r--")

legend('New Model', 'Original Model")
axis([@ 25 0 600])

Disclaimer: We have lost track of the many people who wrote these solutions.
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xlabel('t(s)")
ylabel('P(lbf*ft/s)")
title('Power on Bike')

Plot Force

F2 = P2./v2;

figure(5)

hold on

box on

plot(t,F, " 'b-")
plot(t2,F2,'r--")

legend('New Model','Original Model')
axis([@ 35 @ 200])
xlabel('t(s)")
ylabel('F(1lbf)")
title('Drving Force on Bike')

RHS Equations

% RHS with constant friction force
function zdot = rhsi(t,z,p)

% Unpack variables
x = z(1);
v = 2(2);

BN

Unpack parameters

m=p.m;
c=p.c;
mu = p.mu;
g =0p-8

% Equations
xdot = v;
vdot = (mu*m*g - c*v~2)/m;

zdot = [xdot vdot]';
end

% RHS with constant power
function zdot = rhs2(t,z,p)

% Unpack variables
x = z(1);
v = 2(2);

% Unpack parameters
m=p.m;
c = p.c;
P =p.P;

3

N

Equations
xdot = v;
vdot = (P/v - c*v”2)/m;

zdot [xdot vdot]';

Disclaimer: We have lost track of the many people who wrote these solutions.
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end

Published with MATLAB® R2020b
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